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Preface 


This book is intended to be an exposition of the modeling and control of 
electric machines, specifically, the direct current (DC) machine and the 
alternating current (AC) machines consisting of the induction motor, the 
permanent magnet (PM) synchronous motor, and the brushless DC motor. 
The particular emphasis here is on techniques used for high-performance 
applications, that is, applications that require both rapid and precise con- 
trol of position, speed, and/or torque. Traditionally, DC motors were re- 
served for high-performance applications (positioning systems, rolling mills, 
traction drives, etc.) because of their relative ease of control compared to 
AC machines. However, with the advances in control methods, computing 
capability, and power electronics, AC motors continue to replace DC mo- 
tors in high-performance applications. The intent here is to carefully derive 
the mathematical models of the AC machines and show how these math- 
ematical models are used to design control algorithms that achieve high 
performance. 

Electric machines are a particularly fascinating application of basic elec- 
tricity and magnetism. The presentation here relies heavily on these basic 
concepts from Physics to develop the models of the motors. Specifically, 
Faraday’s law (£ = — d<f>/dt , where <f> = f s B • dS), the magnetic force law 
(F = it x B or, F = gvxB), Gauss’s law (J> BdS — 0), Ampere’s law 
(<£H ■ d£ = ifree)? the relationship between B and H, properties of mag- 
netic materials, and so on are reviewed in detail and used extensively to 
derive the currently accepted nonlinear differential equation models of the 
various AC motors. The author made his best attempt to make the mod- 
eling assumptions as clear as possible and to consistently show that the 
magnetic and electric fields satisfy Maxwell’s equations (as, of course, they 
must). The classical approach to teaching electric machinery is to present 
their equivalent circuit models and to analyze these circuit models ad nau- 
seam. Further, the use of the basic Physics of electricity and magnetism to 
explain their operation is minimized if not omitted. However, the equiva- 
lent circuit is a result of assuming constant-speed operation of the machine 
and computing the sinusoidal steady-state solution of the nonlinear differ- 
ential equation model of the machine. Here, the emphasis is on explaining 
how the machines work using fundamental concepts from electricity and 
magnetism, and on the derivation of their nonlinear differential equation 
models. The derivation of the corresponding equivalent circuit assuming 
steady-state conditions is then straightforward. 

Electric machines also provide fascinating examples to illustrate con- 
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cepts from electromagnetic field theory (in contrast to electricity and mag- 
netism). In particular, the way the electric and magnetic fields change as 
one goes between reference frames that are in relative motion are vividly 
illustrated using AC machines. For this reason, optional sections are in- 
cluded to show how the electric and magnetic fields change as one goes 
between a coordinate system attached to the stator to a coordinate system 
that rotates with the rotating magnetic field produced by the stator cur- 
rents or a frame attached to the rotor. Also given in an optional section is 
the derivation of the axial electric and azimuthal magnetic fields in the air 
gap. 

This is also a book on the control of electric machines based on their 
differential equation models. With the notable exception of the sinusoidal 
steady-state analysis of the induction motor in Chapter 7, very little atten- 
tion is given to the classical equivalent circuits as these models are valid 
only in steady state. Rather, the differential equation models are used as 
the basis to develop the notions of field-oriented control, input-output lin- 
earization, flux observers, least-squares identification methods, state feed- 
back trajectory tracking, and so on. This is a natural result of the emphasis 
here on high-performance control methods (e.g., field-oriented control) as 
opposed to classical methods (e.g., Vj /, slip control, etc.). 

There are of course many good books in the area of electric machines 
and their control. The author owes a debt of gratitude to Professor W. 
Leonhard for his book [1] (see the most recent edition [2]), from which he 
was educated in the modeling and control of electric drives. The present 
book is narrower in focus with an emphasis on the modeling and operation 
of electric machines based on elementary classical physics and an emphasis 
on high-performance control methods using a state-space formulation. The 


books by P. C. Krause [3] and P. C. Krause et al. ■ are complete in their 
derivation of the mathematical models of electric machines while C. B. Gray 
[5] presents electromagnetic theory in the context of electric machines. A 
comprehensive treatment using SlMULINK to simulate electric machinery is 
given in C-M. Ong’s book [6]. The graduate level books by D. W. Novotny 
and T. A. Lipo [7], P. Vas [8], J. M. D. Murphy and F. G. Turnbull [9], 
I. Boldea and S. A. Nasar [10], B. Adkins and R. G. Harley [11], A. M. 
Trzynadlowski [12], M. P. Kazmierkowski and H. Tunia [13], B. K. Bose 
[14], and R. Krishnan [15] all cover the modeling and control of electric 
machines while the books by R. Ortega et al. [16], D. M. Dawson et al. 
[17], and F. Khorrami et al. [18] emphasize advanced control methods. 

The introductory- level books by S. J. Chapman [19], H. Woodson and J. 
Melcher [20], L. W. Matsch and J. D. Morgan [21], G. McPherson and R. D. 
Laramore [22], D. V. Richardson [23], P. C. Krause and O. Wasynczuk [24], 
N. Mohan [25], G. R. Slemon and A. Straughn [26], J. Sokira and W. Jaffe 
[27], G. J. Thaler and M. L. Wilcox [28], V. Deltoro [29], M. El-Hawary 
[30], P. C. Sen [31], and G. R. Slemon [32] are among the many books on 
electric machines from which this author has benefited. 
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The beautifully written textbooks PSSC Physics by the Physical Science 
Curriculum Study [33], Physics by D. Halliday and R. Resnick [34], Prin- 
ciples of Electrodynamics by M. Schwartz [35], and Electromagnetic Fields 
by R. K. Wangness [36] are used as references for the theory of electricity 
and magnetism. 

This book borrows from these above works and hopefully makes its own 
contribution to the literature on electric machines. 

Part I of the book consists of the first three chapters. Chapters 1 and 2 
present a detailed review of the basic concepts of electricity and magnetism 
in the context of DC machines and an introduction to control methods, 
respectively, which will be used extensively in the remaining chapters. The 
third chapter on magnetic fields and magnetic materials is intended to be a 
detailed introduction to the subject. For example, most textbooks assume 
that the reader understands Ampere’s law in the form f H ■ dZ — Zf ree and 
that B juH in (soft) magnetic materials, yet it is the experience of the 
author that students do not have a fundamental understanding of these 
concepts. 

These first three chapters are elementary in nature and were written to 
be accessible to undergraduates. The reason for this is that often con- 
trol engineers do not have any background in electric machinery while 
power/electric-machine engineers often do not have any background in ba- 
sic state-space concepts of control theory. Consequently, it is hoped that 
these chapters can bring the reader “up to speed” in these areas. 

Chapter 1 reviews the basic ideas of electricity and magnetism that are 
needed to model electric machines. In particular, the notions of magnetic 
fields, magnetic force and Faraday’s law are reviewed by using them to 
derive the standard model of a DC motor. 

Chapter 2 provides an elementary introduction to the control techniques 
required for the high-performance control of electric machines. This in- 
cludes an elementary presentation of state feedback control, observers, and 
identification theory as applied to DC machines to prepare the reader for 
the subsequent chapters. 

Chapter 3 goes into the modeling of magnetic materials in terms of their 
use in electric machines. The fundamental result of this chapter is the 
modification of Ampere’s law § c B • d£ — p 0 i so that it is valid in the 
presence of magnetic material. This introduces the magnetic intensity field 
H and its relationship to magnetic induction field B via the magnetization 
vector M to obtain the more general version of Ampere’s law § H -dl = if ree . 
All of this requires a significant discussion of the modeling of magnetic 
materials. The approximation H = 0 in magnetic materials is discussed, 
and then it is shown how this approximation along with Ampere’s law 
can be used to find the radial component of B in the air gap of electric 
machines. Also presented is Gauss’s law for B; this leads to the notion of 
conservation of flux, as well as the fact that B is normal to the surface of 
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soft magnetic materials. This chapter should be read, but the reader should 
not get “bogged down” in the chapter. Rather, the main results should be 
remembered. 

Part II consists of Chapters 4 through 10 and presents the modeling and 
control of AC machines. 

Chapter 4 uses the results of Chapters 1 and 3 to explain how a radi- 
ally directed rotating magnetic field can be established in the air gap of 
AC machines. In particular, the notions of distributed windings and of si- 
nusoidally wound turns (phase windings) are explained. Ampere’s law is 
then used to show that a sinusoidal (spatially) distributed radial magnetic 
field is established in the air gap by the currents in the phase windings. 
The concept of flux linkage in distributed windings is explained, and the 
chapter ends with an optional section on the azimuthal magnetic field in 
the air gap. 

Chapter 5 explains the fundamental Physics behind the working of induc- 
tion and synchronous machines. Specifically, this chapter uses a simplified 
model of the induction motor and shows how voltages and currents are 
induced in the rotor loops by the rotating magnetic field established by the 
stator currents. Then it is shown how torque is produced on these induced 
currents by the same stator rotating magnetic field that induced them in- 
troducing the idea of slip. Similarly, the synchronous machine is analyzed 
to show how the rotating radial magnetic field established by the stator 
currents produces torque on a rotor carrying constant current. 

An optional section on the microscopic point of view of the Physics of 
the induction motor is also presented. This includes a discussion of how the 
electric and magnetic fields change as one goes between coordinate systems 
that are rotating with respect to each other and how one reinterprets the 
Physics of the machine’s operation. The chapter ends with another optional 
section of the steady-state behavior of an induction machine with a squirrel 
cage rotor. 

Chapter 6 derives the systems of differential equations that mathemati- 
cally model the two-phase induction and synchronous machines. The con- 
cept of leakage is presented and accounted for in the derived models. These 
models are the accepted models used throughout the literature and form 
the basis for high-performance control of these machines. In an optional sec- 
tion it is shown that the stator and rotor magnetic fields of an induction 
motor rotate synchronously together as they do in a synchronous machine. 
The chapter ends with another optional section on the concepts of field 
energy and co-energy, and how the expression for the torque of an electric 
machine can be derived using these notions. 

Chapter 7 presents the derivation of the models of three-phase AC ma- 
chines and their two-phase equivalent models. These derivations readily 
follow from the results of Chapter 6. The classical steady-state analysis of 
the induction motor is also presented including its equivalent circuit. The 
chapter ends with a discussion of why the standard power system is an AC 
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sinusoidal three-phase 60- Hz (or 50- Hz) system. 

Chapter 8 covers the control of induction motors presenting both field- 
oriented control and input-output linearization control. Flux observers, field 
weakening, and speed observers are also presented along with experimental 
results. The chapter ends with an optional section on how to identify the 
induction motor parameters using a nonlinear least-squares technique. 

Chapter 9 covers the control of synchronous motors describing field- 
oriented control, field weakening, speed observers and identification meth- 
ods. The operation and modeling of permanent magnet stepping motors is 
also covered. 

Chapter 10 covers the modeling and control of PM synchronous motors 
with trapezoidal back emf, which are also known as brushless DC (BLDC) 
motors. 

The logical dependence of the chapters is shown in the block diagram 
below assuming that the optional sections are not covered. 



Logical dependence of the chapters. 
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Finally, the author’s intent for this book was for the reader to understand 
how electric machines are modeled and to understand the basic techniques 
in their control. The references at the end of the book are only those directly 
referenced in the book and are not representative of (nor give proper recog- 
nition to) the many important contributions made by researchers through- 
out the world. The reader is referred to Professor Leonhard’s book [2] for 
a much more extensive reference list. 

Comments on the Use of the Book 

In using this book in a one-semester graduate-level course, the following 
material was usually covered: 

Chapter 1, Sections 1.1— 1.7 
Chapter 2, Sections 2.1— 2.4 
Chapter 3, Sections 3.1— 3.4 
Chapter 4, Sections 4.1— 4.5 
Chapter 5, Sections 5.1— 5.3 
Chapter 6, Sections 6.1—6.10 
Chapter 7, Sections 7.1— 7.3 
Chapter 8, Sections 8.1— 8.3 
Chapter 9, Section 9.1 

Sections marked with an asterisk (*) may be omitted without loss of con- 
tinuity. Some of these optional sections assume familiarity with Maxwell’s 
equations in differential form. 
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The Physics of the DC Motor 

The principles of operation of a direct current (DC) motor are presented 
based on fundamental concepts from electricity and magnetism contained 
in any basic physics course. The DC motor is used as a concrete example 
for reviewing the concepts of magnetic fields, magnetic force, Faraday’s 
law, and induced electromotive forces (emf) that will be used throughout 
the remainder of the book for the modeling of electric machines. All of 
the Physics concepts referred to in this chapter are contained in the book 
Physics by Halliday and Resnick [34]. 


1.1 Magnetic Force 

Motors work on the basic principle that magnetic fields produce forces on 
wires carrying a current. In fact, this experimental phenomenon is what 
is used to define the magnetic field. If one places a current carrying wire 
between the poles of a magnet as in Figure 1.1, a force is exerted on the wire. 
Experimentally, the magnitude of this force is found to be proportional to 
both the amount of current in the wire and to the length of the wire that 
is between the poles of the magnet. That is, F m agne ti C is proportional to 
£i. The direction of the magnetic field B at any point is defined to be the 
direction that a small compass needle would point at that location. This 
direction is indicated by arrows in between the north and south poles in 
Figure 1.1. 



FIGURE 1.1. Magnetic force law. From PSSC Physics , 7th edition, by 
Haber-Schaim, Dodge, Gardner, and Shore, published by Kendall/Hunt, 1991. 



4 


1. The Physics of the DC Motor 


With the direction of B perpendicular to the wire, the strength (magni- 
tude) of the magnetic induction field B is defined to be 


B = IB 


_A ^magnetic 

£i 


where F magne ti C is the magnetic force, i is the current, and £ is the length 
of wire perpendicular to the magnetic field carrying the current. That is, 
B is the proportionality constant so that F magne tic = i£B. As illustrated in 
Figure 1.1, the direction of the force can be determined using the right-hand 
rule. Specifically, using your right hand, point your fingers in the direction 
of the magnetic field and point your thumb in the direction of the current. 
Then the direction of the force is out of your palm. 

Further experiments show that if the wire is parallel to the B field rather 
than perpendicular as in Figure 1.1, then no force is exerted on the wire. 
If the wire is at some angle 0 with respect to B as in Figure 1.2, then the 
force is proportional to the component of B perpendicular to the wire; that 
is, it is proportional to B± = Bsin(6). This is summarized in the magnetic 
force law: Let £ denote a vector whose magnitude is the length t of the 
wire in the magnetic field and whose direction is defined as the positive 
direction of current in the bar; then the magnetic force on the bar of length 
£ carrying the current i is given by 

F ma gnetic — X B 


or, in scalar terms, F magnetic = i£Bsln(0) — i£B± . Again, B± = Bsin(0) is 
the component of B perpendicular to the wire. 1 




FIGURE 1.2. Only the component B±_ of the magnetic field which is perpendic- 
ular to the wire produces a force on the current. 


Motors are designed so that the conductors are perpendicular to the external mag- 
netic field. 
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Example A Linear DC Machine [19] 

Consider the simple linear DC machine in Figure 1.3 where a sliding bar 
rests on a simple circuit consisting of two rails. An external magnetic field 
is going through the loop of the circuit up out of the page indicated by the 
0 in the plane of the loop. Closing the switch results in a current flowing 
around the circuit and the external magnetic field produces a force on the 
bar which is free to move. The force on the bar is now computed. 



FIGURE 1.3. A linear DC motor. 

The magnetic field is constant and points into the page (indicated by 0) 
so that written in vector notation, B — — Bz with B > 0. By the right hand 
rule, the magnetic force on the sliding bar points to the right. Explicitly, 
with t — —£y, the force is given by 

^magnetic — M X B — ^( — £y) X ('— Bz) 

= MB*. 

To find the equations of motion for the bar, let / be the coefficient of 
viscous (sliding) friction of the bar so that the friction force is given by 
Ff — —fdx/dt. Then, with me denoting the mass of the bar, Newton’s law 
gives 

MB — fdx/dt — med 2 x/dt 2 . 

Just after closing the switch at t = 0, but before the bar starts to move, 
the current is i(0 + ) = Vs(0 + )/-R. However, it turns out that as the bar 
moves the current does not stay at this value, but instead decreases due to 
electromagnetic induction. This will be explained later. 


1.2 Single-Loop Motor 

As a first step to modeling a DC motor, a simplistic single-loop motor 
is considered. It is first shown how torque is produced and then how the 
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current in the single loop can be reversed (commutated) every half turn to 
keep the torque constant. 

1.2.1 Torque Production 

Consider the magnetic system in Figure 1.4, where a cylindrical core is cut 
out of a block of a permanent magnet and replaced with a soft iron core. 
The term “soft” iron refers to the fact that material is easily magnetized 
(a permanent magnet is referred to as “hard” iron). 




FIGURE 1.4. Soft iron cylindrical core placed inside a hollowed out permanent 
magnet to produce a radial magnetic field in the air gap. 

An important property of soft magnetic materials is that the magnetic 
field at the surface of such materials tends to be normal (perpendicular) to 
the surface. Consequently, the cylindrical shape of the surfaces of the soft 
iron core and the stator permanent magnet has the effect of making the 
field in the air gap radially directed; furthermore, it is reasonably constant 
(uniform) in magnitude. A mathematical description of the magnetic field 
in the air gap due to the permanent magnet is simply 

- _ f +Br for 0 < 9 < n 
\ ~Br for 7T < ^ < 27 t 

where B > 0 is the magnitude or strength of the magnetic field and 0 is an 
arbitrary location in the air gap. 2 

Figure 1.5 shows a rotor loop wound around the iron core of Figure 1.4. 
The length of the rotor is i\ and its diameter is ^ 2 - The torque on this rotor 
loop is now calculated by considering the magnetic forces on sides a and 
a' of the loop. On the other two sides of the loop, that is, the front and 


2 Actually it will be shown in a later chapter that the magnetic field must be of the 
form B = ±B(ro/r)r in the air gap, that is, it varies as 1/r in the air gap. However, as 
the air gap is small, the B field is essentially constant across the air gap. 
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back sides, the magnetic field has negligible strength so that no significant 
force is produced on these sides. As illustrated in Figure 1.5(b), the rotor 
angular position is taken to be the angle Or from the vertical to side a of 
the rotor loop. 



(a) (b) 


FIGURE 1.5. A single-loop motor. From Electromagnetic and Electromechanical 
Machines , 3rd edition, L. W. Matsch and J. Deraid Morgan, 1986. Reprinted by 
permisson of John Wiley &; Sons. 

Figure 1.6 shows the cylindrical coordinate system used in Figure 1.5. 
Here fi , 0, z denote unit cylindrical coordinate vectors. The unit vector z 
points along the rotor axis into the paper in Figure 1.5(b), 0 is in the 
direction of increasing 0, and r is in the direction of increasing r. 



Z 

(into page) 

FIGURE 1.6. Cylindrical coordinate system used in Figure 1.5. 

Referring back to Figure 1.5, for i > 0, the current in side a of the loop 
is going into the page (denoted by 0) and then comes out of the page 
(denoted by ©) on side a'. Thus, on side a, l = (as i points in the 
direction of positive current flow) and the magnetic force fWe a on side a 
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is then 


F s ide a — X B 

— i(£ iz) x (Br) 

= UiBO 

which is tangential to the motion as shown in Figure 1.5(b). The resulting 
torque is 


^”side o — (^2/2)f X F s jd e a 

— (l 2 j2)il\Br x 0 

— (£ 2 /2)i£iBz. 

Similarly, the magnetic force on side a' of the rotor loop is 

Fgide a' ~ ^ X B 

= i(—£ iz) x (—Br) 

= i£\BQ 

so that the corresponding torque is then 

^side a ' — (4/2)f XF^ a / 

= (£ 2 l2)i£iBv x 0 

— (£ 2 /2)i£ 1 Bz. 

The total torque on the rotor loop is then 

T m ~ ^”side a ^side a' 

= 2(£ 2 /2)i£ 1 Bz 

= £\£ 2 Biz. 

The torque points along the z axis, which is the axis of rotation. In scalar 
form, 

where Kt = £\£ 2 B . The force is proportional to the strength B of magnetic 
field B in the air gap due to the permanent magnet. 

In order to increase the strength of the magnetic field in the air gap, 
the permanent magnet can be replaced with a soft iron material with wire 
wound around the periphery of the magnetic material as shown in Figure 
1.7(a). This winding is referred to as the field winding , and the current it 
carries is called the field current In normal operation, the field current is 
held constant. The strength of the magnetic field in the air gap is then 
proportional to the field current if at lower current levels (i.e., B = Kfif) 
and then saturates as the current increases. This may be written as B — 
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f(if) where /(•) is a saturation curve satisfying /( 0) = 0, /'(0) = Kf as 
shown in Figure 1.7(b). 



FIGURE 1.7. (a) DC motor with a field winding, (b) Radial magnetic field 
strength in the air gap produced by the field current. 

1.2.2 Commutation of the Single- Loop Motor 

The above derivation for the torque r m = Kyi assumes that the current 
in the side of the rotor loop 3 under the south pole face is into the page 
and the current in the side of the loop under the north pole face is out of 
the page as in Figure 1.8(a). In order to make this assumption valid, the 
direction of the current in the loop must be changed each time the rotor 
loop passes through the vertical. 



FIGURE 1.8. (a) 0 < Or < re. From Electromagnetic and Electromechanical Ma- 
chines , 3rd edition, L. W. Matsch and J. Deraid Morgan, 1986. Reprinted by 
permisson of John Wiley & Sons. 

3 The rotor loop is also referred to as the armature winding and the current in it as 
the armature current. 
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The process of changing the direction of the current is referred to as 
commutation and is done at Or = 0 and Or = n through the use of the slip 
rings si, $2 and brushes 62 drawn in Figure 1.8. The slip rings are rigidly 
attached to the loop and thus rotate with it. The brushes are fixed in space 
with the slip rings making a sliding electrical contact with the brushes as 
the loop rotates. 



Figure 1.8(b) Rotor loop just prior to commutation where 0 < Or < tt. 



Figure 1.8(c) The ends of the rotor loop are shorted when Or = 7r. 



Figure 1.8(d) Rotor loop just after commutation where n < Or < 2tt. 




1. The Physics of the DC Motor 11 


To see how the commutation of the current is accomplished using the 
brushes and slip rings, consider the sequence of Figures 1.8(a)— (d). As 
shown in Figure 1.8(a), the current goes through brush bi into the slip ring 
S\. From there, it travels down (into the page &) side a of the loop, comes 
back up side a' (out of the page ©) into the slip ring s 2 , and, finally, comes 
out the brush 62 • Note that side a of the loop is under the south pole face 
while side o! is under the north pole face. Figure 1.8(b) shows the rotor 
loop just before commutation where the same comments as in Figure 1.8(a) 
apply. 

Figure 1.8(c) shows that when 6r = 7r, the slip rings at the ends of the 
loop are shorted together by the brushes forcing the current in the loop to 
drop to zero. Subsequently, as shown in Figure 1.8(d), with 7r < Or < 27r, 
the current is now going through brush bi into slip ring s 2 . From there, the 
current travels down (into the page (g>) side a 1 of the loop and comes back 
up (out of the page O) side a. In other words, the current has reversed 
its direction in the loop from that in Figures 1.8(a) and 1.8(b). This is 
precisely what is desired, as side a is now under the north pole face and 
side a ' is under the south pole face. As a result of the brushes and slip 
rings, the current direction in the loop is reversed every half-turn. 


1.3 Faraday’s Law 

Figure 1.9 shows a magnet moving upwards into a wire loop producing a 
changing magnetic flux in the loop. 



FIGURE 1.9. A magnet moving upwards produces a changing flux in the loop 
which in turn results in an induced emf and current in the loop. 


Recall that a changing flux within a loop produces an induced electro- 
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motive force (emf) £ in the loop according to Faraday’s law. 4 That is, 

£ = —d<fr/dt 

where 



is the flux in the loop and S is any surface with the loop as its boundary. 
Faraday’s law is now reviewed in some detail. 

1.3.1 The Surface Element Vector dS 

The surface element dS is a vector whose magnitude is a differential (small) 
element of area dS and whose direction is normal (perpendicular) to the 
surface element. As there are two possibilities for the normal to the surface, 
one must choose the normal in a consistent manner. In particular, depend- 
ing on the particular normal chosen, a convention is used to characterize 
the positive and negative directions of travel around the surface boundary. 
To describe this, consider Figure 1.10(a) which shows a small surface ele- 
ment with the normal direction taken to be up in the positive z direction. 
In this case, with n = z, dS = dxdy , the surface element vector is defined 
by 

dS - A dxdyz. 

The corresponding direction of travel around the surface boundary is indi- 
cated by the curved arrow in the figure. 


n 



n 

(a) (b) 


FIGURE 1.10. (a) Positive direction of travel around a surface element with the 
normal up. (b) Positive direction of travel around a surface element with the 
normal down. 

4 £ is the Greek letter “xi” and is pronounced “ksi”. 



1. The Physics of the DC Motor 13 


In Figure 1.10(b) a surface element with the normal direction taken to be 
down in the negative z direction is shown. In this case n = — z, dS = dxdy 
so that the surface element vector is defined as 

dS — -dxdyz. 

The direction of positive travel around the surface element is indicated by 
the curved arrow in Figure 1.10(b) and is opposite to that of Figure 1.10(a). 

As illustrated in Figure 1.10, the vector differential surface element dS 
is defined to be a vector whose magnitude is the area of the differential 
surface element and whose direction is normal to the surface. One may 
choose either normal, and the corresponding direction of positive travel 
around the surface is then determined. 

Two surface elements may be connected together as in Figure 1.11 and 
travel around the total surface is defined as shown. Note that along the 
common boundary of the two joined surface elements, the directions of 
travel “cancel” out each other, resulting in a net travel path around both 
surface elements. The normals for the surface elements must both be up 
or both be down; that is, the normal must be continuous as one goes from 
one surface element to the next. 


n n 



FIGURE 1.11. Positive direction of travel around two joined surface elements. 


1.3.2 Interpreting the Sign of £ 

The interpretation of positive and negative values of the induced electro- 
motive force £ is now explained. Faraday’s law says that the induced emf 
(voltage) in a loop is given by 


£ - — d(j)/dt 

where 

<t> = J B-dS. 

If £ > 0, the induced emf will force current in the positive direction of travel 
around the surface while if £ < 0, the induced emf will force current in the 
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opposite direction. As illustrated in problems 1 and 2, this sign convention 
for Faraday’s law is just a precise mathematical way of describing Lenz’s 
law: “In all cases of electromagnetic induction , an induced voltage will cause 
a current to flow in a closed circuit in such a direction that the magnetic 
field which is caused by that current will oppose the change that produced 
the current” (pages 873-877 of Ref. [34]). 

Faraday’s law is now illustrated by some examples. Specifically, it is used 
to compute the induced emf in the linear DC machine, the induced emf 
in the single-loop machine and the self-induced voltage in the single-loop 
machine. 


1.3.3 Back Emf in a Linear DC Machine 

Figure 1.12 shows the linear DC machine where the back emf it generates is 
now computed. The magnetic field is constant and points into the page, that 
is, B = —Bz, where B > 0. The magnetic force on the bar is F magnet i c = 
ilB-k. . To compute the induced voltage in the loop of the circuit, let n = z 
be the normal to the surface so that dS = dxdyz , where dS = dxdy. 



FIGURE 1.12. With dS = dxdyz . , the direction of positive travel around the flux 
surface is in the counterclockwise direction. 


Then 


Cj>: 


f B - dS = [ f (—Bz) • (dxdyz) = f f 

Js Jo Jo Jo Jo 


£ />x 


—Bdxdy = —B£x. 


The induced (back) emf is therefore given by 


£ = - d(j)/dt = —d(—B£x)/dt = Btv. 

In the flux computation, the normal for the surface was taken to be in -f z 
direction. By putting together the differential flux surfaces dS in a fashion 
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similar to Figure 1.11, the positive direction of travel around the surface is 
counterclockwise around the loop as indicated in Figure 1.12. Here the sign 
conventions for source voltage Vs and the back emf £ are opposite so that, 
as the back emf f — Biv > 0, it is opposing the applied source voltage Vs- 
Remark <f> — —Blx is the flux in the circuit due to the external magnetic 
field B = - Bz . There is also a flux xp = Li due to the current i in the 
circuit. For this example, the inductance is small and one just sets L = 0. 

Electromechanical Energy Conversion 

As the back emf f = Blv opposes the current i, electrical power is being 
absorbed by this back emf. Specifically, the electrical power absorbed by the 
back emf is = iBtv while the mechanical power produced is F m&gnet - lc v = 
i£Bv. That is, the electrical power absorbed by the back emf reappears as 
mechanical power, as it must by conservation of energy. Another way to 
view this is to note that V si is the electrical power delivered by the source 
and, as Vs — Biv — Ri , one may write 

V s i = Ri 2 + i{Biv) - Ri 2 + F m&snetic v. 

In words, the power from the source Vsi is dissipated as heat in the resis- 
tance R while the rest is converted into mechanical power. 


Equations of Motion for the Linear DC Machine 

The equations of motion for the bar in the linear DC machine are now 
derived. With the inductance L of the circuit loop taken to be zero, me the 
mass of the bar, / the coefficient of viscous friction, it follows that 

Vs — Biv = Ri 
dv 

m rrr = MB ~ fv- 
at 

Eliminating the current i, one obtains 

"*'$ = ‘w* ~ = - (nr- + f) Tt + f ' ^ 


or 


d 2 x 

m 'i? + 



dx 

dt 



This is the equation of motion for the bar with Vs as the control input and 
the position x at the measured output. 


1.3.4 Back Emf in the Single- Loop Motor 

The back emf induced in the single loop motor by the external magnetic 
field of the permanent magnet is now computed. To do so, consider the 
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flux surface for the rotor loop shown in Figure 1.13. The surface is a half- 
cylinder of radius £ 2 /2 and length t x with the rotor loop as its boundary. 
The cylindrical surface is in the air gap, where the magnetic field is known 
to be radially directed and constant in magnitude, that is, 



FIGURE 1.13. Flux surface for the single loop motor. 



FIGURE 1.14. Surface element vector for the flux surface of Figure 1.13. The 
positive direction of travel around this surface is indicated by the curved arrow. 

On the cylindrical part of the surface, the surface element is chosen as 

dS = (£ 2 /2)dedzv 

which is directed outward from the axis of the cylinder as illustrated in 
Figure 1.14. The corresponding direction of positive travel is also indicated 
in Figure 1.14. On the two ends (half-disks) of the cylindrical surface, the B 
field is quite weak making the flux through these two half-disks negligible. 
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Then, neglecting the flux through the two ends of the surface, the flux 
<p (Or) for 0 < Or < 7T is given by 


4>{Qr) 


B • dS 


-L 

n Q—TK p pi 1 p0=n+0 R p 

(Br) - (-IdOdzv) + / (~Bt) • (— dOdzr ) 

=e R z Jo Je= 7t z 

n O=TT n pi\ p0 = 7l 

B^Mz + / 

=e R z Jo Je=-rr 


p6= 7T + 0R p 

-B—dOdz 
2 


iitiB, n , t 1 t 2 B n 
— — (7r-6> fl ) — 0 R 




( 1 . 2 ) 


This derivation is based on the fact that the B field is directed radially 
outward over the length (£ 2 /2)(7 t — Or) and radially inward over the length 
(£ 2 / 2 ) 0 r (see Figure 1.13). In problem 7, the reader is asked to show that 

4>(0r) = -t\iiB (o R - 7r/2 - 7T ) for n < Or < 2i r. (1.3) 

A plot of the flux versus the rotor angle Or is given in Figure 1.15. 


<P(0 R ) 



FIGURE 1.15. The rotor flux 4>(0r) due to the external magnetic field vs. Or. 

Equations (1.2) and (1.3) may be combined into one expression as 5 

4> (Or) = -t\ti B (Or mod n - ^ (1.4) 

5 0#mod7T is the remainder after Or is divided by n. For example, Or = bn/2 = 
4 x 7r + n/2 so that bn/2 mod n = n/2. 
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which is a correct expression for any angle 0 R . By (1.2) and (1.3), the 
induced emf in the rotor loop is calculated as 

e = -f = = 

where K b = t\i<zB is called the back emf constant. 

The total emf in the rotor loop due to the voltage source V$ and external 
magnetic field is Vs - K b uo R . How does one know to subtract £ from the 
applied voltage V5? As shown in Figure 1.14, the positive direction of travel 
around the loop is in opposition to V5, so that if £ > 0, it is opposing the 
applied voltage V5. The standard terminology is to call £ = K b uj R the back 
emf of the motor. 


1.3.5 Self- Induced Emf in the Single- Loop Motor 

The computation of the flux in the rotor loop produced by its own (ar- 
mature) current is now done. To do so, consider the flux surface shown in 
Figure 1.16. 





FIGURE 1.16. Computation of the inductance of the rotor loop. The surface 
element vector is dS = —rRdOdzr with a resulting positive direction of travel 
as indicated by the curved arrow. This direction coincides with the direction of 
positive current, that is, i > 0. 

With reference to Figure 1.16, note that the magnetic field on the flux 
surface due to the armature current has the form 

B(r R ,0- e R ,i) = iK{r R ,0- 6 R ) (-r) 


where 


K(r R ,0-0 R ) > 0 for O<O-0 R <n 

K(r R , 6 - Or) < 0 for 7r < 9 ~ 0 R < 2n. 
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The exact expression for K(r ^6 — Or) is not easy to compute, but it is 
not needed for the analysis here. Rather, the point is that with i > 0, the 
magnetic field 6~ Or, i) due to the current in the rotor loop is radially 

in on the flux surface shown in Figure 1.16, that is, for Or < 0 < Or+ix. For 
convenience, the surface element is chosen to be dS = rRdOdz(-r) so that 
positive direction of travel around the surface coincides with the positive 
direction of the current i in the loop. The flux in the rotor loop is then 
computed as 6 


* 0(0 


r /*#H + 7T ri\ 

= B dS= / -0*) (-?)•(-■ 

Js Je R Jo 

r0R+ 7r rti 

= i / K{t r ,6 -6 R )r R d6dz 

J 9 a J 0 


r R d6dzr ) 


- Li 


where 


L = 



K{r R ,0 - 6 R )r R dddz > 0. 


(1.5) 


This last equation just says the flux in the loop (due to the current in the 
loop) is proportional to the current i in the loop. The proportionality con- 
stant L is the called the inductance of the loop. 7 If — d'lp/dt — — Ldi/dt > 0, 
then the induced emf will force current into the page (g> on side a and out 
of the page O of side a' in Figure 1.16. That is, this induced emf has the 
same sign convention as the armature current i and the source voltage Vs- 
With the rotor locked at some angle Or so that the external magnetic 
field cannot induce an emf in the rotor loop, the equation describing the 
current i in the rotor loop is given by Kirchhoff’s voltage law 


v s - m-L%= o 

at 


or 

V s = Ri + L^ 

at 

Here R is the resistance of the loop and Vs is the source voltage applied to 
the loop. The loop and its equivalent circuit are shown in Figure 1.17. 


6 The notation if; is used to distinguish this flux from the flux <f> in the loop due to 
the external permanent magnet. However, the total flux using an inward normal would 
be i}; — <j> as the outward normal was used to compute <j> in Section 1.3.4. 

7 It appears from equation (1.5) and Figure 1.16 that L can vary with Or. However, 
in an actual motor, there are loops spread evenly around the complete periphery of the 
rotor and, due to symmetry, the total self-inductance does not depend on Or. 
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FIGURE 1.17. Left: Rotor loop. Right: Equivalent circuit. 

The reader should convince himself/herself that Lenz’s law holds as it 
must. For example, suppose a voltage Vs > 0 is applied to the loop resulting 
in both i > 0 and di/dt > 0, that is, the flux ip = Li is positive and 
increasing. The induced voltage is —Ldi/dt < 0 and opposes the current 
i producing the increasing flux ip == Li. In this circumstance, the voltage 
source Vs is forcing the current i against this induced voltage — Ldi/dt and 
the power absorbed by the induced voltage is —iLdi/dt = —d ( \Li 2 ) jdt. 
This power is stored in the energy \ Li 2 of the magnetic field surrounding 
the loop. 

Arcing Between the Commutator and Brushes 

Suppose the single-loop motor is rotating at constant speed u;q with a 
constant current io in the rotating loop. Let L be the inductance of the 
loop. Now, every half-turn, the current in the loop reverses direction as 
shown in Figures 1.8(b) — (d). During this commutation, the current in the 
loop goes from io to 0 to — io (or vice versa) with a corresponding change 
in the loop’s flux given by A ip = L(— io) — Lio — —2 Lio- By Faraday’s law, 
the self-induced emf is then — Aip/ At — 2 Lio /At where At is the time for 
the current to change direction. Note that this time At decreases as the 
motor speed increases, so that, even if L is small, the induced emf in the 
loop (due to the reversal of current in the loop) can be quite large at high 
motor speeds. Large electric fields are produced by the induced voltage 
Ldi/dt when the loop is shorted which in turn ionizes the surrounding air. 
As the free electrons collide and recombine with the ionized air, light is 
given off and seen as arcing or sparking. These large voltages which cause 
the arcing between the slip rings and the brushes can damage the brushes 
as well as produce unwanted transient currents in the armature circuit. 


1.4 Dynamic Equations of the DC Motor 

Based on the simple single-loop DC motor analyzed above, the complete 
set of equations for a DC motor can be found. The total emf (voltage) in 
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the loop due to the voltage source Vs, the external permanent magnet and 
the changing current i in the rotor loop is 

V s - K b u R - Lj t . 

This voltage goes into building up the current in the loop against the loop’s 
resistance, that is, 

di 

V S - K b u R 

or 

L ^ = -Ri - K b u R + V s . 

at 

This relationship is often illustrated by the equivalent circuit given in Fig- 
ure 1.18. Recall that the torque r m on the loop due to the external magnetic 
field acting on the current in the loop is 

T m = K T i 

where Kt — l\l*i B is called the torque constant. By connecting a shaft 
and gears to one end of the loop, this motor torque can be used to do work 
(lift weight, etc.). Let —fcu R model the friction torque (due to the brushes, 
bearings, etc.) where / is the coefficient of viscous friction and let be 
the load torque (e.g., due to a weight being lifted). 



R L 

\f\J\ — rv-rw 





FIGURE 1.18. Equivalent circuit of the armature electrical dynamics. 


Then, by Newton’s law, 


Tm~T L - fw R = 


J 


diUR 

dt 


where J is the moment of inertia of the rotor (See the appendix of this 
chapter). The system of equations characterizing the DC motor is then 



dwR 

dt 

dO R 

dt 


—Ri — K b u)R + Vs 


K T i - fuR - t l 

UJR. 


( 1 . 6 ) 
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A picture of a DC motor servo system and its associated schematic is shown 
in Figure 1.19. In the schematic, R is the resistance of the rotor loop, L is 
the inductance of the rotor loop, £ = K b oj r is the back emf, r m = Kri is 
the motor torque, J is the rotor moment of inertia, and / is the coefficient 
of viscous friction. The positive directions for r m , 8r, and tl are indicated 
by the curved arrows. The fact that the curved arrow for tr is opposite to 
that of r m just means that if the load torque is positive then it opposes a 
positive motor torque r m . 



FIGURE 1.19. DC motor drawing and schematic. 

Electromechanical Energy Conversion 

The mechanical power produced by the DC motor is r m (jjR — Ktiojr - 
WiIzBujr while the electrical power absorbed by the back emf is = 
iK b u) R = iixt^BujR. The fact that K T = K b = i\t^B must be for conser- 
vation of energy to hold. That is, the electrical power absorbed by the back 
emf equals (is converted to) the mechanical power produced. Another way 
to view this energy conversion is to write the electrical equation as 

Vs = Ri + Lj t +£. 

The power out of the voltage source Vs(£) is given by 

di 

V s (t)i(t) = Ri 2 {t) + Li— + iK b ui R 

at 

= + 1 G ^ 2 ) + kt “ r 

= a2 + l(5 ii2 ) +T ”" fi ' 

Thus the power Vs{t)i(t) delivered by the source goes into heat loss in 
the resistance R , into stored magnetic energy in the inductance L of the 
loop and the amount goes into the mechanical energy t^ur. 

Remark Voltage and Current Limits 

The amount of voltage Vs that may be applied to the input terminals 
Ti , T 2 of the motor is limited by capabilities of the amplifier supplying the 
voltage, that is, \Vs\ < F max . Let V c (t) be the voltage commanded to the 




1. The Physics of the DC Motor 23 


amplifier, then the actual voltage Vs out of the amplifier to the motor is 
limited by V m8iX as illustrated in Figure 1.20. 



FIGURE 1.20. Saturation model of an amplifier. 


In addition, there is a limit to the amount of current the rotating loop 
can handle before overheating or causing problems with commutation as 
previously mentioned. Typically there are two current limits (ratings), the 
continuous current limit / ma x_cont and the peak current limit I m ax _ P eak- 
The continuous current limit / max _ cont is the amount of current the motor 
can handle if left in use indefinitely. That is, the amount of heat dissipated 
in the rotor windings due to ohmic losses is equal to the amount of heat 
taken away by thermal conduction through the brushes and thermal con- 
vection with the air so as to be in a thermal equilibrium. The peak current 
limit /max peak is the amount of current the motor can handle for short 
periods of time (typically only a few seconds). 


1.5 Microscopic Viewpoint 

Additional insight into the back emf £ is found by calculating it from a 
microscopic point of view using the ideas given in Ref. [34] (page 887). 
To illustrate this approach, the back emf in the linear DC machine is re- 
computed from the microscopic point of view. To proceed, recall that the 
magnetic force on a charged particle q is Fmagnetic = qv x B, where v is 
the velocity of the charge (see Ref. [34], page 816). 

Example A Linear DC Machine 

In this example, the linear DC machine is reanalyzed from the micro- 
scopic point of view. As before, B = — Bz where B > 0. Suppose the motor 
(bar) is moving to the right with a constant speed v m . Each charge q in the 
sliding bar has total velocity v = u m x — where Vd is the drift speed of 
the charges down the wire. The magnetic force on the charge q is 


F magnetic = q-vx B = q(v m x - v d y ) x (-Bz) = qv m By + qv d Bx. 




24 


1. The Physics of the DC Motor 



FIGURE 1.21. Linear DC machine. 

Now, the component of force qvdBit perpendicular to the bar causes the 
bar to move to the right and the component qv^By along the bar opposes 
the current flow. The source voltage Vs sets up an electric field Es in the 
bar to overcome the magnetic force qVmBy so as to make the current flow 
(setup the drift velocity Vd of the charge carriers against the resistance of 
the bar). In more detail, with T\ and T 2 the upper and lower terminals of 
the source voltage, respectively, and Si and S 2 the upper and lower sliding 
contact points, respectively, the source voltage is given as 

V s = J E s-dl 

T i — Si — S2— T 2 

The quantity gE$ is the force on each charge carrier and qVs is the energy 
given to the charge carrier by the source voltage as the charge goes around 
the loop. There is also a component of the magnetic force on the charge 
carrier that opposes the electric field E 5 . The energy per unit charge £ that 
the magnetic force takes from the charge carrier as it goes down the bar 
from Si to S 2 is given by 

S 2 

£ — “ J F ma g n etic * ^ 

S ! 

= -VmBL 

The fact that £ is negative just indicates that the magnetic force is taking 
energy out of the charge carrier as it goes down the bar from Si to S 2 . 
(Note: The sign convention for £ shown in Figure 1.21 is reversed from that 
of Figure 1.12.) This energy per unit charge £ taken from each charge carrier 
by the magnetic force as it goes around the loop is called the induced emf. 
The voltage Vs was computed by integrating E 5 in the clockwise direction 
Ti— S 1 -S 2 -T 2 around the loop, and £ by integrating vxB also in the 


s 2 e 

*= - [ ?(vxB) d£= [ ( v d Bic+VmBy ) ■ (~d£y) 

q J Jo 
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clockwise direction down the bar from Si to 52; that is, they both have the 
same sign convention. This is in contrast to the macroscopic case where Vs 
and f had opposite sign conventions resulting in £ = v m Bi being positive. 
However, the same (physical) result occurs as in the macroscopic case. 

In general, the emf in a loop is defined as the integral of the force per 
unit charge around the loop. The total emf is the sum of the source voltage 
and the induced emf. This total emf goes into producing the current, that 
is, 


Vs 4- £ = Vs ~ VmlB = Ri 


where an identical equation was found in the macroscopic case using Fara- 
day’s law. The total magnetic force on all the charge carriers in the bar in 
the x direction is given by 


q(N S£)vdB5c 


where N is the number of charge carriers/ volume and 5 is the cross sec- 
tional area of the sliding bar. That is, NS£ is the total number of charge 
carriers in the sliding bar each experiencing the force qvdB-k . As illustrated 
in Figure 1.22, in a time At, the charges in the volume NS(vdAt) have 
moved along the conductor past the point P in Figure 1.22. 




AQ = qNS(&t)v d 


FIGURE 1.22. In the time At, the amount of charge A Q — qNS(vdAt) has 
moved past the point P resulting in the current i = AQ/At = qNSvd in the bar. 


That is, the amount of charge A Q = qNS(vdAt ) has moved past the 
point P in the time At resulting in the current i = AQ/At = qNSvd in 
the conductor. Consequently, the total magnetic force on the bar may be 
rewritten as 


q(N S£)vdBH — (qN Svd)^BSt - iiBit 


which is identical to the expression derived from the macroscopic point of 
view. 
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1.5.1 Microscopic Viewpoint of the Single- Loop DC Motor 


■ (Or 



FIGURE 1.23. Single loop DC motor. Adapted from Ref. [21]. 


The back emf in the single-loop DC motor of Figure 1.23 is now computed 
from the microscopic point of view. With the loop rotating at the angular 
speed wh, the velocity of the charge carriers that make up the current is 
given by 

^ ( v t 0 + Vd% for side a 

\ v t 0 — VdZ for side a' 

where Vd is the drift speed of the charge carriers along the wire and v t = 
(£ 2 /2 ) lor is the tangential velocity due to the rotating loop. Recall that the 
drift speed has the same sign as the current, that is, Vd > 0 for i > 0. Also 
recall that the angular velocity is written as l3r = ujrz where z is the axis 
the motor is turning about. The magnetic force per unit charge F magne ti C /^ 
on the charge carriers on the axial sides of the loop is 

^magnetic/# ~ 

where 

_, x g __ f (vtd+Vdz) x (+B)r = -v t Bz+VdB0 for side a 

\ (v t 0— Vd%) x (-B)r = -\-v t Bz+VdB0 for side a ' 


or 

f v dB0 — ujr(£ 2 / 2 )Bz for side a 
VX \ VdB0 + u)r{& 2 / 2 )Bz. for side a'. 

The component VdB0 is what produces the torque. In more detail, with 
N the number of charge carriers/unit volume, S the cross-sectional area 
of the wire loop, and l\ the axial length of the loop, the quantity NSi\ is 
the total number of charge carriers of each side of the loop and the current 
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due to the movement of these charges is i = qNSva (see Figure 1.22). The 
total tangential forces on the axial sides of the rotor loop are given by 


Fsidea = (qNSi\)v d B6 = i{t)tiB0 
Fside o' = ( qNS£i)v d BO = i{t)CiBO. 


The torque is then 

f = yrxF side a + yrxF side a , = 2(yf) x {UiBO) = ii x i 2 Bi 


which is the same result as in the macroscopic case. 

It is now shown that the z component of the magnetic force produces 
the back emf. The z component of F magnet i C , that is, along the axial sides 
of the loop, is given by 


(F m agnetic /q)z^ — 


-uj r (£ 2 /2)Bz 

+u)r{12/2)Bz 


for side a 
for side a 7 . 


As shown in Figure 1.23, this component of the magnetic force per unit 
charge (F magne tic /q)z opposes the electric field Es set up in the loop by 
the applied armature voltage Vs- The relationship between Vs and E s is 


where 


d£ = 



E s d£ 


for side a 
for side a'. 


Then, with £ denoting the integral of the magnetic force per unit charge 
from T\ to X 2 , one has 


€ = 


rT-2 

L (?i 


magnetic 


/q) ■ dl 


= J {-(jj R {i 2 /^)Bi) ■ {Mi) + J (lo r {£ 2 / 2) Bi) ■ {-Mi) 


side a 
i=ii 


side a' 


r£=i 1 rt=Zi 

/ -uj R (£ 2 /2)Bd£ + / -cj r (£ 2 /2 )Bdt 

h = 0 J£=0 


^ r (£ 2 /2)B£ x - u r (£ 2 /2)B£i 
-£ x £ 2 Bu) R . 


In this example, the (back) emf £ is due to the magnetic force while Vs is 
due to the electric field set up by the voltage source. As the induced emf £ 
and the source voltage Vs have the same sign convention, the minus sign 
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in the expression for £ shows that it opposes the applied armature voltage 
V 5 . The total emf (voltage) in the loop is 

Vs + £ = Vs — 

Finally, the equation governing the current in the rotor loop is 

fjj 

L— + Ri = V S — t&BuiR. 

at 

This is the same physical result as shown in the macroscopic case using 
Faraday’s law. However, here the induced emf £ = —t\ t^BujR is negative 
because it was chosen to have the same sign convention as Vs (i.e., both 
Vs and £ are positive going from 7\ to T 2 ). This is in contrast to the 
macroscopic case in which they had opposite sign conventions so that £ = 
ixi^BujR was positive, but still opposed Vs- 
Remark Voltage and Emf 

The electromotive force or emf between two points in a circuit is the 
integral of the total force per unit charge along the circuit' between those 
two points . 8 The force per unit charge can be due to an electric field, a 
magnetic field or both. The term voltage (drop) was originally reserved 
for the integral of the electric field between the two points. However, this 
distinction is usually not made and the two terms (voltage and emf) are 
used interchangeably. 

1.5.2 Drift Speed 

Above, it was shown that the drift speed of the charge carriers making up 
the current is given by Vd(t) = i(t)/(qNS). As explained in Ref. [34] (page 
781), this motion (drift speed) of the charges in the conductor is caused 
by the electric field setup in the conductor by the voltage source and/or 
induced emfs in the conducting circuit. This electric field is pushing the 
charges along the conductor against the internal resistance of the conductor. 
In metals, the outer valence electrons are free to move about the lattice of 
the metal and are called conduction electrons. For example, in copper there 
is one valence electron per atom and the other 28 electrons remain bound 
to the copper nucleus. Consequently, as there are 8.4 x 10 22 atoms/cm 3 in 
copper, there are N = 8.4 x 10 22 electrons/cm 3 that can move freely within 
the copper lattice to make up the current in the wire. To consider a simple 
numerical example, let i = 10 A, S = 0.1 cm 2 so that with q = 1.6 x 10 “ 19 
coulomb/electron, the corresponding drift speed is 

i(t) _ 10 A 

Vd ~ Ws ~ (1.6 X 10- 1 ® ^^)(8.4 X 10 22 SJ^SS)(0.1 cm 2 ) 

= 0.74 cm/sec. 


Note that the electromotive force is not a force, but rather an energy per unit charge. 
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That is, it takes 1/(0. 74 cm/sec) == 1.35 sec for the charge carrier to travel 
one centimeter. However, it should be noted that when a voltage/emf is 
applied to a circuit, the corresponding electric field is setup around the 
circuit at a speed close to the speed of light. This is analogous to applying 
pressure to a long tube of water. The pressure wave is transmitted down 
the tube rapidly (at the speed of sound in water) while the water itself 
moves much slower [34]. 

1.6 Tachometer for a DC Machine* 9 

A tachometer is a device for measuring the speed of a DC motor by putting 
out a voltage proportional to the motor’s speed. A tachometer for the simple 
linear DC machine is considered first. 

1.6.1 Tachometer for the Linear DC Machine 

Figure 1.24 shows a tachometer added to the linear DC machine. The 
magnetic field in the DC motor is'Bi = — B\z with B\ > 0 while in the 
tachometer it is B 2 = — B 2 z with B 2 > 0. 



FIGURE 1.24. DC tachometer (generator). 

The two bars are rigidly connected together by the insulating material. 
The motor force (the magnetic force on the upper bar) is F m = and 


9 Sections marked with an asterisk (*) may be skipped without loss of continuity. 
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the induced (back) emf in the motor is £ = V& = where v is the 

speed of the motor (bar). 

The induced (back) emf in the tachometer is given by f = V tac h = B 2 £ 2 v 
so that by measuring the voltage between the terminals 7\ and T 2 , the 
speed v of the motor can be computed. Note that the tachometer and 
motor have the same physical structure. In fact, the tachometer is nothing 
more than a generator putting out a voltage proportional to the speed. 


1.6.2 Tachometer for the Single-Loop DC Motor 

A tachometer for the single loop DC motor is constructed by attaching 
another loop to the shaft and rotating it an external magnetic field to 
act as a DC generator. That is, the changing flux in the tachometer loop 
produces (generates) an induced emf according to Faraday’s law and this 
emf is proportional to the shaft’s speed. To see this, consider Figure 1.25, 
where a motor loop is driven by a voltage Vs and, attached to the same 
shaft, is a second loop called a tachometer. Both loops rotate in an external 
radial magnetic field which is not shown in Figure 1.25, but is shown for 
the tachometer loop in Figure 1.26. It is important to point out that no 
voltage is applied to the terminals 7i and T 2 of the tachometer as was the 
case for the motor. Instead, the voltage Vtach between the terminals Ti and 
T 2 of the tachometer is measured (this voltage is proportional to the motor 
speed wr). 



FIGURE 1.25. Single loop motor and tachometer. Drawn by Sharon Katz. 


Specifically, in the same way the back emf was computed for the DC 
motor, one can calculate the flux in the loop of the tachometer due to the 







L The Physics of the DC Motor 31 


external magnetic field. This computation is (see Figure 1.26) 

4> = J~BdS 

rii /*TT f nil [V+6 r p 

= (Bt)-{—d 0 dzt) + / (-Br)-{—d6dzr) 

JO J 0 ft ^ JO J 7T ^ 

r ei r to r ei r +eR to 

= B-ldOdz+ / / -B-^dedz 

JO Jor ^ Jo Jtt ^ 

= (e 1 e 2 B/2)(n - 0 R ) - (e&B/ 2)0 r 

= -t&BOR + ihhBfi)*. 

The induced emf is then 


Vtach = —d(j>/dt = {l^2B)d6 r/ dt = /^_tach^K 

where K b _ t& c h = B is a constant depending on the dimensions of the 
tachometer rotor and the strength of the external magnetic field of the 
tachometer. This shows that the voltage between the terminals T\ and T 2 
is proportional to the angular speed and therefore can be used to measure 
the speed. 


r 




FIGURE 1.26. Cutaway view of the DC tachometer. From Electromagnetic and 
Electromechanical Machines, 3rd edition, L. W. Matsch and J. Deraid Morgan, 
1986. Reprinted by permisson of John Wiley & Sons. 


1.7 The Multiloop DC Motor* 

The above single loop motor of Figure 1.5 was used to illustrate the basic 
Physics of the DC motor. However, it is not a practical motor. The first 
thing that must be done is to add more loops to extract more torque from 
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the machine. Further, in the single-loop motor, the magnetic field produced 
by the current in the rotor is an external magnetic field acting on the field 
windings. As the loop rotates, this magnetic field results in a changing flux 
in the field windings, which in turn induces an emf in the field windings. 
This emf is referred to as the armature reaction and makes it difficult to 
maintain a constant field current. (The term armature refers to the rotating 
current loop, and reaction refers to the induced emf in the field windings 
produced by the rotor current.) The problem of armature reaction can be 
alleviated by adding more loops to the motor. 

1.7.1 Increased Torque Production 

Figure 1.27 below shows the addition of several loops to the motor with 
each loop similar in form to the loop in Figure 1.5. As shown in the figure, 
there are now eight slots in the rotor with two loops placed in each pair of 
slots that are 180° apart for a total of eight loops. 



FIGURE 1.27. A multiloop armature for a DC motor. 

The torque on the rotor is now r m = ni\t<iBi, where n = 8 is the number 
of rotor loops and B is the strength of the radial magnetic field in the air 
gap produced by the external magnetic field. Of course, some method must 
be found to ensure the current in each loop is reversed every half-turn so 
that (for positive torque) all the loop sides under the south pole face will 
have their current going into the page <g> and all the loop sides under the 
north pole face will have their current coming out of the page ©. This 
process is referred to as commutation and is considered next. 

1.7.2 Commutation of the Armature Current 

As seen in Figure 1.27, as a rotor loop rotates clockwise past the vertical 
position, the current in the top side of the loop must change direction from 



1. The Physics of the DC Motor 33 


coming out of the page to going into the page. That is, each rotor loop 
must have the current in it reversed every half- turn. This is done using 
a commutator which is illustrated in Figure 1.28 for the rotor shown in 
Figure 1.27. The commutator for this rotor consists of 8 copper segments 
(labeled a—h in 1.30(a)) which are separated by insulating material. By 
connecting each of the ends of the rotor loops of Figure 1.27 to the ap- 
propriate copper segments of the commutator, the current will be reversed 
every half- turn as it rotates past the vertical. To explain all of this, con- 
sider Figure 1.30(a), which shows explicitly how the ends of the rotor loops 
are connected to the segments of the commutator. The eight rotor loops 
of Figure 1.27 are labeled as 1-1',..., 8-8' in Figure 1.30(a) with the ends 
of each such loop electrically connected (soldered) to a particular pair of 
commutator segments. For example, the ends of loop 1—1' are connected 
to commutator segments a and 6, respectively. The commutator and rotor 
loops all rotate together rigidly while the two brushes (labeled 6i and 62) 
remain stationary. The brushes are typically made of a carbon material and 
are mechanically pressed against the commutator surface, making electrical 
contact. 10 That is, as the commutator rotates, the particular segment that 
is rubbing against the brush makes electrical contact. 



FIGURE 1.28. Commutator for the rotor in Figure 1.27. 


Figure 1.29 is a photograph of the rotor of an actual DC motor with a 
tachometer. 


10 The figure shows a gap between the brushes and the commuator, but this was done 
for illustration and there is no gap in reality. Also, for illustrative purposes, the brushes 
are shown inside the commutator when in fact they are normally pressed against the 
commutator from the outside. 
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FIGURE 1.29. Photo of the rotor of a DC motor (left) and its tachometer (right). 
Note that the slots for the windings of the DC motor are skewed (see problem 
9). Photo courtesy of Professor J. D. Birdwell of the University of Tennessee. 

As previously explained, to obtain positive torque, it must be that when- 
ever a side of a loop is under a south pole face, the current must be into the 
page (©) and the other side of the loop, which is under the north pole face, 
must have its current out of the page (©). When the loop side rotates from 
being under one pole face to the other pole face, the current in that loop 
must be reversed (commutated). The mechanism of how this connection 
between the armature loops, the commutator and the brushes can reverse 
the current in each rotor loop every half turn is now explained. 

With reference to Figure 1.30(a), the armature current i enters brush 
b\ and into commutator segment c. By symmetry, half of this armature 
current (i.e., i/2) goes through loop 3-3' into commutator segment d, then 
through loop 4—4' into commutator segment e, then through loop 5—5' into 
commutator segment /, then through loop 6-6' into commutator segment 
g , and, finally, out through brush b 2 . This path (circuit) of the current is 
denoted in bold. Similarly, there is a parallel path for the other half of the 
current armature current. Specifically, the other half of the armature cur- 
rent i/2 goes through loop 2'— 2 into commutator segment 6, then through 
loop 1' — 1 into commutator segment a, then through loop 8'— 8 into com- 
mutator segment h, then into loop 7'— 7 into commutator segment g , and 
finally, out through brush b 2 . This path (circuit) is denoted without bold. 
So, for the rotor in the position shown in Figure 1.30(a), there are two par- 
allel circuits from b\ to b 2 each made up of four loops connected in series 
and each circuit carries half of the armature current. The sides of the loops 
under the south pole face have their current into the page while the other 
side of these loops (which are under the north pole face) have their current 
out of the page so that positive torque is produced. 

The sides of the loops in Figure 1.30(a) are 45° apart. Figure 1.30(b) 
shows the rotor turned 45°/2 with respect to Figure 1.30(a). In this case, 
brush b\ shorts the two commutator segment b and c together while the 
brush b 2 shorts together the two commutator segments / and g . The ends of 
loop 2—2' are connected to commutator segments b and c (which are now 
shorted together) so that the current in this loop is now zero. Similarly, 
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the ends of loop 6—6' are connected to commutator segments / and g and 
the current in this loop is also zero. For the remaining loops, i/2 goes 
through loop 3—3' into commutator segment d , then through loop 4—4' 
into commutator segment e, then into loop 5—5' into commutator segment 
/, and finally, out brush 62. These loops are denoted in bold in the figure. 
Similarly, if 2 goes through loop 1—1' into commutator segment a, then 
through loop 8'— 8 into commutator segment h, then into loop 7'— 7 into 
commutator segment g , and finally out brush 62. 



FIGURE 1.30. (a). Rotor loops and commutator for 4 sets of rotor loops. Brushes 
remained fixed in space, that is, they do not rotate. From Electric Machinery 
Fundamentals , 2nd edition by S. J. Chapman, McGraw-Hill 1991. Reproduced 
with permission of McGraw-Hill Companies. 



Figure 1.30(b). Rotor turned 45° /2 with respect to Figure 1.30(a). 
Adapted from Chapman [19]. 
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The motor continues to rotate and consider it now after it has moved addi- 
tional 45° /2 so that it has the position shown in Figure 1.30(c). In this case, 
the current enters brush b\ and into commutator segment b. By symmetry, 
half the current i/2 goes through loop 2—2' into commutator segment c, 
then through loop 3—3' into commutator segment d, then through loop 
4 — 4' into commutator segment e, then through loop 5—5' into commu- 
tator segment /, and finally out through brush 62- This path (circuit) of 
the current is denoted in bold. Similarly, the other half of the current goes 
through loop 1'— 1 into commutator segment a then through loop 8'— 8 into 
commutator segment h then through loop 7'— 7 into commutator segment 
g then into loop 6'— 6 into commutator segment / and finally, out through 
brush 62. This path (circuit) is denoted without using bold. 



Figure 1.30(c). Rotor turned 45° with respect to Figure 1.30(a). Adapted 
from Chapman [19]. 

As the sequence of figures 1.30(a)— (c) show, the current in loops 2-2' and 
6—6' were reversed as these two loops rotated past the vertical position. In 
summary, there are two parallel paths, each consisting of four loops, and 
when any loop goes to the vertical position, the current in that loop is 
reversed. In this way, all sides of the loop under the south pole have their 
current going into the page and all sides under the north pole have their 
current coming out of the page for positive torque production. 

Remark The scheme for current commutation presented here is from 
[19]. However, there are many other schemes and the reader is referred to 
Refs. [19], [21], [24], and [26] for an introduction to other schemes. See Ref. 
[24] for a discussion of how commutation is often carried out in small PM 
DC motors. 
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Stator Iron Construction 

A more realistic depiction of the stator for a (single pole pair) permanent 
magnet DC motor is shown in Figure 1.31. The radial magnetic field in the 
air gap is produced by the two semicircular-shaped permanent magnets. 


Permanent magnet 



(a) (b) (c) 


FIGURE 1.31. (a) Stator of a PM DC motor, (b) Stator iron, (c) Stator perma- 
nent magnet. 


In the case where the DC motor has a field winding, a more realistic de- 
piction of the stator iron (single pole pair) is shown in Figure 1.32 (compare 
with Figure 1.7). 



FIGURE 1.32. (a) Stator iron for a wound field DC motor, (b) Cross-sectional 
view of the stator iron with the field windings. 
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1.7.3 Armature Reaction 

Figure 1.33 shows current in a field winding which is used to magnetize 
the iron in a fashion similar to that shown in Figure 1.7. Closed curves are 
drawn in Figure 1.33 to show the magnetic field distribution in the iron 
and air gap due to just the field current. Note that the magnetic field tends 
to be in the horizontal direction as it goes inside the field windings. Figure 
1.34 shows the magnetic field distribution in the iron and air gap due to 
just the armature current. By having many equally spaced loops on the 
rotor, the magnetic field distribution due to the armature current will be 
as shown in Figure 1.34 for any rotor position. Note that this magnetic 
field tends to be vertical in the iron core inside the field windings (the 
field windings are not shown in Figure 1.34). In other words, in the stator 
iron core within the field windings, the magnetic field due to the armature 
current is perpendicular to the flux surfaces of the field windings. As a 
result, any changing magnetic field due to a changing armature current 
will not induce voltages inside the field windings. Armature reaction refers 
to the voltage induced in the field winding by the magnetic field of the 
armature current. (This is undesirable as such a voltage would cause the 
current in the field winding to change, and therefore not be constant as the 
analysis up to this point has assumed.) The symmetric placement of rotor 
loops around the periphery of the rotor essentially eliminates the armature 
reaction. 



FIGURE 1.33. Magnetic field due to the field current. Adapted from Ref. [23]. 
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1.7.4 Field Flux Linkage and the Air Gap Magnetic Field 

In the separately excited DC motor of Figure 1.36, it is convenient to have 
an expression relating the radial magnetic field B in the air gap to the total 
flux in the field windings. 



FIGURE 1.36. Separately excited DC motor. Adapted from Ref. [21]. 

The magnetic field lines are shown in Figure 1.4. Figure 1.37 shows a 
closed flux surface which is now used to derive a relationship between the 
radial magnetic field B in the air gap and the field flux linkage A/. 



FIGURE 1.37. The flux through surface 1 is B f S and the flux through surface 2 
is £i7v(£ 2 /2 )B. To a good approximation, these two fluxes are equal. 

The field flux linkage A/ is defined by 

M*/) = = N f SB f(if) 

where Nf is the total number of field windings, S is the cross-sectional 
area of the iron core of the field winding and Bf(if) is the magnetic field 
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produced inside the magnetic material of the field circuit due to the field 
current if. With this definition of flux linkage, the total induced emf in the 
field windings produced by a changing Bf is given by 

eldwinding 

With the two flux surfaces shown in Figure 1.37, it turns out that con- 
servation of flux 11 implies the flux through the surface 1 in the iron core 
equals the flux through the half cylindrical surface 2 in the air gap. That 
is, 

4f = SB f (if)=e l ir(e 2 /2)B(if) 

where £ 2 /2 is the radius of the rotor, i\ is the axial length of the rotor and 
B(if) is the radial magnetic field in the air gap due to the field current if. 
Consequently, 

B(i ) = SB f^ = A /(V) 

^ f> 7t£i£ 2 /2 N f jr^a/2 

is an expression for the radial magnetic field B(if) in the air gap in terms 
of the flux linkage A f(if) = N fi^Bfiflf) in the field windings. 

1.7.5 Armature Flux Due to the External Magnetic Field 

In what follows, the multiloop motor of Figure 1.30 is considered in which 
the armature circuit consists of two parallel circuits each having n loops. 
Let Or be referenced relative to loop 1 — 1' so that Or = 0 corresponds to 
loop 1 — 1' being vertical. (Recall in Figure 1.5 that Or — 0 corresponded 
to loop a—a f being vertical.) For the single loop motor, the flux 
in the loop 1 — 1' of the rotor due to the external magnetic field B(if) is 

= —£if' 2 B(if)( 0 R mod7r — tt/2). 

In general, let Ok = 0 correspond to loop k—k ' being vertical so that the 
position of the kth rotor loop may be written as 

Ok = Or + (k — l)7r/n for k = 1, ..., n 

where n is the number of loops connected in series in each parallel circuit 
(n = 4 in Figure 1.30). The flux in the kth rotor loop is [see equation (1.4)] 

(0 fc mod7r - ^ 

= -£ie 2 B(i/) (I^h + (k - 1)^] modTr - . 

11 


dXf(i f ) 


= —Nf 


See problem 6 and Chapter 3. 
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The total flux linkage A (if, Or) in the n rotor loops is then 

n 

•Mv»0.r) = YMW*) 

k = 1 

n 

= B ( i f) ({ 0 R + ( k ~ l)^}mod7T- . (1.7) 

k—1 

In Figures 1.30(a) — (c), each of the two parallel sets of n rotor loops has 
the flux linkage A (if, O r) in it. 

Recall that the sign convention for the fluxes < Pk(ifi@R ) suc h that if 

—d<j> k (if,9jfi)/dt > 0, then it is acting in the direction opposite to positive 
current flow, that is, its sign convention is opposite to that of applied 
voltage Vs- As a consequence, the sum 

v s - ( = + 

is the total emf in the loop due to the applied voltage and the external 
magnetic field. 

For n = 4, the flux linkage A (if, 6 a) is plotted as a function of the rotor 
position Or in Figure 1.38. Note that d\(if,0R)/d0R = -n£i£ 2 B(if) which 
is proportional to the number of rotor loops n and to the strength of the 
external magnetic field strength B(if) in the air gap. 



FIGURE 1.38. Flux linkage A (if, Or) versus Or in radians with n — 4 sets of 
rotor loops and 0 < Or < n. The slope is d\(ij, 6R)/d0a — —nZ\ZvB(if). 
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In the case of a permanent magnet stator, the armature flux linkage is 
simply given by 

n 

wr) = 

k=i 

n 

= ~'^2^2B^e R + (k - 1 )~} m °d7 r - (1-8) 

fc=l 71 

where B > 0 is the strength of the radial magnetic field in the air gap 
produced by the permanent magnet of the stator. 

1.7.6 Equations of the PM DC Motor 

In the multiloop motor considered here, the armature circuit consists of 
two parallel circuits each having n loops. That is, there are a total of 2 n 
loops on the rotor as each of the two parallel circuits has a loop at the 
same location on the rotor. Let L denote the total inductance of the n 
rotor loops making up either of the two parallel circuits. Then, if a current 
i/2 is in each parallel circuit, each circuit will have a flux linkage of Li/ 2 
due to its current and an additional flux linkage of Li/2 due to the current 
in the other circuit. This is simply because the two sets of parallel loops 
(windings) are wound around the rotor core together so that they can be 
considered to be perfectly (magnetically) coupled. 

The total flux linkage in the n loops making up either of the parallel 
circuits is now computed. To proceed, let i be the current into the armature 
so that if 2 is the current in the n loops of each parallel circuit. The quantity 
Li/ 2 is the flux linkage due to the current i/ 2 in the loops and an additional 
flux linkage of Li/ 2 is produced in these same loops by the current ij 2 in 
the other parallel circuit for a total flux of Li. By equation (1-8), A {Or) is 
the flux linkage in the n loops due to the external magnetic field produced 
by the permanent magnet of the stator. Recall that the sign convention for 
the induced emf —d\(0R)/dt is opposite to that of — d(Li)/dt . Specifically 
(see Section 1.3.5), the normal to the flux surface was taken to be radially in 
to compute the flux Li while in Section 1.3.4 the surface normal was taken 
to be radially out to compute the flux A (Or). Simply writing — A (Or) then 
gives the flux due to the external magnetic field with the surface normal 
radially in and the induced voltages by both of these changing fluxes will 
then have the same sign convention as the applied armature voltage. Using 
the same sign convention as the applied armature voltage V $ , the total flux 
linkage in each parallel circuit of the armature may be written as 

Li - A (Or). 

Let Ri denote the resistance of the n loops connected in series making 
up either of the two parallel circuits. The equation describing the electrical 
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dynamics of the current in each of the parallel circuits is found by applying 
Kirchhoff’s voltage law to obtain 

-J t (iA - A {e R ) ) - R^/2 + Vs = 0 


where Vs is the applied voltage to the armature. Finally, defining R = R\/2, 
the equation describing the electrical dynamics of the armature circuit is 



at 


The quantity d\(0n)/dt can be expanded to obtain 


(1.9) 


dH0R) 

dt 


dXjdR) 

d0 R 


lor = —n£\£2BuiR = — K),uir 


( 1 . 10 ) 


where Kb = nli^B. 

Each loop carries the current i/2 so that the torque produced by the 
two sides of each loop is 2 (£ 2 / 2 ) ( i/2)£iB . As there are 2 n loops, the total 
torque is 

T m = 2ni\^B{i/2) — = K T i (1.11) 

where Kt — nii^B — Kb - Finally, using (1.9) and (1.11), the complete 
set of equations for the PM DC motor is then 


di 

L— 

dt 

~ ~Ri - 

- KbOjR + V 5 

( 1 . 12 ) 

(Ljr 

dt 

= Kxi - 

- /Wfl - t l 

(1.13) 

Mr 

dt 

= Ur 


(1.14) 


where Vs is the applied armature voltage, r L is the load torque on the 
motor, / is the coefficient of viscous friction and J is the rotor’s moment 
of inertia. 


1.7.7 Equations of the Separately Excited DC Motor 

The separately excited DC motor has an additional equation compared to 
the PM DC motor which describes the flux/current in the field winding. 
Similar to the case of the PM DC motor, the total flux linkage in either 
parallel circuit of the armature windings is given by 

Li - \{if,0 R ) 

where A (if ,6 R ) now depends on if as given by (1.7), and L is the inductance 
the n loops connected in series making up either parallel circuit. Again, R± 
denotes the resistance of either circuit and Kirchhoff’s voltage law gives 

-j t (Li-\{i f ,0 R )) -R l i/2 + V s = Q 
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where Vs is the applied voltage to the armature. Finally, defining R = ith/2, 
the equation describing the electrical dynamics of the armature circuit is 


A = -Ri + + v s . 

at at 

The quantity dX(if.9 R )/dt can be expanded to obtain 

d\(if,9 R ) 
dt 


dX di f d\ 

dij dt + d9 R CUR 




(1.15) 


(1.16) 


Here B(if) is the strength of the radial magnetic field in the air gap pro- 
duced by the current in the field windings. The flux linkage in the field wind- 
ings is A /(if) = NfSBfiif) where Bf(if) is the magnetic field strength in 
the iron core of the field, Nf is the number of field windings, and S is the 
cross sectional area of this iron core. The flux SBf(if) in each of the field 
windings goes through the air gap and, by conservation of flux (see Section 
1.7.4), SBf(if) = £i(n£2/2)B(if) so that the radial magnetic field in the 
air gap produced by the field current is 

= Nf SB f (if) = Xfjif) 

Kf) N f 7tM 2 /2 NfirliW 

Consequently, 


nt&Biif) = n*il 2 2 = 


where 


K A 

-TV rrt — , • 


nN f 


As a result, equation (1.16) may be rewritten as 


Each loop carries the current i/2 so that the torque produced on each of 
the two sides of the loop is 2 (£ 2 /2) (i/2)£iB(if). As there are 2 n loops, the 
total torque is 


Tm = 2n£ie 2 B(if)(i/2) = nli£ 2 B(if)i = AT m A/(z/)z (1.18) 

using the above expressions for K rn and A f(if). Finally, using (1.15), (1.16), 
and (1.18), the mathematical model of the separately excited DC motor is 
given by 


di 

1j —— 

dt 

= - m + §r, f 

(1.19) 

jdUR 

J dt 

= K m \f(if)i - t l 

(1.20) 

dXf(if) 

dt 

= -Rfif + v f 

(1.21) 
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where Vf is the applied voltage to the field, Rf is the resistance of the field 
winding, tl is the load torque on the motor and J is the rotor’s moment 
of inertia. 

If the iron in the field is not in saturation, then one may write 


Xf(if) = Lfif 


and the dynamic model simplifies to 
. di 

j — = -Hl+ , 

dt 01 / dt 


r . d A dz f , _ _ 

L— = -Rz + — — — - K m LfifWR + Vs 


J- 


dt 

L /± = -J A + V, 


KrnLfifi T L 


( 1 . 22 ) 

(1.23) 

(1.24) 


dh di 

Under normal operating conditions, the term 7 —— /- is typically negli- 

01 f dt 

gible and the model then reduces to 12 


= -Ri-K m LfifUjR + Vs (1.25) 

= K m Lfifi ~t l (1.26) 

= ^Rfif + Vf. (1.27) 

A typical mode of operation is to use the field voltage Vf to hold the field 
current i / constant at some value. Then the field flux is of course constant 
and Lfdij/dt = 0. However, in the first equation (1.19) (or 1.25), it is 
seen that the back emf is —K m \fUR (or —KmLfifUR) which increases in 
proportion to the speed. The input voltage Vs must be at least large enough 
to overcome the back emf in order to maintain the armature current. To 
have the motor achieve higher speeds within the voltage limit \Vs\ < U max , 
field weakening is employed. This is accomplished by using the input voltage 
Vf to decrease the field flux A/ = Lfif at higher speeds usually according 
to a flux reference of the form 


J 


Lf 


di 

J-j ~~ 

dt 

dcjR 

dt 

dif_ 

dt 


A/o 

l^R 1 ^ ^base 

x M b ase 

A, ° m 

\wr\ > U) baS e 


(1.28) 


This is illustrated in Figure 1.39. For uj > co baS e > field weakening results in 
the back emf -K m X f uj R = -KmXfo^^ujR = -K m Xfow ba seSign(ujR) be- 
ing constant. The trade-off is that the torque K m Xfi = KmXfo ^^- i is now 


12 It will be seen later that field-oriented control of an induction motor results in a 
mathematical model of the induction motor that looks similar to these equations! 
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less for the same armature current i due to the decrease in the field flux link- 
age A/. If the armature resistance is negligible and if is constant, then the 
base speed uibase is defined to be the speed satisfying KmXfUJbase = V m&x . 
Otherwise, the base speed is chosen to be somewhat smaller to account for 
the Ri and voltage drops [see equation (1.19)]. 



FIGURE 1.39. Flux reference for field weakening. 


Appendices 

Rotational Dynamics 

The equations of motion of a rigid body that is constrained to rotate about a 
fixed axis are reviewed here briefly. Consider a cylinder which is constrained 
to rotate about a fixed axis as shown below. 



FIGURE 1.40. Cylinder constrained to rotate about a fixed axis. 

The approach here is to obtain the equations of motion of the cylinder 
by first computing obtaining an expression for its kinetic energy. To do so, 
denote the angular speed of the cylinder by u and the mass density of the 
material making up the cylinder by p. Then consider the cylinder to be 
made up of n small pieces of material A m* where the zth piece has mass 

Ami = prAOAiAr. 


This is illustrated in Figure 1.41. 
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FIGURE 1.41. Cylinder is considered to be made up of small masses Ara*. Drawn 
by Sharon Katz. 


Each piece of mass Am* is rotating at the same angular speed uj so that 
the linear speed of A nii is u; = ri u where r\ is the distance of Am* from 
the axis of rotation. The kinetic energy KEi of A m* is given by 


KEi = ^A rriiVi = ^A m^riUif 


The total kinetic energy is then 


KE = 'jr ( \KE)i = ^A rmvf = ^ ^Arm (nu) 2 = ^w 2 ^ A m^r 2 . 

i= 1 2 — 1 2 — 1 2—1 

Dividing the cylinder into finer and finer pieces so that n — > oo and A mi — > 
0, the sum 

'E Am i r i 
2=1 


becomes the integral 


J 


-III. 


r 2 dm. 


cylinder 


The quantity J is called the moment of inertia and the kinetic energy of 
the cylinder may now be written as 


KE = Dw 2 . 

2 

Assuming the axle radius is zero, the moment of inertia of the cylinder is 
computed to be 

pR. -i 1 

J = / / / r 2 prddd£dr = -(tt R 2 ip)R 2 = - MR 2 

Jo Jo Jo 2 2 

where M is the total mass of the cylinder. 

The above expression for the kinetic energy is now used to derive a rela- 
tionship between torque and angular acceleration. Recall from elementary 
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mechanics that the work done on a mass by an external force equals the 
change in its kinetic energy. In particular, consider an external force F 
acting on the cylinder as shown in Figure 1.42. 



FIGURE 1.42. Force F applied to the cylinder is resolved into a normal and 
tangential component. Drawn by Sharon Katz. 

The cylinder is on an axle and therefore constrained to rotate about the 
2 : axis. Figure 1.42 shows the force F applied to the cylinder at the position 
(r, 6) (in polar coordinates) resolved into a tangential component Ft and 
a normal component Fn so that F = F/v? + FtO . The torque is defined as 

r = r x F = rr x (f^y + F T 0^j = rFpz = rF sin(^)z (1.29) 

where ip Is the angle between r and F. (By definition, the magnitude of 
the cross product r x F is defined as rFsin(^) and the direction of r x F 
is perpendicular to both r and F along the axis of rotation determined by 
the right hand rule 13 ). As Ft = Fsm(ip) is the tangential component, the 
torque may be rewritten as 

T = TZ = tFtZ 

or, in scalar form, as 

r = tFt • 

The motivation for the definition of torque as given by (1.29) is that it is 
the cause of rotational motion. Specifically, the rotational motion about an 
axis is caused by the applied tangential force Ft and the further away from 
the axis of rotation that the tangential force F T is applied, the easier it is 
to get rotational motion. That is, the torque (cause of rotational motion) 

13 Using your right hand, curl your fingers in the direction from the first vector r to 
the second vecotor F. Then your thumb points in the direction of r x F. 
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increases if either r or Ft increases which corresponds to one s experience 
(e.g., opening doors). 

To summarize, f is a vector pointing along the axis of rotation and the 
magnitude is given by 

|f| = |t| = \rF T \ ■ 

(Recall that the angular velocity vector cD = coz also points along the axis 
of rotation where uj is the angular speed.) 

With ds = dsO = rd96 , the change in work done on the cylinder by the 
external force F is 

dW = F-ds = F T rd6 = TdO 

where r = rFp- Dividing by dt, the power (rate of work) delivered to the 
cylinder is given by 

dW d9 

—— = T— = TUJ. 

dt dt 

As the rate of work done equals the rate of change of kinetic energy, it 
follows that 

dW dfl j2 \ d0 

dt dt \2 ^ ) T dt 


or 

_ did 

JUJ — — — TUJ. 

dt 


This gives the fundamental relationship between torque and angular accel- 
eration: 

r duj 

r=] n' 

That is, the applied torque equal the moment of inertia times the angular 
acceleration. This is the basic equation for rigid body rotational dynamics. 


Viscous Rotational Friction 

Almost always there are frictional forces, and therefore, frictional torques 
acting between the axle and the bearings. 14 This is illustrated in Figure 
1.43. 


14 An interesting exception are magnetic bearings where the axel is levitated by mag- 
netic fields so that there is no mechanical contact. 
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FIGURE 1.43. Viscous friction torque. 


Often the frictional force is proportional to the angular speed and this 
model of friction is called viscous friction which is expressed mathemati- 
cally as 

f = - fu 3 = —fcoz 


or, in scalar form, 


T = ~fuj 


where / > 0 is the coefficient of viscous friction. 


Sign Convention for Torque 

Suppose the axis of rotation is along the z axis. Recall that the definition 
of torque is 

f = r x F = rF sin(^)z = rF T z 

where ip is the angle between r and F. The magnitude of the cross product 
r x F is rF sin(xp) and the direction of r x F is perpendicular to both r and 
F along the z axis. In engineering applications, the systems are designed so 
that the applied force is tangential to the rotational motion, i.e., ip = 7t/2, 
F = F t , and 

f A rz = rFz. 

If r = rF > 0 then the torque will cause the cylinder to rotate around the 
z axis in the direction indicated by the curved arrow. On the other hand, 
if r = rF < 0 then the torque will cause the cylinder to rotate around 
the z axis in the direction opposite to that indicated by the curved arrow. 
Typically in engineering texts, the sign convention for torque is indicated 
by a curved arrow as shown in Figure 1.44. (Physics texts prefer to write 
r = rz.) 
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FIGURE 1.44. Sign convention for torque. 


Gears 

Using the elementary rigid body dynamics developed in the previous ap- 
pendix, the model of a two gear system illustrated in Figure 1.45 below is 
now developed. 



FIGURE 1.45. Two gear system. Drawn by Sharon Katz. 

This presentation is from that given in Professor Ogata’s book [37]. In 
Figure 1.45, 

t i is the torque exerted on gear 1 by gear 2. 

Fi is the force exerted on gear 1 by gear 2. 
r 2 is the torque exerted on gear 2 by gear 1. 

F 2 is the force exerted on gear 2 by gear 1. 

01 is the angle rotated by gear 1. 

0 2 is the angle rotated by gear 2. 

n i is the number of teeth on gear 1. 
n 2 is the number of teeth on gear 2. 

7*1 is the radius of gear 1. 
r 2 is the radius of gear 2. 

Let Fi = Fi(-x) so that if F\ > 0, the force is in the — x direction 
as shown in Figure 1.45. Also, let T\ = r\{— y) so that f\ = ?i x Fi = 
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riFi(—y) x (— x) = riFi(-z) = 7*1 Fin. That is, t\ — Tin where ri = riFi 
and n = — z is a unit vector. Similarly, let F2 = F2X so that if F2 > 0 , the 
force is in the x direction. Writing r 2 = 7*2 y it follows that T2 = ?2 x F 2 = 
T2F 2 (—z) = — t 2Z = T2n with r 2 = T2F2. The reason that ?i,ti,Fi are 
referred to the basis vectors — x, — y, — z while r2,T2,F2 are referred to 
the basis vectors x, y, z is so that there will no minus signs in the gear 
relationships to be derived below. 

Algebraic Relationships Between Two Gears 

There are three important algebraic relationships between the gears. 

The gears have different radii, but the teeth on each gear are the 
same size so that they will mesh together properly. Consequently, the 
number of teeth on the surface of gears is proportional to the radius 
of the gears so that, for example, if r 2 — 2 ri, then 712 ~ 2 ni. In 
general, 

T 2 _ n2 
ri n 1 ‘ 

By Newton’s third law, the forces F x = Fi(— x),F 2 — F 2 x are equal 
in magnitude, but opposite in direction so that F2 = — (— Fi) = Fi. 
Thus, as t 1 = r x Fi and T2 == T2F2 it follows that 

Tj 2 __ ri 
ri r x * 

As the teeth on each gear are meshed together at the point of contact, 
the distance traveled along the surface of the gears is the same. In 
other words, 9 \Vi = 9 2 T2 or 

^2 = n 
61 r 2 

The first two algebraic relationships can be summarized as 

r 2 _ r 2 _ n 2 

r\ ri n 1 

and these ratios are easily remembered by thinking of gear 2 as larger in 
radius than gear 1 . Then the number of teeth on gear 2 must also be larger 
(because its circumference is larger) and the torque on gear 2 is also larger 
(because its radius is larger). 

The last algebraic relationship is summarized as 

r i _ 02 _ 

r 2 0 \ U>\ 

but it is more easily remembered by writing 0 ir x = ^2^2 which just states 
the distance traveled along the surface of each gear is the same as they are 
meshed together. 


2 . 


3 . 
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Dynamic Relationship Between Two Gears 

Consider the two gear system shown in Figure 1.46 below. The motor torque 
r m acts on gear 1 and the torque tl is a load torque acting on gear 2. 



FIGURE 1.46. Dynamic equations for a two gear system. Drawn by Sharon Katz. 


In Figure 1.46, 

Ji is the moment of inertia of the motor shaft. 

J 2 is the moment of inertia of the output shaft. 
fi is the viscous friction coefficient of the motor shaft. 
/ 2 is the viscous friction coefficient of the output shaft. 
6 1 is the angle rotated by gear 1. 

0 2 is the angle rotated by gear 2. 

uq is the angular speed of gear 1. 

uj 2 is the angular speed of gear 2. 

t i is the torque exerted on gear 1 by gear 2. 

t 2 is the torque exerted on gear 2 by gear 1. 


The sign conventions for the torques r m , ti, t 2j tl are indicated in Figure 
1.46. In particular, if r m > 0, ti > 0 then they oppose each other and 
similarly, if r 2 > 0, tl > 0 then these two torques oppose each other. A 
load torque is illustrated in Figure 1.47 in which the load torque on gear 2 
is tl — r 2 mg with r 2 the radius of the pick up reel (gear 2). 
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FIGURE L47. Illustration of load torque. Drawn by Sharon Katz. 


The above development is now put together to write down differential 
equations that characterize the dynamic behavior of the gears. Recall that 
the fundamental equation of rigid body dynamics is given by 


r 



where r is the total torque on the rigid body, J is the moment of inertia 
of the rigid body and dui/dt is its angular acceleration about the fixed axis 
of rotation. Applying this relationship, the equations of motion for the two 
gears are then 


T m T 1 fl^l 



7~2 — Tl ~ / 2^2 



(1.30) 


Typically, the input (motor) torque r m is known and, the output position 
62 and speed U 2 are measured. Consequently, the variables Ti,T 2 ,uq need 
to be eliminated which is done as follows: 


t 2 


n 1 

n2 ( , T duj A 

T m - J1U1 - J 1 -— 

ni \ dt ) 


Substituting this expression for T 2 into the second equation of (1.30) results 
in 


712 

n 1 


7~ m 


(S ) - ( 


n 2 \ (kj 2 , , du > 2 

^) Ji ^f- TL - f2UJ2 = j2 ^r 
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Rearranging, the desired result is 

^ r m = (j-i + (n 2 /ni ) 2 J i ) + (/2 + (n 2 /ni) 2 /i ) w 2 + r L . (1.32) 

Let n = n 2 /ni denote the gear ratio , J = J 2 -bn 2 Ji denote the total inertia 
reflected to output shaft and f = f 2 + n 2 /i denote the total viscous fric- 
tion coefficient reflected to the output shaft , equation (1.32) can be written 
succinctly as 


m~m — + fa )2 + T L - (1.33) 

The net effect of the gears is to increase the motor torque from r m on the 
motor shaft to nr m on the output shaft, to add the quantity n 2 J\ to the 
inertia of the output shaft and to add n 2 f\ to the viscous friction coefficient 
of the output shaft. 

Remark 

Everything could have been referred to the motor shaft instead of the out- 
put (load) shaft. To do so, simply substitute o; 2 = (721/722)^1 into (1.32) to 
obtain 


n 2 


T m 


n 1 




dt 


+ 



(n 1 V 

— u>i + r L 

W J 


Multiply both sides by ni/n 2 results in 


T m — 




/ nA 2 dui | 

\ri2 J dt 




2 

/ 1 



2 


i ni 

Wi + T L 

n 2 


or, finally, the desired form is 

— (i - 34) 


In this formulation, the load torque on the input shaft is reduced by ni/n 2 
from that on the output shaft, and (ni/n 2 ) 2 J 2 has been added to the inertia 
of the motor shaft and (ni/n 2 ) 2 / 2 has been added to the viscous friction 
coefficient of the motor shaft. 
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Problems 


Faraday’s Law and Induced Electromotive Force (emf) 

Problem 1 Faraday’s Law 

Consider Figure 1.48 where a magnet is moving up into a square planar 
loop of copper wire. 



FIGURE 1.48. Induced emf in a loop due to a moving magnet. 


(a) Using the normal n 1; is the flux in the loop produced by the magnet 
increasing or decreasing? 

(b ) Using the normal hi , what is the direction of positive travel around 
the surface whose boundary is the loop (clockwise or counterclockwise)? 

(c) What is the direction of the induced current in Figure l.f8 (clockwise 
or counterclockwise ) ? Does the induced current produce a change in the flux 
in the loop that opposes the change in flux produced by the magnet? 

(d) Using the normal is the flux increasing or decreasing? 

(e) Using the normal h 2 , what is the direction of positive travel around 
the surface whose boundary is the loop (clockwise or counterclockwise)? 

(f) What is the direction of the induced current in Figure Lf.8 (clockwise 
or counterclockwise ) ? Does the induced current produce a change in the flux 
in the loop that opposes the change in flux produced by the magnet? 

Problem 2 Faraday’s Law 

Consider Figure 1.4-9 where a magnet is moving down away from a square 
planar loop of copper wire. 



FIGURE 1.49. Induced emf in a loop due to a moving magnet. 
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(a) Using the normal hi, is the flux in the loop produced by the magnet 
increasing or decreasing? 

(b) Using the normal hi, what is the direction of positive travel around 
the surface whose boundary is the loop (clockwise or counterclockwise)? 

(c) What is the direction of the induced current in Figure 1.49 (clockwise 
or counterclockwise)? Does the induced current produce a change in the flux 
in the loop that opposes the change of flux produced by the magnet? 

(d) Using the normal U 2 , is the flux increasing or decreasing? 

(e) Using the normal n 2 , what is the direction of positive travel around 
the surface whose boundary is the loop (clockwise or counterclockwise)? 

(f) What is the direction of the induced current in Figure 1.49 (clockwise 
or counterclockwise)? Does the induced current produce a change in the flux 
in the loop that opposes the change of flux produced by the magnet? 

Problem 3 The Linear DC Motor 

Consider the simple linear DC motor of Figure 1.3. Take the normal to 
the surface enclosed by the loop taken to be n — -z. 

(a) What is the flux through the surface? 

(b) What is the direction of positive travel around this flux surface? 

(c) What is the induced emf £ in the loop in terms of B, £ and the speed 
v of the bar? 

(d) Do Vs and £ have the same sign convention? Explain why £ is now 
negative . With R the resistance of the circuit and the inductance L — 0, 
write down the differential equations for the current i in the machine and 
the speed v of the bar. 

Problem 4 The Linear DC Motor 

Consider the simple linear motor in Figure 1.50 where the magnetic field 
B — Bz (B > 0) is up out of the page. 



FIGURE 1.50. Linear DC machine with B = Bz, B > 0. 

Closing the switch causes a current to flow in the wire loop. 

(a) What is the magnetic force F magnetic on the sliding bar in terms of 
B , i, and £? Give both the magnitude and direction ofF magnetic . 
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(b) Take the normal to the surface enclosed by the loop to be n = z. What 
is the flux through the surface? 

(c) What is the induced emf £ in the loop in terms of B, I, and the speed 
v of the bar? 

(d) What is the sign convention for the induced emf £ drop around the 
loop? (That is, if £ > 0, would it act to push current in the clockwise or 
counterclockwise direction?) 

(e) Do V$ and £ have the same sign convention? Draw + and — signs 
above and below £ to indicate the sign convention for £. 

Problem 5 Back Emf in the Single- Loop Motor 

Consider the single loop motor with the flux surface as indicated in Figure 
1.51. A voltage source connected to the brushes is forcing current down side 
a (®) and up side o! ((d). 



FIGURE 1.51. Computing the flux with n = — r. 

(a) With the motor at the angular position 6r shown , that is, with 0 < 
Or < it, and using the inward normal (h = — r), compute the flux through 
the surface in terms of the magnitude B of the radial magnetic field in the 
air gap, the axial length t\ of the motor, the diameter I 2 of the motor and 
the angle Or of the rotor. 

(b) What is the positive direction of travel around the flux surface S ( CW 
or CCW)? 

(c) What is the em/£ induced in the rotor loop? What is the sign conven- 
tion for the induced em/£ drop around the loop? (That is, z/£ > 0, would 
it act to push current in CW direction or the CCW direction?) Do Vs and 
£ have the same sign convention? Explain why £ is now negative. Draw an 
equivalent circuit of the form in Figure 1.18 for the rotor loop current. 

Problem 6 Gauss’s Law and Conservation of Flux 

The flux surface in Figure 1.13 was chosen as the half- cylindrical sur- 
face with two half disks at either end because the B field is known on the 
cylindrical surface being given by equation (1.1) and can be taken to be zero 
on the two half disks. If the flux surface had been taken to be a flat planar 
surface with the rectangular loop as its boundary, then it would not be clear 
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how to compute the flux on this surface as the B field there is unknown. 
Show , using Gauss’s law 

<p = j) B * dS = 0, 

that both surfaces give the same flux . In general, by Gauss’s law, one can 
compute the flux using any surface as long as its boundary is the loop. 

Problem 7 Flux in the Single-Loop DC Motor 
Figure 1.52 shows the rotor loop with n < Or <2n. 



FIGURE 1.52. Rotor loop where n < Or < 2n. 



FIGURE 1.53. Flux surface with the normal radially out. 

(a) Using the flux surface shown in Figure 1.53 with dS = ( £ 2 /2)dQdzr , 
show that <I>(0r) = (Or — tt/2 — n) ii^B for i t < Or < 2ir. Plot 4>(6r) 
for 0 < Or < 2n (note that <j>( Or ) for 0 < Or < n is computed in the 
text). Compute the back emf £ and give its sign convention, that is, if £ — 
—d<j)(0R) /dt > 0, will it force current in the GW or the CCW direction? 
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Do £ and Vs have the same sign convention? (Yes! Explain!) Draw an 
equivalent circuit diagram of the form of Figure 1.18 to illustrate the sign 
convention . 

(b) Using the flux surf ace shown in Figure 1.54 withdS = ( £ 2 /2)d9dz (— r), 
show that <j> (Or) = - (Or - tt/2 - ? r) t\t 2 B for n < Or < 2n. 



FIGURE 1.54. Flux surface with the normal radially in. 

Compute the back emf and give its sign convention , that is, if —d<j> (Or) /dt 
> 0 will it force current in the CW or the CCW direction . Do £ and Vs 
have the same sign convention? (No, they are opposite! Explain!) Draw an 
equivalent circuit diagram of the form of Figure 1.18 to illustrate the sign 
convention. 

(c) Note that in part (b) the normal to the flux surface is taken to be 
radially in while with 0 < Or < n it was taken to be radially out (see 
Figure 1.14 )■ Explain why reversing the normal of the flux surface each 
half turn in this way results in an equivalent circuit of the form shown in 
Figure 1.18 which is valid for all rotor angular positions 

Hint : Note that the -f side of Vs is now electrically connected to side o! 
of the loop through brush while when 0 < Or < n in Figure 1.14, the 
-F side of Vs was electrically connected to side a of the loop through brush 
b\. That is, the sign convention for V$ in the loop changes every half-turn. 
Thus it is also necessary to change the sign convention for the flux and 
therefore for £ every half- turn in order that the sign conventions for Vs 
and £ have the same relationship to each other for all Or. 

(d) Show by taking dS = (t 2 !2)d0dzv for 0 < Or < n and dS = 
(i 2 j2)d0dz (— ?) for n < Or < 2n, that (j) (Or) = — (Or modn - ir/2) i\i 2 B 
for all Or and that £ = —d<p (Or) /dt has the sign convention given in Figure 
1.18 for all Or. Verify that the plot of <p (Or) in Figure 1.15 is correct. 
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Problem 8 Simulation of the DC Motor 

Let Vmax = 40 V, I max — 5 A, K b = K T = 0.07 V /rad/ sec (= N-m/A), 
J = 6 x 10“ 5 kg-m 2 , R = 2 ohms, L = 2 mH, and f = 0.0004 N-m/rad/sec. 
Develop a simulation of the DC motor that includes the motor model given 
by (1.6) and a voltage saturation model of the amplifier as illustrated in 
Figure 1.20. Put a step input ofVs(t ) = 10 V into the motor and plot out 
(a) 6(t), (b) u(t ), (c) i(t ), and (d) Vs(t). 

Multiloop Motor 

Problem 9 Skewing of the Rotor Sides 

Figure 1.29 shows the sides of the rotor loops for the motor (but not the 
tachometer!) are not straight in the axial direction, but instead are skewed. 
Can you think of a reason why this is done? 

Problem 10 Neutral Plane and Brush Shifting 

In the commutation scheme for the multiloop motor, it was shown that 
when a rotor loop was perpendicular to the brushes, the current in the loop 
was shorted out (brought to zero). Consequently, it is highly desirable that 
the total induced voltage in that loop be as close to zero as possible to prevent 
arcing. Figure 1.35 shows the total B field distribution in the DC machine. 
If the armature current were zero, then the field would be horizontal as in 
Figure 1.33. At very high armature currents (e.g., in large machines used 
in heavy industry), the field is skewed as shown in Figure 1.35. The neutral 
plane is the plane cutting through the axis of the rotor for which the total 
B field is perpendicular to the plane. Let 'ijj k (i,if,6ii) be the total flux in 
the /cth rotor loop due to both the field current and the armature current. 



FIGURE 1.55. Magnetic field due to both the field and armature currents. 
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(a) Explain why ip k (i,if,0 R ) is a maximum (or minimum ) as a function 
of the rotor position 0 R when the kth loop coincides with the neutral plane, 
or equivalently, why —dij) k (i,if,9 R )/d6 R = 0 when the kth loop coincides 
with the neutral plane . ( This is seen more easily if one takes the flux surface 
to be the plane of the loop rather than the cylindrical surface.) 

(b) As explained in Section 1.7.2, the current in a rotor loop is commu- 
tated when the plane of the loop is perpendicular to the line containing the 
two brushes. Consider the situation in which the brushes of Figure 1.30(a) 
are rotated counterclockwise (shifted) so that the plane of the loop under- 
going commutation is coincident with the neutral plane as shown in Figure 
1.56. (After the brushes are rotated, they are held fixed at that position.) 



FIGURE L56- Rotating the brushes so that commutation in the loop occurs 
when the loop is aligned with the neutral plane. 

Show then that the induced voltage in the kth loop when it undergoes 
commutation is 

dip k (i,i f ,0 R ) = dip k (i,i f ,e R ) di _ di/j k (i,i f ,0 R ) di f 
dt di dt di / dt 

(c) Explain why shifting the brushes alleviates arcing. 

(d) Does the amount that the brushes are to be rotated depend on the 
amount of armature current ? 

Problem 11 Flux in the Multiloop Motor 

With X(0 R ) given by (1.8) andn — 4, write a program to plot X (0 R )/ 
versus 0 R to obtain a figure similar to that of Figure 1.38. 
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Separately Excited, Series and Shunt DC Machines 

Problem 12 Conservation of Energy in the Separately Excited DC Motor 
Using the equations (1.19), (1.20) and (1.21) of the separately excited DC 
motor show that energy conservations holds. Give a physical interpretation 
to the various expressions. 

Problem 13 Series DC Motor [1] 

Consider a separately excited DC motor in which the terminal T\ of the 
armature is connected to the terminal T £ of the field circuit and a single 
voltage source is applied between the two remaining terminals T[ and T 
This configuration is referred to as a series DC motor and is illustrated 
in Figure 1.57. This type of connection is often used when the motor is 
employed as a traction drive, that is, for subways, trolley cars, and so on. 
An equivalent circuit for the series DC motor is given in Figure 1.58 where 
X f(if) = Ljif is used. 



FIGURE 1.57. Series-connected DC motor. Adapted from Ref. [21]. 



FIGURE 1.58. Equivalent circuit for a series DC motor. 




1. The Physics of the DC Motor 65 


(a) Starting from the model (1-22), (1.23), (1.24) of the separately ex- 
cited DC motor, derive the set of differential equations that characterize 
the series connected DC motor . 

(b) Show that the torque cannot change sign, i.e it is always positive or 
always negative . 

(c) What must be done to change the sign of the torque? 

Problem 14 Shunt DC Motor [3] 

Consider a separately excited DC motor in which the terminal T\ of the 
armature is connected to the terminal T[ of the field circuit and similarly, 
the other two terminals are connected together as indicated in Fig- 

ure 1.59. This configuration is referred to as a shunt DC motor for which 
an equivalent circuit is shown in Figure 1.60. The resistance R a dj is an 
adjustable resistance added in series with the field winding and aids in the 
control of the motor. 



FIGURE 1.59. Shunt connected DC motor. Adapted from Ref. [21]. 


R L 



FIGURE 1.60. Equivalent circuit for a shunt DC motor. 
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Let A (if) = Lfif and using the model (1.22), (1.23), (1.24) of the sepa- 
rately excited DC motor, derive the complete set of equations that charac- 
terize the shunt DC motor. 

Simple AC Generators 

Problem 15 A Three-Phase Generator [38] 

Consider a simplified model of a three-phase generator shown in Figures 
1.61 and 1.62 . 



FIGURE 1.61. Simplified three-phase permanent magnet generator. 



FIGURE 1.62. Half-cylindrical-shaped winding of phase 1. 


The rotor consists of a two-pole (one north and one south) permanent 
magnet with the pole faces shaped so that the radial magnetic field in the 
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air gap due to the rotor’s permanent magnet is given by 

B(r, 6) = B Rmax — cos(0 - e R )r 
r 

where Br max > 0, rs = ^/2 -f g is the radius of the inside surface of the 
stator iron and 0 , Or are defined as in Figure 1.61 . One of the stator phases 
( consisting of a single loop) is shown in Figure 1.62 where the rotor and 
stator sizes are distorted for expository reasons. 

(a) Using a half-cylinder flux surface whose boundary is the stator loop 
and whose surface normal is n = f , compute the flux <j> l in stator loop 1 
and the voltage = —d<j) l /dt induced in this loop. 

(b) Also, compute the fluxes 3 and the induced voltages £ 2 ,£ 3 * n 
phases 2 and 3, respectively. 

(c) With the ends 1', 2 ', 3' tied together (called the neutral point), show 
that if the machine is rotating at constant angular speed ujr, this results 
in a three-phase generator producing three sinusoidal voltages which are 
identical except being 120° out of phase with each other. 

(d) It is shown in Chapters 4 and 5 that the magnetic field due to the 
rotating permanent magnet rotor produces an axial electrical field in the 
air gap given by 


E R (0 - 6 r ) = u R B Rmax r s cos (0 - Or) z. 


Show that 

£1 = E r (6 Or) * dl. 


Problem 16 A Two-Phase Four-Pole Generator 

To introduce a two-phase four-pole generator, consider first Figure 1.63(a), 
which shows a two-phase two- pole generator. Its rotor is a two-pole (one 
north and one south) permanent magnet whose pole faces are shaped so 
that the radial air gap magnetic field is given by 

B(r, d) = B r max — cos(0 - 6 R )r 
r 

where BR m3iX > 0, rs = ^ 2/2 + g is the radius of the inside surface of the 
stator iron, and 0,0 r are defined as in Figure 1.63(a). The stator phases 
are wound in a similar fashion to those of problem 15, and the voltages 
induced in the stator phases are computed similarly. 
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(b) 


FIGURE 1.63. (a) A two-phase two-pole machine, (b) Polar coordinate system. 


Now consider a two-phase four-pole generator illustrated in Figure 1.64(a). 
The rotor is a four-pole (two north poles and two south poles) permanent 
magnet whose pole faces are shaped so that the radial air gap magnetic field 
is given by 

B(r, 6) = B r max — cos {n p (6 - 6r)) r. 
r 

Here Br max > 0, rs = ^ 2/2 + g is the radius of the inside surface of the 
stator iron , Or is defined as in Figure 1.64(a), and n v (=2 in Figure 1.64) 
is the number of pole pairs. Figure 1.64(c) is a perspective view showing 
how phase a is wound while Figure 1.64(d) is a cross-sectional view of the 
same phase. 

(a) Using an outward normal for the flux surface (h = r), compute the 
flux linkage \ a in phase a due to the permanent magnet rotor. (The flux 
linkage is the sum of the fluxes in the two loops ai— a' x and a 2 ~ a^> making 
up phase a.) 

(b ) Does the positive direction of travel around each of the two flux sur- 
faces of phase a coincide with the positive direction of current ? 

(c) Compute the voltage £ a induced in phase a by the permanent magnet 
rotor. 

(d) Using the expression for £ a in phase a from part (c), and the fact 
that phase b is rotated tt/( 2 n p ) radians from phase a, give the expression 
for £ b . 

(e) It is shown in Chapters 4 and 5 that the magnetic field due to the 
rotating permanent magnet rotor produces an axial electrical field in the 
air gap given by 


E R ( 6 - 6r) = UrBr max r S COS (n p (0 - Or)) Z. 
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Feedback Control 


The DC motor model developed in the previous chapter is used to illustrate 
basic control techniques. The techniques developed here will be straight- 
forwardly generalized for the AC motor case. 


2.1 Model of a DC Motor Servo System 

A DC motor servo (positioning) system typically consists of a DC motor, 
amplifier and sensors for position and current measurements. The interest 
here is to understand how to model this system for control purposes. Recall 
the dynamic equations of the DC motor given as 

—Ri(t) — + v(t) 

- fui(t) + K T i{t)-T L (t ) (2.1) 

uj(t) 

where, in this chapter, 9 and uj replace Or and cjr, respectively. Also, 
—fu models the viscous friction torque on the motor due to both the 
bearings and to the brushes rubbing against the commutator. The voltage 
v is commanded to the motor through a power amplifier. The amplifier is 
limited in how much voltage it can actually put out. This limit is denoted 
by V max in Figure 2.1. 


di 

-L/ ~— 

dt 

du) 

J " 

dt 

dO 

dt 



FIGURE 2.1. Open-loop DC motor. 

A common position sensor used in industry is an optical encoder, which 
is illustrated in Figure 2.2(a) [39]. As shown, the optical encoder consists of 
a set of windows spaced equally around a circular disk with a light source 
shining through the window when it is aligned with the source. A detector 
puts out a high voltage when there is light and a low voltage otherwise. 
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For the setup of Figure 2.2(a), there are 12 windows (lines or slots) so that 
for every complete revolution of the circular disk (i.e., of the motor), there 
will be 12 pulses. Using digital electronic circuitry, one can detect a pulse 
going high or low so that in one revolution with 12 pulses, there will be a 
total of 24 times that a pulse went either high or low. Note that each time 
a pulse goes high or low, the motor has rotated 27 t/ 24 or 360° /24 = 15°. 
By simply counting the number N of rising and falling edges of the pulse, 
one can obtain the position of the rotor to within 15°. 



FIGURE 2.2. Schematic diagram of an optical encoder, (a) Encoder disk with 12 
windows. Reprinted with permission from Mechatronics: An Integrated Approach 
by Clarence W. deSilva, Copyright CRC Press, Boca Raton, Florida [40]. (b) A 
second light detector added 90° from the first one in order to detect the direction 
of rotation. 

In order to detect the direction of rotation, two light detectors are used 
as shown in Figure 2.2(b). In detail, the length of the windows is the same 
as the length of the distance between windows. The two light detectors are 
placed a distance of 1/2 of a window length apart. One period of the voltage 
waveform coming out of the light detector corresponds to the distance from 
the beginning of one window to the next and this cycle of the voltage 
waveform is considered to be 360° [see Figure 2.2(b)]. Consequently, the 
two light detectors are considered to be 90° apart and are said to be in 
quadrature . 

Figure 2.3(a) shows the voltage waveforms out of the two light detectors 
when the rotor is turning clockwise. Note that the voltage of light detector 
1 is 90° (1/4 cycle) behind that of light detector 2; that is, the voltage 
from light detector 2 goes high first and then a quarter of a cycle later, 
the voltage from light detector 1 goes high. However, if the rotor is turning 
counterclockwise , then the voltage of light detector 2 is 90° behind that 
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of light detector 1 as shown in Figure 2.3(b). Consequently, the encoder 
electronics detects the relative phase of the two light detector voltage sig- 
nals and uses it to determine whether the rising or falling edges of a pulse 
should increase the count (clockwise motion) or decrease the count (coun- 
terclockwise motion). For example, one could monitor light detector 2. If 
light detectorl goes high before light detector 2 goes low as in Figure 2.3(a), 
then the motion is clockwise. Otherwise, if light detector 1 goes low before 
light detector 2 goes low as in Figure 2.3(b), the motion is counterclockwise. 

If an optical encoder has N w windows (lines/slots), then there are 2 N w 
rising and falling edges per revolution giving a resolution of 2n/(2N w ) 
radians. Problem 4 shows how using the output of both light detectors, a 
resolution of 2n/(4:N w ) radians is achieved. So, for example, with N w = 500, 
the resolution of the encoder is 27 t/ 2000 radians or 360°/2000 = 0.18°. 


Light detector 1 

90° 

“ifh.n n 

90° 

n Fb n n 

Light detector 2 

i 

i 

i 

i 

i 

i 

i 


in.n n 

_a.n n n 


Clockwise 

Counterclockwise 


(a) 

(b) 


FIGURE 2.3. (a) Detector outputs for clockwise rotation, (b) Detector outputs 
for counterclockwise rotation. 

Figure 2.4 shows a plot of the position 0(t) and the corresponding encoder 



FIGURE 2.4. Plot of 9{t) and the encoder output (27r/2000)iV(£). 




74 


2. Feedback Control 


output (27r/2000)iV(£). Due to the way the encoder works, if 6(t) is increas- 
ing, the position output of the encoder is always less than or equal to the 
actual position. 


Current Command 

The input to the motor is the voltage v. However, from the above equations, 
the torque equation is Jduo/dt = —foj 4- Kt% - u, where the motor torque 
Kri is proportional to the current. Thus, it would be convenient if the 
current was the input since one could easily specify the motor’s torque by 
specifying the current. Typically, to get around the fact that the voltage 
is the input, one designs an inner current control loop that allows direct 
current command. That is, the voltage is forced by a controller to go to 
whatever value necessary to obtain the desired current. To understand how 
this is done, consider the equations (2.1) in the Laplace domain given by 


i{s) 

u(s) 

d(s) 


-Ktujs) + K(s) 
sL + R 

Kri{s) - r L (s) 

sJ + f 


These algebraic relationships are illustrated in the block diagram shown in 
Figure 2.5. 


T L (s) 


m 



0(S) 


FIGURE 2.5. Block diagram of a DC motor. 


Often the approximation that L = 0 is made to simplify the analysis 
of the system. However, a standard approach in industry is to put the 
amplifier into a current command mode which results in making the effect 
of L negligible. To do so, the current is fed back (typically using analog 
electronics) through a proportional controller as shown in Figure 2.6. 
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T t (5) 



FIGURE 2.6. DC motor with an inner current control loop. 


Here, i r (s) is the Laplace transform of the reference current, i(s) is the 
Laplace transform of the actual current in the motor, and Kp > 0 is a 
proportional gain. The transfer function G(s) = cj(s)/i r (s) is easily found 
using the block diagram reduction method. In order to do so, note that this 
block diagram is equivalent to that of Figure 2.7. 


T l (s) 



FIGURE 2.7. Equivalent block diagram. 


The block diagram of Figure 2.7 is then easily seen to simplify to that of 
Figure 2.8. 



FIGURE 2.8. Simplified block diagram. 
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As a result, with tl(s) = 0, 

G(s) = u(s)/i r (s) 

K p K t 

( sL + R + K P ){sJ + f) + K T K b 

K t 

(2j±Z + l)(sJ + f) + K T K b /K P 

Using high-gain feedback, that is, letting Kp — > oo, G(s) reduces to 

G{8)=U,{8)/ir(8) = -^jj. (2.2) 

In other words, if the gain Kp can be made large enough, the actual current 
i(t) can be forced to track i r (t ) quite fast. However, note that one cannot 
make the gain Kp arbitrarily large. This is easily seen by noting that the 
voltage commanded into the amplifier is 

v(t) = Kp(i r (t) - i(t)) 

which, for large gains Kp, could be greater than V max , causing the amplifier 
to saturate. 

In summary, with a good current controller, the voltage v(t) is automat- 
ically adjusted to force i(t) — » i r {t) fast enough that the reference (com- 
manded) current i r (t) can be considered to be equal to the actual motor 
current i(t). That is, for all practical purposes, the dynamics from i r (t) to 
i(t) can be neglected allowing one to consider the input i r (t) as equal to the 
motor current i(t). The following reduced-order system can then be used 
to design the controller: 

^ = ( K T /J)i r (t ) - (f/J)u>(t) - t l /J 

d6 

— = U). 

dt 

The corresponding block diagram of the reduced-order system is shown in 
Figure 2.9. 



FIGURE 2.9. Reduced-order model of a DC motor. 
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Speed Controller 

Using the reduced-order model, it is straightforward to design a simple 
proportional speed controller as illustrated in Figure 2.10. 



FIGURE 2.10. Simple speed controller for a DC motor. 


From the block diagram of Figure 2.10, it follows that 


u){s)/uj re f(s) 


KK t /(sJ + f) KK t /J 

1 + KK t /(sJ + f) ~ s + (/ Hb K t K)/J 
KKt/J 
s + K t K/J 
1 

mS 1 


where r m = 


1 


and f « KtK were used. This is an example of 


K t K/J 

the classical approach to control and is described in more detail in the Ap- 
pendix of this chapter. However, in this chapter, the state-space approach 
to feedback control is pursued. 


2.2 Speed Estimation 

Typically, in a DC motor drive system, the current, voltage, and position 
are available by direct measurement. However, the speed is not usually 
measured directly. In this section, two approaches to estimating the speed 
are given. 

2.2.1 Backward Difference Estimation of Speed 

The optical encoder gives the position measurement, but not the speed of 
the motor. However, one can use this measurement to deduce the speed. 
The most straightforward way is to compute the backward difference of the 
position and divide by the sample period, that is, 

. / 1 HnN a 2tt (N(kT)-N(kT-T)\ 

““ ( ‘ r) = 2000 l T ) 
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where T is the time between samples and N(kT) is the optical encoder 
count at time fcT. 

The error in estimating the speed by differentiation of the position mea- 
surements can be found as follows: At any discrete time kT , N(kT) is in 
error by at most one encoder count. In particular, N(kT) can be only too 
small by at most one encoder count ( N(kT ) is never too large because 
of the way the encoder works). Thus, with 6{kT) the true position of the 
motor in radians, 

O7 r 9 tt 

0(kT) = — — JV(fcT) + —— e (kT) 
v ' 2000 v ’ 2000 v ' 


where e(kT) represents the positive fractional count that the encoder can- 
not sense; that is, 0 < e(kT) < 1 for all k. Then, the speed may be written 
as 


u(kT) 


^ ejkT) -fl(fcT-T) ^ 

2t r / N(kT) — N(kT — T)\ 2tt / e(kT) - e(kT - T) 
2000 V T ) + 2000 V T 


where, as 0 < e(kT ) < 1 and 0 < e((k — 1)T) < 1, it follows that 
\e(kT) — e(kT — T)| < 1. 

It is now straightforward to compute a bound on the error in estimating 
the speed. As the speed estimate is given by 

nsn 27T (N{kT)-N{kT-T)\ 
uibd{k T ) = 2000 [ r ) 


and the difference e(kT) — e(kT - T) is bounded by ±1, 


| Error in Cjtd{kT)\ = 


2n 

2000 


e(kT) - e(kT - T) 


< 


2i r 1 

2000 T* 


As the sampling rate increases (T gets smaller), the error gets larger. Of 
course, as the sampling rate decreases, the approximation 

ai kT) „ (Mdl) 

becomes less and less valid. The choice of T is a trade-off between the error 
and the accuracy of the finite difference in approximating the derivative. 
One way to decrease this error would be to use an encoder with higher 
resolution. Such encoders are typically more expensive and cannot operate 
at higher speeds (as the speed increases, a large number of pulses are coming 
in so fast that the pulse detection circuitry cannot keep up). 

Figure 2.11 is a plot of the speed estimated by the backward difference 
method. In this example, the sample period is T = 0.5 msec and the encoder 
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has a resolution of 2^/2000 so that error bound is (27 t/2000) /T = 6.28 
radians/sec. 



FIGURE 2.11. Plot of the speed computed using the backward difference. The 
error bound in this example is (27 t/ 2000) / (0.0005) = 6.28 radians/sec. 


2.2.2 Estimation of Speed Using an Observer 

The differentiation of the position output from the optical encoder can 
result in a low-resolution, noisy estimate of the speed. Here a different 
approach is considered. With tl = 0 (the case tl ^ 0 is explored in 
problem 13), the system equations for the DC motor are 

d0 

dt ~ " 

(2.3) 

^ = -(f/J)u + (K T /J)i{t). 

Now, consider an observer defined by 

^ = £ + 4 ( 0 - 0 ) 


du 

dt 


(K T /J)i(t)-(f/J)oj + e 2 (6-6) 


(2.4) 
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where 9(t) = (27t/ 2000)TV(£) is the (discretized) position measurement from 
the encoder and 9,cj are the estimates of the position and speed, respec- 
tively. If £\,£ 2 are chosen correctly, the solution Cj to (2.4) gives a good 
estimate of the speed. To motivate this approach, let £\ = 0 and £2 = 0 so 
that (2.4) becomes 


cj 

(2.5) 

(K T /J)i(t) - (. f/J)w 

and thus (2.5) is just a real-time simulation of the motor. That is, the actual 
current in the motor is sampled and brought into a computer processor, 
the equations (2.5) are integrated in realtime by the microprocessor (ini- 
tialized with the same values of speed and position as the actual motor) 
and the solution cj is then used as the estimate of the speed. However, 
there are problems with using (2.5) to estimate the speed. If there is any 
disturbance that causes the actual motor speed to change, then cj will no 
longer be correct as such a disturbance is not modeled in (2.5) and thus 
cj will not change to respond to it. After a disturbance has acted on the 
motor (e.g., suppose the motor shaft is bumped at some time t — t^), its 
effect can be mathematically modeled as a change of initial conditions for 
equations (2.3). That is, the motor is described by the system of equations 
(2.3), but the initial condition cj(td+) is unknown (9(td+) is measured and 
thus known at t^). This is where the error term 9 — 9 in (2.4) becomes so 
important. For example, suppose cj < cj for a period of time resulting in 
9 < 6 (as 9 is computed by integrating &). Then, with £ 2 > 0, the error 
term £ 2 (9 — 9) > 0 will cause cj to increase in (2.4) reducing the error cj — cj. 

A mathematical argument is now presented to show that, by choosing 
the gains £ 1^2 appropriately, the estimate cj{t) from (2.4) can be made to 
converge to cj{t) as fast as desired without knowledge of the initial condition 
for cj . To this end, let 


S 

dt 

dcj 

dt 


e i(t) = 9{t) - 9(t) 

e 2 (t) = uj(t) - uj(t) 

so that the dynamic equations for e\ (t) and e 2 {t) are found by simply 
subtracting (2.4) from (2.3) to get 

de 1 

— = e 2 — £\e\ 

dt 

( 2 . 6 ) 

^ = -(//J)e 2 -£ 2ei 



2. Feedback Control 81 


Notice that the motor torque terms (Kr/J)i(t) in (2.3) and (2.4) canceled 
each other out. 

This system of differential equations can be solved by computing the 
Laplace transform of (2.6) to obtain 

sEi(s) — ei(0) = E 2 (s)-e l E l (s) 
sE 2 (s)-e 2 ( 0) = -{f/J)E 2 (s)-e 2 E 1 (s). 

In matrix notation, this is written as 


s + £1 - 1 

r EM 1 


' Ci(0) ' 

£ 2 s 4- f / J 

. E 2 (s) \ 


e 2 (0) J 


Multiplying both sides of this matrix equation on the left by the inverse of 
the 2x2 matrix gives 


Eiis) 1 

1 

s + f / J 

1 

’ e i(0) ' 

Eiis) _ 

“ s 2 + ih + f/J)s + e 2 + £iif/J) 

-li 

s + £1 

. e 2(°) . 


In particular, 

j? / \ _ -^2^1 (0) + (s + li)e2(0) 

21 ; 5 2 + (e l + f/j) s + e 2 + £i(// jy 

It is required that u(t) — uj(t) = e 2 (t) = C~ 1 (E 2 (s)) — > 0 as t — > oo for'any 
values of ei(0) and e2(0). To do this, choose t\ and t 2 so that 

s 2 + (^i + f / J) s + ^2 + $i(f / J) = (s+pi)(s + p2) 

= s 2 + (pi + p 2 )s + P 1 P 2 


with pi > 0, p 2 > 0. That is, choose 

#1 = Pl+P2-f/J 

?2 = PlP2 -l\ (//«/)• 


Then 


E 2 (s) = 


—£261(0) + (s + £1)62(0) 

(s +Pi)(s + p 2 ) 

A B 

(s+p:) (s + p 2 ) 


so that 

e 2 (t) = Ae~ Plt + Be~ P2t — > 0 

as t — > 00 for any ei(0) = 0(0) — 0(0) and e 2 (0) — w( 0) — u)(0). 


Remark The importance of the error term in the observer equations 
should be understood. Note that one would typically know that the initial 
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speed is zero and the initial position is also known (it is measured) so that 
(0) = 0(0) — 0(0) = 0 and 62 ( 0 ) — u;(0) — u>(0) = 0. Consequently, even 
with £1 = £ 2 = 0, the solution to (2.6) would be ei(t) = e 2 (t) = 0. However, 
in practice if the observer was implemented with the gains equal to zero, it 
would not work. For example, there could be a torque disturbance acting 
on the motor for a short period of time. Specifically, let 

/,v f r L 0 for ti <t<t 2 
TL \ ) 1 0 otherwise. 

Then, the second equation of (2.3) is 

^ = -(//J)w + (K T /J)i(t) - r L (t)/J. 

During the time this disturbance torque acts on the motor, the observer’s 
speed estimate given by (2.4) will diverge from the true value since the 
observer equations (2.4) do not have this disturbance modeled. However, 
after the disturbance has quit acting on the motor at time t 2 ,the observers 
equation are again valid and the error term e\ (t) = 6{t) — 6{t) will force 
the estimate £j{t) — > cj(t). That is, at time t 2 , the motor and observer 
are correctly given by (2.3) and (2.4), respectively. Thus, the error sys- 
tem is correctly given by (2.5) with the “initial condition” &{t 2 ) at time 
t 2 unknown. As shown above, in spite of cu(t 2 ) being unknown, the error 
e 2 (t) = cj(£) — 6j(t) — > 0 if the gains £u£ 2 ar ^ chosen properly. 


Discretization of the Observer Equations 

Using a simple Euler integration routine, the observer equations (2.4) may 
be implemented in discrete time as 


d((* + i)T) 
u((k+l)T) 


6 ( kT ) + Tib{kT) + T^ei(fcT) 


(2.7) 

u (kT) - T(f/J)uj(kT) + T(K T /J)i(kT ) + T£ 2 ei{kT). 


However, the trapezoidal method described in Section 2.7.9 provides a 
more accurate method of numerical integration for a given sample period 
T. 


2.3 Trajectory Generation 

In this section, a simple way to generate a position and speed reference for 
a point-to-point move is developed. Assuming the load torque is zero, the 



2. Feedback Control 83 


equations for the position and speed of the motor are 

U) 

+ ( K T /J)ir . ( 2 . 8 ) 

For a point-to-point move, it is required that the position reference trajec- 
tory 6 re f(t) satisfy 6 re f{ 0) = 0 and 9 re f(tf) = Of where tf is the final time 
and Of is the final desired position, that is, going from the “point” 0 to 
the “point” Of. There are many ways to do this, but consider the simple 
symmetric trajectory shown in Figure 2.12. 


dB 

dt 

duo 

dt 




FIGURE 2.12. Reference speed and position profiles. 


In order to have a smooth trajectory, that is, the acceleration reference 
is a continuous function of time, it is required that 


Wre/( 0) = 0 
^ ref it l) — ^max 
M refit) = W m ax 
^refit 2) = ^ max 

&ref{t 3 ) = 0 


Vrefi 0) = 0 

& ref it l) = 0 

tl<t<t 2 

U refit 2 ) = 0 

bJrefitz) — 0 * 


It is also required that £3 — t 2 — h (i.e., £3 = £1 + £2) so that the time 
required to decelerate the motor is the same as the amount of time to 
accelerate it. The speed reference is made symmetric by setting 


^ refit ) — U) re f{tz t) 

for £2 < t < £3. As the final position is to be 0 re f , the following must also 
hold: 

uv e /(r)dr = Of. 

There are still many ways to define a reference trajectory and still satisfy all 
these conditions. To be specific, consider a polynomial reference trajectory 
given by 



^ re fit) = C\t 2 + C 2 t 3 for 0 < t < t\ 
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which clearly satisfies uv e /(0) = 0,d; re /(0) = 0. The conditions at t\ be- 
come 

k-Ve/(£l) — C\t-y T C 2 £^ ~ ^max 

Vref(t\) = 2citi + 3c 2 ^i = 0 


' t? t? ■ 


* Cl ' 


^max 

2«i 3£? 


C2 . 


0 


This has the unique solution 


r Cl " 

1 

3£? 

-*! ' 


^max 


T 3^max/£i 

_ C 2 

74 

- 2 ti 



0 


^2w max /£j 


The distance traveled at time £1 is then 

<W(<>) = jfV,/M<(T = Cl (?/3+ C2 i;/4 = ^§-^| 

__ ^maxh 

2 ' 

The speed reference trajectory is 

f ci £ 2 4- c 2 £ 3 0 < £ < t\ 

^ref (£) = \ ^max £l — ^ — ^2 

[ Ci (£3 ~ £) 2 + c 2 (£ 3 - £) 3 £2 < £ < £3- 

As the total distance traveled at time £3 must be 0/, it follows that 


Of 


rtz 

/ uj re f(r)dr = 26 re f{t\) + u; n 

Jo 

n^maxh 


^max (£2 £l ) 


^max £2 • 


(£2 - £l) 


This then puts a constraint on the choices of u; max and £ 2 . For example, if 
Of is specified, then u; ma x = 0//£2- 

The position reference is just the integral of the speed reference. Conse- 
quently, 

( Ci£ 3 /3 4- c 2 £ 4 /4 0 < £ < £1 

@ref (£) ~ \ ^max£l/2 T ^rnax (£ £l) £l ^ £ ^ £2 

[ w max < 2 -c 1 (^ 3 -i) 3 / 3 -c 2 (i 3 -t ) 4 /4 t 2 <t<t 3 , 


Finally, the reference acceleration is just the derivative of the speed refer- 
ence given by 


OLrefij) 


2c\t 4- 3c 2 £ 2 0 < £ < £1 

0 £1 < £ < £2 

-2 Cl (£3 - £) - 3c 2 (£ 3 - £) 2 £2 < £ < £3. 
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The corresponding current reference i re f is then found setting uj equal uj re f 
in ( 2 . 8 ) and solving for the current to obtain 


iref(t) ~ 


J Qrefjt) feu re M 

K t 


By design, the acceleration, speed, and position references are continuous 
functions of time. Figure 2.13 is a plot of the acceleration reference a re f(t) 
and the jerk reference j re f = da re f/dt, where it is seen that j re f is not 
continuous at t — 0, £i,£ 2 , and £ 3 . In the figure 


^max — (3/2)o; max /ti 

Jmax ~ fi^max /^l ■ 


Problem 17 considers a trajectory design for which the jerk is continuous. 



FIGURE 2.13. Left: a re f versus time. Right: j re f versus time. 

Specifying a Reference Trajectory 

A typical scenario is that Of is given and that one chooses t\ and £ 2 with 
t\ < £2 - Then £3 and a; max are specified by £3 = £2 + £1 and u; max = 0//£i, 
respectively. This results in a mechanical reference trajectory 

{^Ore re /(£), O re /(£), 

jre At))- 

The electrical reference trajectory is then determined by 

/ d OL re f{t) T f(d re fit ) 

Ve/W - ^ 

Vrefit) = L d — ^ ~ + Ri ref (t) + KtUrefit). 

How does one choose £i,£ 2 ? One typically wants to rotate the motor as 
fast as possible and therefore chooses £1 and £2 to be small. However, the 
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smaller the values of t\ and £ 2 , the larger the peak values of (d re f(t ), a re /(t) 
and therefore the peak values of i r ef{t) and v re f(t). It is then a little trial 
and error to choose values for t\ and £2 and check that \i re f\ < /max, 

|^re/l ^ hnax • 


2.4 Design of a State Feedback Tracking Controller 


Assuming current command, a state-space model of the DC motor is 

Id 

(2.9) 

(K T /J)i r - (f/J)u ~ r L /J 

where the state variables are 0, cj, the input is i r and the disturbance is 
tl. The terminology “state-space” model refers to having a system of first- 
order differential equations, that is, a first-order derivative on one side of 
the equation and a (possibly) nonlinear function of the state variables, 
inputs, and disturbances on the other side of the equation. 

The reference trajectory and reference input are chosen to satisfy 

LVref 

( 2 . 10 ) 

(Kt / «/ r )Ve/ (// d')aj re f. 

= 0 ref(t)-O(t) 

= Uref(t) ~u(t) 

so that subtracting (2.9) from (2.10) results in the error system 
de 1 


Define 


d0 ref 
dt 

did ref 

dt 


e^t) 

e 2 (i) 


d6 

dt 

did 

dt 


de 2 
dt 


~(f/J)e 2 +t l /J + w 


( 2 . 11 ) 
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Here, i r is the input the control engineer is free to specify. However, the 
approach here is to specify w such that e\ (t) — > 0 and e 2 (t) — > 0 as t — > oo. 
Then i r is chosen so that (2.12) holds. Specifically, w is specified by 

w = - (k 0 J* C! ( r)dT + Kie i (t) + K 2 e 2 (t)j (2.13) 

which results in accurate tracking of the trajectory (2.10) provided that 
the gains are chosen appropriately. By (2.12), this then requires choosing 
the input i r as 


z r — z re * 


ef+ lh ( Ko £ ei{ - T)dT + Kiei (<) + K2e 2W ) ■ (214) 

To find the gains, define 

e 0 (t) = ( ex (r)dr 
Jo 

so that with the state feedback (2.13) and the system (2.11), one may write 


de o 
dt 
de i 
dt 
de 2 
dt 


= ei 


= 


— —(f/J)e 2 — — ^i6x — K 2 e 2 4- tl/ J. 


(2.15) 


To solve (2.15), its Laplace transform is computed as 


sE 0 (s) - e 0 (0) = Ei(s) 

sE^s) -e x (0) = E 2 (s) 

sE 2 (s)-e 2 ( 0) - -K Q E 0 (s)-K 1 E 1 (s)-(K 2 + f/J)E 2 (8)+T L (s)/J. 


In matrix notation, one has 


s —1 

0 

' Eo(s) ' 


' eo(0) ‘ 


0 

0 s 

-1 

Ei(s) 

= 

e i(0) 


0 

' K 0 K x s + f/J + K 2 J 

E 2 (s) 


. e 2(0) . 


_ r L (s)/J _ 


(2.16) 


where the inverse of the 3x3 matrix on the left-hand side of (2.16) is given 
by 

1 

s 3 + (K 2 + TJ7) S 2 + K t s + K 0 X 

' s 2 + (K 2 + f/J ) s + Ki s + K 2 + f/J 1 
—Ko s 2 + (K 2 + f /J) s s 

—Kqs - ( K lS + K 0 ) s 2 
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Let t l — 0 (the case ^ 0 is explored in problems 21 and 22). Multiplying 
both sides of (2.16) on the left by this inverse matrix, the Laplace transform 
of the state variables are found to be 


[s 2 + (K 2 + f/J) s 4- K x ) e o (0) + (s + K 2 + f/J) e x (0) 4- e 2 (0) 
s* + (K 2 + f/J) s 2 + K lS + K 0 


E l (s) 


-K o e o (0) + (s 2 4- (K 2 + f/J) s) d(0) 4- se 2 (0) 
s* + (K 2 + f/J) s 2 + K lS + K o 


(2.17) 


__ -i^Qgeo(O) — (Ki s + Kq) ei(0) 4- s 2 e 2 (0) 

“ s* + (K 2 + f/J)sZ + K lS + Ko 

Note that all three Laplace transforms have the same denominator given 
by s 3 + (K 2 + f / J) s 2 + Kis + Kq. This is the characteristic equation of 
the system. Using the gains Kq,K\, and K 2 , the roots of the characteristic 
equation may be assigned to any desired values. For example, let 


a(s) = (s + ri)(s + r 2 )(sH-r 3 ) 

= s 3 4- (ri 4- r 2 4- r 3 )s 2 + (r x r 2 4- r x r 3 4- r 2 r 3 )s 4- r x r 2 r 3 


be the desired characteristic polynomial and then choose the gains as 


K 2 = n +r 2 4-r 3 - f/J 

K\ = r x r 2 4- r x r 3 4- r 2 r 3 (2-18) 

K 0 = r x r 2 r 3 . 


With this choice of gains, the closed-loop poles are pi - - — r x , p 2 = — r 2 , 
and p 3 ~ — r 3 . Assuming these poles are distinct, Ei(s) in (2.17) becomes 

_ — AToeo(Q) 4- (s 2 4- (K 2 4 - f/J) s) e x (0) 4- ^e 2 (0) 

1 S ( s 4- ri)(s 4- r 2 )(s 4- r 3 ) 

A ; B [ C 
s + ri s + r 2 s 4- r 3 

where A,B, and C are constants. The inverse Laplace transform of E\(s) 
is then 

ci (t) = Ae" rit 4- Be~ r 2t 4- Ce~ rst -> 0 

as t — > oo. The further the closed-loop poles are in the left-half plane, 
the faster e x (£) — > 0 and thus, the faster 0(t) — > O re f(t). However, note 
that the further in the left-half plane the closed-loop poles are chosen, 
the larger r x ,r 2 , and r 3 and, thus, the larger the gains K 0 ,Ki and K 2 . 
The difficulty with choosing large values for the feedback gains is that the 
resulting feedback 

ir = ire/ + ^ K 0 J ei(r)dr + Kiei(t) + K 2 e 2 (t) 
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can be quite large and saturate the amplifier, 1 even if the errors eo, ei, and 
62 are small. The complete system is illustrated in the block diagram of 
2.14. 



FIGURE 2.14. Block diagram for the state-space controller. 


Note that if the desired characteristic equation had been of the form 
a(s) = (s 4- r*i )(s 2 + 2 ^co n s + cu^) 

where 0 < £ < l,a; n > 0, then it is again easy to find the corresponding 
gains. It is up to the control engineer to choose the closed-loop pole loca- 
tions, or equivalently, the gains. Typically, if the poles are not far enough 
in the left- half plane, the response is too slow. On the other hand, if the 
poles are chosen too far in the left-half plane, the amplifier might saturate 
due to the large value of the gains. This procedure of varying the location 
of the closed-loop poles by varying the gains is referred to as “tuning the 
system” . 

The control designer also must choose the observer poles —p\, — P 2 - One 
typically wants £j(t) — ► u?(i) much faster than the rate at which u; re f(t) — 
cj(t) — > 0. This is simply because one wants the estimate &(t) to close to the 
value oj(t) so that feeding back K\ (c o re f(t) — &(£)) will be essentially the 
same as feeding back K\ (t o re f(t) —u(t)). In practice, the observer poles 
— Pi are taken to be 5—10 times further in the left-half plane than the 
controller poles r z . 


lr That is, a current which is larger than the amplifier can produce would be com- 
manded to the amplifier. The voltage output of the amplifier will increase (in order to 
increase the current) until it reaches the maximum possible value V max and then it will 
saturate at this maximum value. 
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2.5 Nested Loop Control Structure* 

A nested loop control structure is shown in Figure 2.15. This controller 
has two nested 2 PID ( proportional , integral plus derivative) control loops 
and is common in industrial applications. Part of its popularity is due to 
the simplicity in tuning (adjusting) the gains of the controller. Specifically, 
with the position loop gains set to zero, the gains K^p and K^i of the 
speed loop can be tuned first online until a satisfactory speed response is 
obtained. 3 With these values set, the gains Kqp and Kqj of the position 
loops are then tuned until a satisfactory position response is obtained. The 
signal denoted as u> re / (the output of the position loop) is referred to as 
the “speed reference” since this would be the speed reference if the position 
loop was removed. 4 



FIGURE 2.15. Nested loop control structure. The gains of the speed loop are 
tuned first and then the gains of the position loop are tuned. 

Taking the transfer function of the system equations 
dw _ Kp . f tl 

H = ~T lr ~ ~ T 

de 

—— — U) 

dt 

gives 


w(s) = G m (s) (v(s) - ^£p) 
9(s) = -w(s) 


where 


G m (s) = 


Krjl 

s + f/J- 


(2.19) 


2 The terminology “nested” just refers to one of the loops being inside the other. 

3 That is, the response from cj re f(t) — > u>(t). 

4 However, if the position loop is intact, then there is no guarantee that c d re f (defined 
as the output of the position loop) equals co re f = d6 re f/dt. 
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To simplify the discussion, let K^i — 0 (see problem 24) and substitute 
ir(s) = K U P (tiref(s) ~ ^(s)) 
into the previous expression for u(s) to obtain 

w(a) = G m (s) (k„p (Qref(s) - w(s)) ) - G m («)^. (2.20) 

The output u(s) in terms of the transfer functions from u> re /(s) to 0(s) and 
tl(s) to 9(s) is then 

, x KupGmjs) _ Grnjs) T L (s) . . 

W( ) l + K uP G m (s) refi) 1 + K uP G m (s) K T ' } 

The position output is then simply 


n/ \ KupGmis) - / \ f ^m(^) 

[s) - ~ IT+k^gJs) K~t ' 


With E(s) = dref(s) -0(s) and uj re f(s) 
E(s) ± e ref (s)-9(s) 


E(s), it follows that 


a r \ KupGm(s) KgpS + Kgi . 

' ref\ s ) \ „ 1 I is n ( c\ O -M 5 ) 

\s 1 + n w pG m (s) S 

1 Gmjs) Tl(s) \ 

S 1 + K„pGm(s) Kt ) 


E(s) A 


1 KupGmjs) ( Keps + KgA 6ref{s) 

S 1 + K uP G m (s) V S ) 

1 1 Grnjs) T L (s ) 

1 K u pG m (a) ( Kgps + K ei \ s 1 + K uP G m (s) K T ' 
s 1 + K uP G m (s) \ s ) 


Then as 


KupGrnjs) = KypKr/l 
1 + K„pG m (s) s + f/J + K wP K t /J 
one may write E(s) = Gi(s)0 re f(s) + G 2 (s)tl(s), where 


1 KupKt/ 1 ( Kgps + KeA 
+ ss + f/J + K uP K t /J V s ) 

S 1 2 {8 + f/J + KypKT/J) 

s 2 (s + f/J + K uP K t /J) + K^pKt/J {K eP s + K ei ) 

s 2 (s + f/J ± K^pKt/J) 

s 3 + s 2 (f/J + K^pKt/J) + ( Kg P K u pK T /J ) s + K eI K u pK T IJ 
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and 


G 2 (s) 4 


1 1 G m (s) 1 

1 KupGmXs) / Keps + Kg/ \ s 1 + K up G m (s) K T 
+ sl + K,., P G m (s) \ s / 


1 1 KrJJ_ 1 _ 

1 + ~ 7 I rn ( K e - l>s±K ^ 1 ) ss + f/J + K uP K T /J K t 

s (s+f / J+KupKt / J) \ s J 


s 2 ( S + f/J + K^pKt/J) + (. K uP K t /J ) ( K eP s + K ei ) s J 

s/J 

s 3 + s 2 (f/J + KupKt/J) + (KepK^Kr/J) s + K ei K„ P K T /J ’ 


Both Gi(s) and G 2 (s) have the same denominator (characteristic polyno- 
mial) given by 


s 3 Hr s 2 (f/J Hr K» P K T / J) + ( K 6P K uP K T /J ) s + K Q1 K„ P K T /J. 


Suppose it is desired to have the closed-loop poles at — n,— r 2 , and — 7*3 
with ri > 0 , 7*2 > 0 , 7*3 > 0. The closed-loop characteristic polynomial is 
then of the form 


(s + ri)(s + r 2 )(s + r 3 ) = s 3 + (rx+r 2 +r 3 )s 2 -|-(r 1 r 2 -l-r 1 r 3 -l-r 2 r 3 )s-l-rir 2 r 3 . 


This requires setting 


f/J + K^pKr/J — + r 2 + 

Kg P K uP K P /J — T\T2 + T\Tz + 72^3 
KeiK uP K T /J = rir 2 r 3 . 

Solving (2.22) for the gains gives 

n + rj, + r 3 — // J 

K t /J 

r 3 + r 2 rz 

K uP K t /J 

rir 2 r 3 

k uP k t /j- 

With this choice of gains , 5 the error becomes 


K uP = 
Kg P = 
Kei = 


( 2 . 22 ) 


(2.23) 


E(a) = E l (s) + E 2 (s) (2.24) 

= s 2 (s + f/J + K uP K T /J) ( ) s/J 

( s + ri)(s + r 2 )(s + r3) re ^ (5 4- ri)(s H- t* 2 )(s + r 3) 


5 However, as noted in the beginning of this section, the gains for this controller are 
not usually chosen according to (2.23). Rather, K uP is varied until a satisfactory speed 
response is obtained. With K^p fixed at this value, the gains K$ P and K$j are varied 
until the position response is satisfactory. 
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The objective here is to have e(t) = C~ l {E(s)} —> 0 as t — > oo. To study 
this, expressions for 8 re f( s ) and t l(s) are needed. To proceed, consider a 
trajectory where it is desired to have the motor rotate from 0(0) = 0 to 
8{tf) = Of. A reference trajectory to do this is given in Figure 2.16. The 
position reference 0 re f(t) is given by 

O r ef(t) ~~ 


^max ^2 

o < t < ti 

2fi 

^maxh /2 T ^max (^ ^l) 

h <t<t 2 

. /O 1 ( 4 . J. \ 1 ^max^l w max /, ,\2 

^maxh /2 + w max (^2 ) T 0 , (^/ C 

t 2 <t<t f 

, w max^2 

t>t f 


(2.25) 


where a; max = Of/t 2 and tf = t 2 4- t\. The corresponding speed reference 
uj re f{t) is given by 


f W; 


Urefif) — \ 


max 

1 

tl 

w max 

^raax 


(t f - 1) 


0<t<tx 

ti<t<t 2 

t 2 <t<t f 

t>t f 


(2.26) 


and is shown in Figure 2.16(b). 




FIGURE 2.16. (a) Position reference, (b) Speed reference. 
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The expression for O re f(t) can also be obtained by simply integrating 
the speed reference u re f(t) = dO re f(t)/dt. Note that although u) re f(t) is 
continuous, a re f(t) = duj re f(t)/dt is not and j r ef(t) = da re f(t)/dt has 
impulses at t = 0, £i, £ 2 , £/■ The various components of O re f(t) have Laplace 
transforms given by [w s (£) is the unit step function] 


Cluj 


t 2 ] 

: 2 h Us{t) j 


£ ^ ( w max 2 ^l) ) u s(^) 

£ ( w max^2 W ma x ^ ) u s(t) 


£ {^raax^2 


^max f 
t\ S Z 

ti 1 1 

~^max "X b ^raax ~~Z 

2 s s 2 

^max ^2 — 

S 

max \ 2 t! S t lS * + h S* 
1 

^max ^2~ • 

5 


Finally, the Laplace transform of a constant load torque tl(£) — ri,ou s (t) 
acting on the motor is 


C{r L (t)} = - 

s 


The interest here is to analyze the system for tracking and disturbance 
rejection, that is, to see if it can track 0 re f(t) while a constant load distur- 
bance tlq acts on the motor. 

From the above Laplace transform expressions, 6 re f{s) and tl(s) are of 
the form (more precisely, see problem 26) 


@ref($) 

t l (s) 



1 

T LO ~ - 


S 


for some constants A, B, and C. Substituting into the above expression for 
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E(s) gives 

E(s) = E 1 (s) + E 2 (s) 


where 


s 2 js + // J + KupKr]_ J) 
(s + ri)(s + r 2 )(s + r 3 ) 

s 


+ 


A B C_ 

s s 2 + s 3 

1 r L o 


(s + ri)(s + r 2 )(s + r 3 ) J s 
s + f/J + K uP K T /J 


(s + ri)(s + r- 2 )(s + r 3 ) 

1 

+ 


As + B + 


T LO 


s + ri)(s + r 2 )(s + r 3 ) J 
Cl , c 2 c 3 


+ ■ 


d 


s + r\ s + r 2 


-f + — + 

s + r 3 s s + ri 


+ 


d 2 


+ ■ 


dz 


s + r 2 s + r 3 


C 4 


= lim sEi(s) = 

s—> 0 


f/J + KupKr/J 


r\r 2 r 3 


C 


r\+r 2 + r 3 


C f 0 if C ± 0. 


nr 2 r 3 

Note that C ^ 0 if there is a parabolic term in the input (i.e., t 2 / 2 ). 
However, if r\ , r 2 and r 3 are large so that the closed-loop poles are far in 
the left-half plane, then c\ will be small. In the time domain, 

e(t) = c\e~ rit + c 2 e~ r2t + c 3 e~ r3t + c 4 u s (t) + die~ Tlt + d 2 e~ T2t + d 3 e~ T3t 
— > C 4 as t — > 00 . 


This control structure cannot track parabolic type inputs (i.e., t 2 / 2) 
with zero steady-state error, but if the poles are far enough in the left-half 
plane, then it will track such an input for all practical purposes. Thus good 
tracking of the reference input with a constant load torque on the motor 
can be obtained if the poles can be put far enough in the left-half plane 
(i.e., if the gains can be chosen large enough without causing the amplifier 
to saturate) . 

Using the state space approach, it was shown that any reference tra- 
jectory of the form 9 re f{t),uj r ef{t) — dO re f(t)/dt,a re f(t) = duo re f{t)/dt 
with reference input i re /(£) = (Ja re /(£) +/uv e /(£)) /Kt can be tracked 
with zero steady-state error even with a constant load torque acting on 
the motor. Recall that the reference trajectory used for the state feedback 
controller had a continuous acceleration and the corresponding position 
reference had the polynomial terms t 3 / 3 and t 4 / 4 with Laplace transforms 
2/s 4 , 6 /s 5 , respectively. The PID nested loop controller above cannot track 
this reference profile with zero steady-state error. 

Another important comparison with the state feedback controller is that 
of setting the gains. The relationship between the feedback gains and the 
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coefficients of the desired closed-loop characteristic polynomial is always 
linear in the case of the state feedback controller as illustrated in (2.18). 
However, in the case of the feedback structure of Figure 2.15, the relation- 
ship between the gains and the closed-loop poles is nonlinear [see equation 
(2.22) and problem 23]. Though (2.22) was readily solvable for the gains, 
higher-order systems will not be (see problems 24 and 27). 


2.6 Identification of the DC Motor Parameters* 

Recall the mathematical model of the DC motor given* by 


= — Ri(t) — K b uj(t) + v(t) 

- + K T i{t) (2.27) 

= w(t). 

In order to design a controller based on these equations, the values of the 
motor parameters L,R,K b = Kt , J , and / need to be found. This can be 
done by an experiment in which a voltage is commanded into the amplifier 
of the motor and the measured data v(t),i(t), and oj(t) is then used to 
determine the parameters. To understand how this is accomplished, the 
first two equations above are rewritten as 


di/dt i(t) cj(t) 0 0 


i — 

i 


v(t) ' 

0 0 — i(t) duj/dt u(t) 



0 



/ 




di 

L/~r 

dt 

duo 
</ “ 
dt 

dO 

dt 


This is a system of two linear algebraic equations in the unknowns L, R , Kt , J 
and /. The coefficients of this system of linear equations are found from 
the measured/calculated data 0(t) ,u;(£) , duj / dt,i{t ) , di / dt,v . 

If the model of the motor is precisely given by (2.27) and the quanti- 
ties 6(t) y i(t), and v(t) can be measured exactly along with the derivatives 
dd/dt,dw/dt , and dijdt computed exactly, then equation (2.28) must hold 
for all time t. Let uj{nT) denote the speed at time nT, i(nT) denote the 
current at time nT, di(nT)/dt the derivative of the current at time nT, 
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and so on. Define 


W(nT) = 

' ! <" T > 
0 

y(nT) A 

i 

1 L 


L 



R 


K A 

Kx 

e 


J 



f 



i{nT) 

0 

€ R 2 


R 5 


uj(riT) 

—i(nT) 


0 0 
^r(nT) co(nT) 


e R 2xS 


so that equation (2.28) above may be written in the form 


W{nT)K = y(nT). 


(2.29) 


W is referred to as the regressor matrix. The desire here is to find the 
constant vector K that satisfies this for all n! To do so, multiply both sides 
of (2.29) by W T (nT) to obtain 


W T (nT)W(nT)K = W T (nT)y(nT) (2.30) 


where 


W T {nT)W{nT) 


di(nT) 

dt 

0 

i(nT) 

0 

uj(nT) 

-i(nT) 

0 

duj(nT) 

dt 

0 

ui(nT) 

(di/dtf 

idi/dt 

idi/dt 

i 2 

uidi/dt 

uii 

0 

0 

0 

0 


di(nT) 

dt 

i{nT ) 

u)(nT) 

0 

0 

0 

0 

-i(nT) • 

du(nT) 

dt 

ui(nT) 

cudi / dt 

0 

0 



ui 

0 

0 



uj 1 -h i 2 

—idbj/dt 

—ui 


(2.31) 

— iduj/dt 

(■ duj/dt ) 2 

coded / dt 



—ui 

ujduj/dt 


1 t = nT 




98 


2. Feedback Control 


and 


W T (nT)y{nT) 


di(nT)/dt 0 

i(nT) 0 

uj(nT) — i(nT) 

0 dou(nT)/dt 

0 6 u(nT) 

v(nT)di(nT) / dt 

v(nT)i(nT) 

v(nT)uj{nT) 

0 

0 


v(nT) 

0 


Note that W T (nT)W (nT) e M 5x5 ; that is, it is a square matrix. It would 
then be convenient if it were possible to multiply both sides of (2.30) by 
(W T (nT)W (nT)) 1 to solve for K. However, W T (nT)W(nT) is never in- 
vertible! To see this, note that if one multiplies the first row of W T (nT)W(nT) 
by — £(rc), the second row by di(nT)/dt and adds them, the result is zero. 
That is, 

[ -i(nT) di(nT)/dt 0 0 0 ] W T (nT)W(nT) = [ 0 0 0 0 0 ]. 

(2.32) 

Now, if W T (n)W(nT) were invertible, one could multiply both sides of 
(2.32) by this inverse to obtain 

[ -i{nT) di(nT)/dt 0 0 0 ] W T (n)W {nT) (W T (nT)W (nT)) -1 
= [ 0 0 0 0 0 ] ( W T (n)W(nT ))~ 1 


or 


-i(nT) di(nT)/dt 000] = [00000 


which is a contradiction, as the current does not have to be zero. 

Something else has to be done. As equation (2.30) must hold for all n with 
K a fixed parameter vector, sum up equation (2.30) for N time instants to 
obtain 

/ N \ N 

( W T (nT)W(nT) \K = ^ W T (nT)y(nT) 


Define 


(2.33) 


\n=l 


n— 1 


N 


R w = Y, W T {nT)W(nT) e K 5xE 


n=l 


N 


R Wy a Y^ wT ( nT )y ( nT ) e r5x1 


n—1 


(2.34) 
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Then rewrite (2.33) as 

R\yK — Rwy (2.35) 

Suppose the matrix sum Rw — Yin - 1 W T (nT)W (nT) is invertible, then 

multiply both sides of (2.35) by R ^ = (Y2n=i W T (nT)W(nT)^j to ob- 
tain K as 

K = Ry^ Rwy (2.36) 

The key to this method is making sure Rw is invertible. This requires 
choosing a suitable input to the motor, that is, any arbitrary input will not 
work. For example, suppose v(t) = 0 so that i(t) = 0 and thus ui(t) = 0. In 
this case, W(nT) = 0 for all n so that R w = J2n=i W T (nT)W(nT) = 0 
and is therefore not invertible. As a less trivial example, suppose i(t) = io is 
constant. Then, equation (2.31) shows that the first row of W T (nT)W (nT) 
is identically zero for all n and therefore, the first row of Rw is identically 
zero for all n so that Rw is not invertible. Finally, if an experiment was 
performed where uo(t) = ujq is constant, then the fourth row of Rw is 
identically zero and thus again, Rw is not invertible. It is up to the control 
engineer to design an input so that the invert ibility condition holds. If such 
an input results in Rw being invertible, then one says the system has been 
sufficiently excited . 


2.6.1 Least- Squares Approximation 


The above analysis was based on the equation W ( nT)K = y(nT) being true 
for all n. However, in the “real- world” that engineers work, this is never 
true. The model (2.27) is not an, exact description of the motor (i.e., it was 
derived assuming ideal magnetic materials, etc.), the voltage u(£), current 
i(t) and position 6(t) cannot be measured perfectly, and the derivatives 
cj(t) = dQ/dt,duu/dt , and di/dt cannot be computed exactly. Thus, there 
will not be a parameter vector K that satisfies W(nT)K = y(nT) for all 
n. One can still run an experiment and collect the data v(t),i(t), and 0(t) 
to compute Rw and Rw y , and thus determine 

K = Rff Rwy 

The key question is then “How well does K = Rf^Rwy satisfy W(nT)K = 
y(nT) for all n?” To answer this question, let 


W(nT) A 
y(nT) 4 


di(nT)/dt i(nT) 
0 0 

v(nT) 

0 


uj(nT) 0 0 

—i(nT) doj(nT)/dt uj(nT) 


e M 2x5 


and define the error 


e(nT) - y(nT) - W(nT)K e 3R 2 . 
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The problem is then one of finding the value of K that makes this difference 
as small as possible for all n. Specifically, the goal is to find the value of K 
that minimizes the squared error given by 

N 

E 2 (K ) 4 (y(nT) — W(nT)K) T (y(nT) — W(nT)K) 

n = 1 
N 

= E (y( nT ) - y( nT )) r (y( nT ) - y( nT )) 

n = 1 
N 

= E (viKO - yi(nT)f + (y 2 (nT) - y 2 (nT)) 2 

n=l 

= E ( e i( nT ) 2 + e 2(nT) 2 ) 

n=l 

where ei(nT) = y\{nT) - yi(nT),e 2 (nT) = y 2 (nT) - y 2 (nT). 

In the jargon of identification theory, y(nT) is considered the output while 
y(nT) = W(nT)AT is the predicted output based on K as the estimate of 
the parameters. Consequently, 

e{nT) = y(nT) - W(nT)K = y(nT) - y(nT ) E R 2 

is the error and 

N 

E 2 (K) 4 ( y(nT ) - W(nT)Kf ( y{nT ) - W^(nT)A') (2.37) 

1 

is the total squared error . If a A" can be found that minimizes equation 
(2.37), it is referred to as the least-squares estimate. 

It is now shown that there is a unique solution and it equals R ^ Rwy 
To do so, expand equation (2.37) above to obtain [recall the matrix fact 
{AB) t = B t A t } 
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Adding to the definitions given in (2.34), define 

N 

R yW 4 J2y T (nT)W(nT) <=R lx5 

71=1 

N 

R y - J2y T ( nT M nT ) €R 

71=1 

where it is clear that R y w = Rwy Then E 2 (K) is written compactly as 

E 2 (K) = R y - R yW K — K T Rwy + K t R w K 

= Ry - RywRw Rv/y + (K ~ Rw Rwy) Rw (K - Rw Rwy) • 

(2.38) 

For a fixed iV, the matrices R y , R y w, Rwy, Rw are constant and do 
not depend K. Also, Rw is a symmetric positive semidefinite matrix. 


Digression [41] A matrix Q is symmetric if Q T — Q. A symmetric 
matrix Q e R mxm is positive semidefinite if for all x G M m , x T Qx > 0. 
Further, Q is positive definite if x T Qx > 0 for all x G and x T Qx — 0 
if and only if x is the zero vector (i.e., x — 0). 

For example, let 

1 0 ' 

0 2 

and note that Q\ — Qj . Also, 



x T Q\x 


[ xi 


X 2 


T 

" 1 

0 ' 


’ Xi 


0 

2 


X2 


— x\ 4* 2x\ > 0 


for all xGl 2 and the only way it can equal zero is if X\ = 0, X 2 — 0. That 
is, Q i is positive definite. 

As another example, let 


Qi = 


and note that Q 2 = Also, 

X T Q2X = [ Xi X2 Y 


‘ 0 

0 


0 

2 


" 0 

0 ' 


’ Xi 

0 

2 


. X2 . 


2x2 > 0 


for all 1 GM 2 . Thus Q 2 is positive semidefinite. However, in this case, the 
nonzero vector x — [ 1 0 ] T makes x T Q 2 X — 0; that is, Q 2 is not positive 

definite. 
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As a final example, let 


Q3 = 


-1 

0 


0 

2 


and note that Qs — Qi - Also, 


n Q 3 x = [ xi x 2 } J 


r 

' -1 o' 


Xi 

j 

0 2 


. *2 . 


= — x\ + 2x\ 


In this case, x T Q 3 x can be positive (e.g., x = [0 1] T ) or negative (e.g., 
x = [1 0] T ) depending on the chosen value of the vector x. Consequently, 
Qs is neither positive definite nor positive semidefinite. 


To show that Rw is positive semidefinite, for any x € M 5 , it follows that 

x T W T {nT)W{nT)x = .(IT(nl» T (FF(nT)x) = z T (nr)z(nr) 

= z\{nT) 4 - (nT) ^ 0 


where z(nT) = I^(nT)a: € M 2 . Thus, 

= a; T H^ T (nT)W(nT)^ x 
N 

= ^2 x T W T {nT)W(nT)x > 0. 


n = 1 


The control engineer will design the experiment, that is, the specification 
of v(t) and z(t), so that Rw is invertible. It turns out that if a symmet- 
ric, positive semidefinite matrix is also invertible , then it must be positive 
definite. Consequently, Rw is then positive definite so that second term in 
(2.38) satisfies . 

(K — R^y Rw y) Rw (K — Rw Rwy) > 0 
for all K € M 5 . This equals zero if and only if 

K-R^R Wy =[ 0 0 0 0 0 ] T . 


That is, by inspection of equation (2.38), E 2 (K) is minimized for K = K = 
RwRwy * Thus, choosing K = K = R^Rw y results in the least - squared 
error. The “ in K is used to denote an estimate of K. However, the least 
squares estimate is an optimal estimate as it minimizes the least-squares 
error. Then the convention is to use an asterisk * to denote an optimal 
estimate and so K* = R^Rw y is now used. 
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2.6.2 Error Index 

How good is the least-squares estimate? Well, the exact value of K is not 
known so the error between the “exact” value of the parameter vector and 
its estimate (i.e., K — K*) is unknown. However, an indication of how 
good the estimate K* is can be found by comparing it to a given (and 
thus known) value of K. Specifically, if K = 0, then the squared error is 
E( 0) = R y as seen by putting K = 0 in equation (2.38) above. Using the 
least-squares estimate K*, that is, setting K = K* = R^Rw y in equation 
(2.38), the error is given by 

E C^Oj K-K* = R^2 R Wy ~ Ry “ RyV/Rw Rwy 


This is called the residual error; that is, it is the total squared error after 
using the value of K that minimizes the squared error. As Rw is positive 
definite, it turns out that its inverse R^ must also be positive definite. 
Further, R y w 6 M lx5 ,i?vvy £ M 5xl with R y w = Rw y i it follows that 
RyW Ry) R\Vy ^ 0 SO that E 2 (K*) — Ry — R y wR\y Rwy *2 Ry E 2 (0). 
As a result, the quantity 


E 2 (K*) _ R y — R y wRw Rwy ^ , 
E 2 ( 0 ) ~ Ry - 


The ratio E 2 (K*)/E 2 (Q) is a measure of the minimum squared error rel- 
ative to the squared error obtained from taking the parameter vector K 
to be the zero vector. By taking the square root, a measure of the relative 
error rather than squared error is obtained. This motivates the definition 
of the so-called error index as 


Error Index = 


E 2 (K*) _ I R y — RywRw Rw y ^ .. 
E 2 ( 0) "V Ry 


Note that if the error index is close to 1, then the estimate is not much 
better than taking all the parameter values equal to zero! Thus, the error 
index must be much less than one for the estimate to be of any value. If 
the error index is close to one, then one would suspect that the original 
model of the system is incorrect. 


2.6.3 Parametric Error Indices 

In addition to the overall error index, it; is important to know how sensitive 
the error is to each parameter. That is, does a change 5Ki in the zth 
parameter Ki produce a large or small change in E 2 (K)? A small change 
indicates that the parameter estimate could vary greatly without a large 
change in the residual error. Thus, the accuracy of the parameter estimate 
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of Ki would be in doubt. 6 On the other hand, a large change indicates that 
the residual error is very sensitive to changes in the parameter K x so that 
such a parameter estimate may be considered more accurate. 

In addressing the issue of sensitivity of the full parametric vector K* to 
errors, the method in Ref. [42] is considered. If follows from (2.38) that K* 
satisfies 


d E 2 (K) 
dK 


K=K* 


2 Rw {K — R^ 1 Rw y ) 


= 0 

K=K* 


(2.39) 


so that, in particular, 


dE 2 (K) 

dKi 


= 0 . 

K=K* 


(2.40) 


Therefore, it is not possible to use the derivative BE 2 (K)/ dKi \ K = K * °f 
the residual error as a measure of how sensitive the error is with respect to 
as it is always zero. 

An alternative is to define S K as the variation in K such that the increase 
of error is equal to the residual error E 2 (K *) itself. To explain, recall that 


E 2 (K* + 5K) = R y -2Rl /y {K* +SK) + (K* + 6K) T R W {K* +6K) 
= E 2 (K*) + 6K T R W SK. (2.41) 


The SK’s that lead to a doubling of the residual error satisfy 

6K t R w SK = E 2 (K*). (2.42) 


This is illustrated in Figure 2.17. 


E 2 (K*+SK) 



FIGURE 2.17. Illustrating the choice of 5K that doubles the minimum mean 
square error. 

The points SK € R 5 that satisfy (8.116) define an ellipsoid as illustrated 
in Figure 2.18. 


6 In other words, if Ki 4- SKi produces essentially the same value of E 2 (K) as Ki , 
then one is not sure if Ki + 8K t or Ki is the better estimate. 
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FIGURE 2.18. 5Ki = ER{K*){R w)n is the largest value of SK\ that is on the 
ellipsoid SK T RwSK — E 2 (K*). This is defined as the parametric error index for 
Ki. 


Define the parametric error index associated to the parameter K z as the 
maximum value of SK t such that (8.116) is satisfied. That is, SK Z is the 
solution to a constrained maximization problem that requires maximizing 
the quantity 


SK Z 


subject to the constraint 


6K t R w SK = E 2 (K*). 


This is simply the largest possible value for SKi that would result in 
E 2 (K * 4- SK) = 2E 2 (K*). This constrained optimization problem can be 
solved as an unconstrained maximization problem with the help of La- 
grange multipliers. To do so, let (see Ref. [42]) 


C(5K, A) = 6Ki + A (e 2 {K*) - 5K T R W SK ) (2.43) 


with respect to SK and A. To fix ideas, let i = 1, and successively differen- 
tiate (2.43) with respect to 5K \, . . . , SK$, A so that at the maximum point 
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of (2.43), it follows that 


3C{5K, A) 
35K i 

3C(5K, A) 
35 K 2 
3C(5K, A) 
35K 3 
3C(<5tf, A) 
35 K 4 
3C{5K, A) 
35 K 5 
3C{6K, A) 
3X 


1 — 2A[ 1 0 0 0 0 }R W 5K = 0 
-2A[ 0 1 0 0 0 ]R W 5K = 0 

— 2A[ 0 0 1 0 0 ]R W 5K = 0 

-2A[ 0 0 0 1 Q]R W 5K = 0 

— 2A[ 0 0 0 0 1 ]R Ww SK = 0 

E 2 (K*)-5K T R W 5K = 0. 


This can then be rewritten as 


■ 1 ■ 


■ 0 ‘ 

0 


0 

0 

— 2XR W SK = 

0 

0 


0 

0 


0 


Solving for 5K gives 

1 ' 

0 

0 . 

0 
0 

To compute A, multiply both sides of (2.44) by 6K T to obtain 
5Ki = 2A 6K T R W 6K = 2A E 2 {K*) 


1 

2A" 


5K = -^tRw 


(2.44) 


(2.45) 


and rearranging results in 


2A - SKJE 2 (K*). 

Substitute this expression for 2 A back into (2.45) to obtain 

1 " 

0 
0 
0 
0 


SK 


e2 ( K *1 r -i 


SK i 


w 


(2.46) 
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With (R\y ) h denoting the (1, 1) element of the matrix , the first row 
of (2.46) gives 

E*(K') ( X) 
dKl ~ sk[ y K w)n 

or 

6K X = y/E*W)(Rrf) n 

where the + sign was chosen to maximize 5K\. In general (see Ref. [42]) 

SKi = (2.47) 

The parametric error index SKi indicates the maximum amount by which 
Ki , the ith component of K , could vary without causing more than a 
doubling of the residual error. A large parametric error index indicates that 
the parameter estimate could vary greatly without a large change in the 
residual error and thus making the accuracy of the parameter estimates 
suspect. On the other hand, a small parametric error indicates that the 
residual error is very sensitive to the changes in the parameter estimates 
and that the parameter estimates may be considered to be more accurate. 
In any case, the error indices should not be considered as actual errors, but 
rather as orders of magnitude of the errors to be expected, to guide the 
identification process and to warn about unreliable results. 

The choice of a parametric error index as corresponding to a doubling 
of the residual error is arbitrary. A different level of residual error would 
lead to a scaling of all the components of the parametric error index by a 
common factor. 
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2.7 Filtering of Noisy Signals* 

This section gives a concise discussion of the various ideas in the area of 
signals and systems that are needed to analyze/process data for implemen- 
tation of identification and control algorithms. This material is covered in 
any basic “signals and systems” book such as references [43] [44] [45]. 

Recall that the identification algorithm required computing derivatives 
of the measured data. However, these measured signals typically contain 
high-frequency low- amplitude noise and the differentiation of such a signal 
amplifies the noise! That is, a measured signal m(t) is often of the form 
m(t) = s(t) + n(t ), where s(t) is the signal of interest and n(t) is high- 
frequency low-amplitude noise. For example, Figure 2.19 is a plot of the 
simulated position measurement of a motor as given by an optical encoder. 
This signal m(t) = (27t/2000) N(t) is the measured signal and appears to 
be right on top of the true signal s(t) = 0(t). 



Time in Seconds 


FIGURE 2.19. 0(t) and the encoder output (27r/2000 )N(t) in radians versus time 
in seconds. 

Figure 2.20 is a magnification of Figure 2.19 clearly illustrating the dis- 
crete nature of the encoder output. The smooth curve s(£) = 0(t) is the 
“actual” position of the motor from the simulation and again the measured 
signal is m(t) = (27r / 2000) N(t). 
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FIGURE 2.20. 0(t) and the encoder output (27r / 2000) N(t) in radians vs. time in 
seconds. Magnification of Figure 2.19. 

As this “data set” is from a simulation, the true signal s(t) is known and 
thus one can calculate the noise n(t) as n(t) — m(t)—s(t) — (2n / 2000) N(t) — 
0(t ), so that m(t) = s(t) + n(t). Figure 2.21 is a plot of the noise n(t) = 
(27r/2000)A r (t) — 6(t), where it is seen that 0 < n(t) < 3.14 x 10 -3 radians, 
that is, it is quite small. 



Time in Seconds 


FIGURE 2.21. Position error/noise computed as n(t) = (2n / 2000) N(t) — 6(t). 
The encoder error is bounded by 27r/2000 = 3. 14 x 10 -3 radians. 
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To obtain an estimate of s(t)j the measured signal m(t) = s(t) + n(t) can 
be numerically differentiated to obtain 

s(t) - s(t - T) + n(i) - n(t - T) = , (() + _. (() 

However, as the difference n(t) — n(t — T) may be of the same order (or 
higher) of magnitude as s(t) — s(t — T), it follows that n(t) can be of the 
same order of magnitude as s(t). Going back to the encoder example of 
Section 2.2, the encoder resolution (error) is 27 t/ 2000 radians where 2000 is 
the number of counts per revolution so that the noise (error) in the position 
measurement is bounded by 27 t/ 2000. Computing the speed by numerically 
differentiating the encoder output results in a tight error bound given by 

2tt 

2000T 

where T is the sample period. The sample period T is usually small (on 
the order of a millisecond) so that 1/T is large showing that differentiation 
amplifies the noise. This is illustrated in Figure 2.22 which was found by 
differentiating m(t) = (27r/2000 )N(t) from Figure 2.19 with T — 0.5 msec. 



FIGURE 2.22. Estimated angular speed in rads/sec versus time in seconds. Here 
lj is estimated as (0(nT) — 6((n — 1 )T)) /T with T = 0.5 msec resulting in a 
speed error bound of 2 qq 0T = 6.28 radians/sec. 

A common way to remove additive high frequency noise is to use a 
low-pass filter that works as long as the signal s(t) has a much lower 




2. Feedback Control 111 


frequency content than the noise n(t). For example, let s(t) — sin(lOi) 
and n(t) = 0.01 sin(1000t) so that m(t) = s(t) 4 n(t) is the measured 
signal. Then rh(t) = s(t) 4 n(t) = 10cos(10t) 4- 10cos(1000£). Although 
|n(£)| <C |s(t)|, the differentiated noise h(t) is of the same order of magni- 
tude as the differentiated signal s(t). However, by setting the cutoff of the 
low- pass filter at (say) 100 rad/sec, then s(t) will make it through the filter 
essentially unchanged and n(t) will be filtered out. Before going into detail 
of how to design such a filter, some basic facts about filtering are reviewed. 

2. 7. 1 Filter Representations 

Let m(t) be the input to the filter and y(t) the output. There are three 
useful ways to characterize (represent) a causal filter: 


(1) Impulse response g(t) so that y(t) = <j(t — r)m(r)dT. 


(2) Transfer function G(s) so that F(.s) = G(s)M(s) 

where Y ( s ) = J 0 °° e~ st y{t)dt, G{s) = J 0 °° e~ si g(t)dt , M(s) = J 0 °° e~ si m{t)dt. 

(3) Differential equation x(t) = Ax(t) + bm{t),y(t) — cx(t) 4 dm(t) 
where x £ M n , y € M, m E M, A G R nXn , b G M n , c G M lxn . 


Example 

Consider an impulse response given by 


g(t) 


e at t > 0 
0 t < 0. 


In terms of g(t ), the filter is given by the convolution integral 
y(t) = f g{t — r)m(r)dT ■— f e~ a ^ t ~ T ^m{r)dT. 

l — oo 1-00 

The corresponding transfer function is 

r°° 1 

G(s) = / e- st e~ at dt = 

Jo 


s 4 a 


Y(s) = 


-M(s). 


The state space (differential equation) representation is 


x(t) ~ —ax(t) 4 m{t) 

y(t) = x{t). 
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2.7,2 Causality 

A more general representation of a linear filter is y(t) = g(t-T)m(r)dr. 
However, recall that for a filter to be causal, the output y(t) of the filter 
can only depend on the input m(r) up to time t , that is, on m(r) for — oo < 
r < t. As a consequence of this causality requirement, in the representation 
y(t) = g(t — r)m(r)dr, it follows that g(t) = 0 for t < 0. If this were 
not the case, then for some r > t (i.e., t — r < 0 ),g{t — r) would not be 
zero and g(t — T)m(r)dr would be the contribution of the input at time 
r > t to the output response y(t) at time t! Consequently, a causal filter 
may be written as y(t) = g(t - r)m(r)dr = ~ r)m(r)dr as 

g(t — t) = 0 for r > t. 

As just explained, the impulse response model provides a simple way of 
characterizing the causality of a filter. The differential equation representa- 
tion provides the means of actually implementing a filter as will be shown 
below. On the other hand, the transfer function representation is particu- 
larly easy to work with as it allows one to just do algebraic manipulations 
as opposed to working with a differential equation or a convolution integral. 
It is also quite useful for filter design and specification as is shown in the 
next section. 


2, 7. 3 Frequency Response 

Consider a filter represented as y(t) = g(t - T)m(r)dr with an input 
given by m(t) = e st for — oo < t < oo and s = a + ju) is constant Then, 
the response is given by 

/ OO n OO 

g(t - r)e ST dr = g(t - r)e~ s ^~ T ^e st dr 

-oo J — oo 

/ OO /'OO 

git - T )e- s(t ~ T) dT = e st / g{u)e- su du 

-OO J — OO 

J ro o 

' g{u)e~ 3U du 
o 

= G{s)e st . 

In particular, if s — jui so that m{t) = = cos(wt) + jsin{ut), 

y(t) = G{ju)ei“ t = \G{ju)\e^ G ^ei“ t 

— \G(juj) \ (cos {u)t + ZG(joo)) + j sin (cat -h ZG(jcv ))) . 


Considering just the real part, the input m(t) = cos (cot) for — oo < t < oo 
results in the output y(t) = \G(juj)\ cos (ut + ZG(juj)) for — oo < t < oo. 
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2.7.4 Low- Pass Filters with Linear Phase 

Suppose for a given bandwidth specification one is able to design a filter 
G(jcj) such that its magnitude response satisfies 

\G(jco)\ < 1 for all uj 

\G(juj)\ « 1 for 0 < uj < u>b < u c 

^ 0 for uj > 2uj c 

where oj c is referred to as the cutoff frequency (see Figure 2.23). Further, 

suppose the phase response of the filter has the property that 

ZG(juj) ~ —70; for 0 < uj < uji where 7 > 0. 



FIGURE 2.23. Magnitude and phase of a low-pass filter. 

Then, if the input to this filter is m(t) = cos(u )t) with uj < uj^ the output 
is given by 


y(t) = \G(jw)\co 8 (u>t + ZG(jco)) 

~ cos(uit — 7 a;) 

= COS (u)(t -- 7)) 

that is, the output is the same as the input except delayed by the time 
7. Carrying this idea further, consider the input m(t) = A\ cos(a;i£) + 
A2 cos(o;2 1 ) where wi < 002 < < u c ■ Then, the corresponding output is 

y(t) = \G(juJi)\ Ai cos(o;it + ZG(jwi)) + \G(ju) 2 )\ A 2 cos(cj 2 t + ZG(ju 2 )) 
» Ai COs(cJi (t - 7)) + A 2 COs(L>2(t - 7)) 

- m(t — 7). 

Again, the output of the filter is the same as the input except delayed by 
the time 7. 

The usual application of a low-pass filter is to the following situation: 
There is a signal s(t) with high-frequency additive noise n(t) corrupting it. 
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That is, the signal measured is m(t ) = s(t)+n(t) and the desire is to extract 
the signal s(t) from m(t). For example, let s(t) = A\ cos(o;i£) + cos(o;2£), 
n(t) = N 0 cos((jj]yt) with u x < o; 2 << ujn and m(t) = s(t) -Fn(£). Suppose 
a low-pass linear-phase filter can be found (as described above) with uq < 
u)2 < < uj c « Then the output of the filter is given by 

y(t) = \G(joJi)\ A x cos (u) X t 4- ZG{ju i)) -h \G(jw 2 )\ A 2 cos(ui2t + ZG(ju> 2 )) 
+ \G(jidjv) \ No cos (u N t + ZG(joj N )) 

~ A x cos - 7)) + A 2 cos (cj 2 (t - 7)) 

= s(t- 7) (2-48) 

as \G{j(Jpf)\ ~ 0. The desired signal has been extracted from the noise, but 
it is delayed by 7 seconds. 


2.7.5 Distortion 

The magnitude specification of the filter as \G(juj)\ ^ 1 for 0 < uj < 
uib < uj c and |G(,7a;)| ^ 0 for cu > 2a ; c is necessary to remove the high- 
frequency noise. The angle specification of ZG(joj) m —70; for 0 < cv < 
Wb < 7 > 0 (linear phase) is required to prevent distortion of the 

signal. That is, suppose G(jcu) did not have linear phase so that ZG(juji) ~ 
— 7 1 o;i, ZG(jw 2 ) ~ —72^2 with 7j ^ 7 2 , then with m(t) = A\ cos(o;i£) + 
v42Cos(o;2£) - 1 - Nocos{w^t) applied to the filter, the output would be 


y(t) = \G(ju>i)\ Ai cos(o;i t + ZG(juii)) + \G(jw 2 )\ A 2 cos^i + ZG(jw 2 )) 
+ \G(juj N )\ N 0 cos(a j N t + ZG(ju N )) 

~ A x cos (aq (t — 7 X )) + A 2 cos (a ; 2 (t - J 2 )) 

± s(t - 7) 

for some 7 > 0. That is, distortion in the signal results since the output of 
the filter is not an exact (delayed) reproduction of the desired signal. 


2. 1. 6 Low- Pass Filtering of High-Frequency Noise 

Now consider an arbitrary signal s(t) where the measured signal is given by 
m(t) = s(t) +n(t) and the noise n{t) is assumed to have a much higher fre- 
quency content than s{t). To understand the filter’s effect on these signals, 
Fourier transform theory is used. The Fourier transforms of these signals 
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are 


M(joj) 

S(joj) 

N(jco) 



e i ut m(t)dt 

e- jui s(t)dt 

e~ juJt n(t)dt. 


where M(juj) = S(jcj) + N(ju). Their inverse Fourier transforms are given 
by 


l r + °° 

m(t) = — / e Jujt M(jcj)duj 

J — oo 

1 /*+co 

*(*) = 2 n] x ejUtS ^ du 

n{t) = — / e :ut N(ju)doj. 

J — OO 


Recall that ~M(jo;)cL; is interpreted as the frequency content of m(t) 
between oo and ou + cLj. As shown in (2.48), when ^ e jujt M(juj)duj is passed 
through the filter, the output is ^ e ju>t G(juj)M(juj)dcj . Consequently, when 
m(t) is input to the filter, the output y(t) of the filter is given by 


1 f + °° 

y(t) = — e Jut G(jtj)M(jui)(L) 

^ J -OO 

1 /*+oo -I r+oo 

= —j e Jult G(jui)S(jui)dw + — J e' u>t G{ju))N{ju})diu. 


As explained above, to have a low-pass filter remove the noise, the frequency 
content of n(t) must be much higher than that of s(t). Thus, assuming that 



116 


2. Feedback Control 


S(jcj) « 0 for |w| > cjb and |A ? '(jcj)| « 0 for |u/| < 2uo c , 


y(t) = 


1 /'°° 1 /'OO 

/ e ju,t G{jcj)S(juj)du + — / e 3ult G(ju))N(juj)du) 

J-oo 2?r J-OO 

i /‘+W{ ) i p—2u) c 

= ^ / e^G(juj)S(ju;)cLj + — / ^#0^ 

2tt J_ W6 2tt 

1 r 00 

+— / e JUJt G(juj)N(ju;)duj (as |iV(jo;)| w 0 for M < 2o; c ) 
2?r J2 Wc 

i r+^b 

= — / e^ £ G(jw)S(j^)du; as |G(jw)| « 0 for |w| > 2u; c 

2?r J —<+>b 


-u>b 

r+^b 


- -L 

2?r y_ Wb u ' V ~ le J7 for M < w f< 

= — / e^ (i_7) 5(ja;)da; as 5(j") ~ 0 for \u\ > u; 5 

27r J og 

= 5(^-7). 


The effect of passing m(£) through the filter is to reproduce s(£), that is, 
remove the noise from m(t) delayed by 7 seconds. 

Remark 

The “ideal” low-pass filter is specified by 


G(ju;) = 


1 for \lj\ < u) c 

0 for |u;| > u c . 


That is, the frequency content of a signal below gj c passes through un- 
affected while the frequency content of the signal above uo c is removed. 
However, the ideal filter is neither causal nor stable (see problem 34). 


2. 7. 7 Butterworth Filters 

The class of filters known as Butterworth Filters have, to a good approxi- 
mation, the two necessary properties; that is, the magnitude response has 
the low-pass characteristic along with a linear-phase. Below are the mag- 
nitude (Figure 2.24) and phase plots (Figure 2.25) for Butterworth filters 
of orders n = 1, 2, 4, 6, 8, 10, where uj c denotes the filter cutoff frequency. 




118 


2. Feedback Control 


Note that for Butterworth filters of order n — 4 or greater, 

\G n {juj)\ ~ 1 for 0 < uj < uJb = 0.6o; c 

~ 0 for uj > 2uj c 


and 

ZG n (juj) zz —7 n uj for 0 < u < oob = 0.6oj c 

where the delays = m n /u c (m n = the slope of the ZG n (jou) vs. c^/cj c ) 
are monotonically increasing. In other words, 7i < 72 < 74 < 76 < 7s < 
7 10 so that the time delay increases as the order of the filter increases. 

Let’s consider the specific example of a third-order Butterworth filter 
given by 


G s (s) 


1 

(s/cj c 4- 1) (( s/uj c ) 2 + s/w c + l) 


(s + w c )(s 2 + U C S + ul) ' 


Note that |G 3 (jw)| w=0 = 1 and \Gz{jw)\ u=Ua = l/%/2. By direct compu- 
tation (tedious!), one can verify that d k \G$(ju))\ /dw k | w= o= Ofor/c — 
1,2, 3, 4, 5 and d 6 |G 3 (jw)| /doj 6 [ w= q= — (l/2)(6!). The third-order Butter- 
worth filter is the only third-order, causal, rational (i.e., ratio of two poly- 
nomials) filter that has its first five derivatives zero at uj = 0. For this rea- 
son, the Butterworth filter is known as being maximally flat In general, if 
G n (juj) denotes an nth-order Butterworth filter, then d k \G n (ju))\ fdu k u=zQ = 
0 for k — 1, 2, 3, 4, 5, ..., 2n - 1 and 
d 2n \G n (jLj)\/dio 2n Uo= -(l/2)(2n!). 


2.7.8 Implementation of the Filter 


To actually implement the filter, a differential equation representation of 
the filter is used. For a transfer function of the form 

bis 2 + b 2 s + b 3 

G(s) — -5 ^ , 

s 6 -b a\s z 4- a 2 s + a 3 


a state space representation (called the control canonical form) is given by 


x(t) = 

1 

0 0 

1 

0 

0 

1 

x(t) + 

1 

0 0 

1 


~a 3 

-a 2 

-a x _ 


Li J 


y(t) = [ 63 b 2 bi ]x(t) 


which may be written in a more compact form as 


x(t) = Ax(t ) + bm(t) 
y(t) = cx(t) 
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where 



0 

1 

0 


' 0 ‘ 

A = 

0 

0 

1 

, b = 

0 


_ — 0,3 

—02 

-ox _ 


1 


The characteristic polynomial of the system is given by 

_ 5-l O' 
det (si — A) =--- det 0 s —l 

a 3 a 2 s 4 a l 

s -1 , n 0 -1 

= s , - (--1) 

a 2 5 + ai (23 5 4 

= s 3 4 aiS 2 4 - 0 , 2 s 4 a 3 
and the transfer function is computed as 
Y(s) - G(s) = c(s/ - A)~ 1 b 


0 s 
0,3 02 


= [63 bo 61 1 0 


-1 0 
s —1 


63 62 61 


|_ a 3 a 2 s 4 J 

x x 1 
x x 5 
x x s 2 

s 3 4 ai5 2 4 02 s 4 a 3 


6l 5 2 + 6 2 S 4 ^3 
s 3 4 o\s 2 4 a 2 s 4 a 3 

where the “x” means the specific value of each of these elements 
needed. For the third-order Butterworth filter given by 


Gz{s) = 


( s 4 oj c )(s 2 4 w c s 4 dQ 

, ,3 


s 3 4 2u; c s 2 4 2 cj 2 s 4 a; 3 

direct computation shows that a state-space representation is given by 


0 10 0 

0 0 1 x(t) 4 0 m(t) 

- a ; 3 — 2 a ; 2 —2 uj c 1 


cj 3 0 0 ]x(t). 
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2. 7.9 Discretization of Differential Equations 

In order to implement a filter on a computer, the continuous time differ- 
ential equation representing the filter must be discretized, that is, put into 
a discrete-time equivalent. There are many ways to do this, but only the 
trapezoidal method (also known as the bilinear transformation) is discussed 
here. 

Consider y(t) = m(t) or y(t) = f Q m(r)dr and let the sample period 
be T. The trapezoidal method of integration uses the average value of the 
integrand over the sample period to compute the area under the curve. 
This is illustrated in Figure 2.26. 



FIGURE 2.26. Trapezoidal method of integration. 


Denote the area under the curve m(t) at time nT by y(nT ). The average 
value of m(t) between the times (n - 1)T and nT is ! H ( n T)+ r ^ . (( n ~ I ) r ) so 
that the approximate area under the curve in this same time period is 
m(nT)+m((n-i)T) j, one can (approximately) find the area under m(t) 

at any time nT as 


y(nT) = y((n - 1 )T) + 


m(nT)+m((n - 1 )T) 
2 


(2.50) 


Let 

oo 

Y{Z) = ^ y{nT)z~ n 

n — 0 
oo 

M(z) = ^ m(nT)z~ n 

71 = o 


be the z transform of {Y(nT)} and {M(nT)}, respectively. Take the z 
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transform of (2.50) to obtain 

oo oo 

- z _1 ^2y({n - l)T)z~ (n ~ 1 '> + 

n=0 ' n = 0 

ry, f OO OO \ 

2 E + * -1 E - l)2>~ (n-1) • 

\n— 0 n=0 / 

Note that with y(— 1) = 0, 

oo CO 

n=0 n=l 

oo 

= ^y(kT)z- k 

k~ 0 

= y(*). 

Similarly, with m(-l) = 0, J2T=o m (( n ~ 1 = M(z) so that 

y( 2 ) = z~ x Y(z) + | (M(z) + z~ 1 M(z)) 
or 

y(z) _ Ti + r 1 
M(z) ~ 2 1 -z-i 

where the right-hand side is known as the bilinear transformation . The 
general case is now considered where the state-space representation 

x(£) — Ax(t) 4- bm(t) 

of the filter is used. To numerically integrate this differential equation, the 
trapezoidal integration algorithm is used as follows: 


x(nT) = x((n - 1 )T) + 

= x((n - 1 )T) 

+ -^ ( Ax(nT ) + bm(nT) + Ax((n - 1 )T) + bm((n - l)! 1 )) . 
Take the z transform of both sides to obtain 

X(z) = z-'Xiz) + ^ (AX(z) + Az~ x X{z )) + ^ (bM(z) + bz~ l M{z)) 
or 

(1 -z~ 1 )X(z)-^(l + z~ 1 )AX(z) = |(l + z- 1 )6M(z) 

^\^ l X{z) - AX{z) = bM(z ) 

((fr4) z -4 w = 
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Then, as Y(z) = cX(z ), 


The remarkable result is that the discrete-time transfer function is found 
by simply evaluating the continuous-time transfer function G(s ) = c(sl — 


A) 1 6 at s 


2 1 


Tl + z~ 1 ' 

Going back to the third-order Butterworth filter 


Gs(s) 




s s 4- 2o; c s 2 + 2o> 2 s 4- u ) 3 ’ 


the discrete-time transfer function for this filter (corresponding to integrat- 
ing the differential equation (2.49) using the trapezoidal approximation) is 
given by 


H(z) = G(s) | 

S ~T 1 + *-l 

<4 

s s 4- 2 cj c s 2 4 - 2a; 2 s 4- a?j? i 2 i-*- 1 

bi + b 2 z * 4 b 3 z 2 4- b^z 3 
ai 4- a 2 z~ 1 4- a^z~ 2 4 a^z~ 3 

where 

= a; 3 T 3 , b 2 = 3a / 3 T 3 , 63 = 3a / 3 T 3 , 64 = a/ 3 T 3 
= a/ 3 T 3 4 4a/ 2 T * 2 4 Suj c T 4 8 

a 2 = 3a; 3 T 3 4 4a; 2 r 2 - 8 a; c T - 24 (2.51) 

a 3 = 3cj 3 T 3 -4a; 2 T 2 -8a; c T4 24 
04 — a; 3 T 3 — 4a; 2 T 2 4 Suj c T — 8 . 


Usually, the filter coefficients are normalized so that leading coefficient in 
the denominator is 1. The coefficients are then given by a[ — 1, a ! 2 = <22/01, 
a 3 — ^3/^1, — fl 4/ai, = 5i/ai, b f 2 — b 2 /a\, b 3 = 63/0-1 , 64 = 64/01. 

In order to implement this discrete-time filter, it needs to be reformulated 
as a discrete-time difference equation. This can be done either as a input- 
output difference equation or as a state-space difference equation. Both of 
these representations are considered in the next section. 


2.7.10 Digital Filtering 

A general second-order digital filter may be represented in input-output 
form as (oi = 1) 

y(nT) —bim{nT) 4 b 2 m((n — 1 )T) 4 b 3 m((n — 2)T) 

- a 2 y((n - 1 )T) - a 3 y((n - 2 )T) 


(2.52) 
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That is, to get the output of the filter at time nT, one needs to know the 
current input ra(nT), have stored the previous two inputs m((n — 1)T), 
m((n — 2 )T) and outputs y((n — 1 )T),y((n — 2 )T), and then carry out the 
calculation. Rewrite (2.52) as 

y{nT) + a 2 2 /((n - 1 )T) 4 a 3 y((n - 2 )T) = b\m(nT)) + 6 2 m((n - 1)T 

-F 6 3 m((n — 2)T). (2.53) 

To compute the discrete transfer function, multiply both sides by 2 and 
sum from n = 0 to n = oo to obtain 

oo oo 

^2y(nT)z~ n + a 2 z _1 y^y((n - l)T),z -(n-1 ) 

n = 0 n = 0 

oo 

+ a 3 z~ 2 Y y((n - 2 )T)z-^ n - 2 '> 

n — 0 

oo oo 

= h Y m{nT)z~ n -h b 2 z~ l y^m((n - 1 )T)z _(n_1) 

n — 0 n=0 

oo 

+ bsz~ 2 Y, m((n - 2 )T)z~ ( ' n ~ 2 \ 

71—0 

Let r(z) = y(nT)z~ n so that with y(-l) = 0 it follows that 

oo OO OO 

y((n— l)T) 2 _(n_1) = y^y((n-l)T)z- (n-1) = y ]y{(k)T) Z - k = Y(z). 

71=0 71=1 fc = 0 

In addition, if j/(-2) = 0, it then follows that Y(z) = '£,™=oy(( n ~ 
2 )T)z-( n ~ 2 \ Similarly, with m(-l) = m(-2) = 0, it follows that 

OO OO 

M(z) = Y m(nT)z~ n = z~ l Y m (( n ~ l)T)z~ (n ~ l) 

71=0 71=0 

OO 

= 2 -2 y^m((n-2)T>- (n - 2 \ 

71=0 

Using these expressions, (2.53) becomes 
Y(z) = a 2 z~ 1 Y(z) + a, 3 Z~ 2 Y(z) = biM(z) + b 2 z~ 1 M(z) + b 3 z~ 2 M(z) 


or 


uy ~\ bi + b 2 z 1 +b s z 2 

H \ z ) = t— r~, a- 

1 -b d‘>z~ l 4- a^z~ 2 


(2.54) 


Thus, the filter represented by this transfer function may be implemented 
on a computer using the difference equation (2.52). 
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Example Consider the computation of speed by differentiation of posi- 
tion: 

-an-* H-.Vdzm 

Let m(nT) = 6(nT) and y(nT) = uj(nT) so that this becomes 
y( nT ) = j;rn{nT) - ^m((n - 1 )T) 

that is, bi — 1/7,62 — — 1 /7 1 , a 1 — l,a 2 = 0. The transfer function is given 

by 

Y(z) ^ bi+b 2 z~ 1 
M(z) 1 

2.7.11 State-Space Representation 

Consider a third-order discrete-time transfer function of the form 


H(z) 


With 


Yjz) _ 60 + 61.Z *+622 2 +63 2 3 
M{z) 1 + aiz- 1 + a 2 z~ 2 + a 3 z -3 
boz ® + 61 z 3 + b 2 z + 63 60 (z 3 + diz 3 + G22 + 03) 

z 3 + aiz 2 + a 2 z + a3 z 3 + aiz 2 + u,2Z + 03 
l (Pi ~ bpai )_f_ + (62 ~ 6 0 a 2 )z + (63 - 6 0 a 3 ) 
z 3 + Q,i z 3 + d 2 z + a 3 


(61 - 6 0 ai)z 2 + (6 2 - 6 0 a 2 )z + (63 - 6 0 a 3 ) 

°o ^ Y~, 5T ; 

z A + U1Z 2 + a 2 z + a 3 


(2.55) 



0 1 0 ■ 


' 0 ~ 

,4 = 

0 0 1 

, b = 

0 


—as —as — &i 


1 

- = [ 

63 — 60*23 62 — 6o<22 &1 ~ bo a \ 


d = b 0 


a state-space realization of this transfer function is given by 

x((n+l)T)) — Ax{nT) + 6m(nT), x(nT) G M 3 

(2.56) 

y(nT) = cx(nT) + y(nT) G R. 

To see this, the 2: transform of (2.56) is now computed to obtain the transfer 
function. Proceeding, let 

00 

X{z) = J2^T)z~ n e K 3 

n— 0 
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and note that 


^x((n + l)T)z~ n = zJ2x((n + l)T)z^ n+1 ^ 

n — 0 7i—0 

— z( ^2 x (( n + 1)^) — #(0) 

\n=-l 

= 4f>(fcT)z- fc -x(0)) 

\Jb=0 / 

— zX(z) — zx( 0). 

Thus, taking the z transform of (2.56) results in 

zX(z) — zx( 0) = AX(z) + bM(z). 

Solve for X(z) to obtain 

X(z) = ( zl - A)~ l bM(z) + (zl - A)~ l zx( 0) 


Y(z) = cX(z) + dM(z) = ( c(zl - A)~ l b + d) M(z) + z(zl - A) -1 x(0). 
With x(0) = 0, the transfer function is 

where 

c(zl — A)~ 1 b + d 

z -i o i _1 r o ' 

= [ 63-6003 62- 6oa 2 61 - 6 0 ax ] 0 z -1 0 + 6 0 

0-3 0-2 Z + <X\ 1 

x x 1 "i r 0 " 

X X 2 0 

X X z 2 1 

= [ &3 — b 2 — boa 2 bi — bodi J — 3— — f- b 0 

L J z 6 + a\z z + a 2 z 4- 03 



126 


2. Feedback Control 


where the “x” denotes values that do not affect the final result. Simplifying, 
this becomes 


/ t a\-u. . j (h - boa^z 2 + (b 2 - b 0 a 2 )z + (b 3 - b 0 a 3 ) 

c{zl — A) b + d= ; 

z 6 + aiz z + a 2 z -f a 3 

bo ( z 3 + a\z 2 + a 2 z + a 3 ) 

z 3 + a\z 2 + a 2 z + a 3 


4 


(61 - 6oai)^ 2 4 (b 2 ~ b 0 a 2 )z 4- (63 - frpa 3 ) 
z 3 +aiz 2 4a 2 z4a 3 
boz 3 b 1 z 2 4 b 2 z 4 6 3 
z 3 4 a\z 2 4 a 2 z 4 a 3 
bo b\z ^4 b 2 z 2 -b b%z 3 
1 4 a\z~ l 4 a 2 z~ 2 4 a 3 z -3 ’ 


In summary, the state-space representation (2.56) can used to implement 
the digital filter (2.55) in real time on a computer. 


2,1 ,1 2 Noncausal Filtering 

It has been shown how to use a Butterworth filter to realize a filter with 
low-pass magnitude characteristics and a linear phase. One can get around 
the problem of requiring a linear phase by filtering the signal twice in an 
appropriate manner as is now described. 

Let m(t) = s(t) + n(t) be the input to a filter whose transfer function is 
G(s) and let the output be y(t) so that y(t) = g(t — r)m(r)dr. Also, 
let Tf be a large final time such that [0, Tf] contains the period of time over 
which the signal s(t) is nonzero. The plots of m(£),s(i) and y(t) are given 
below in Figure 2.27. Note that the filtered signal y(t) is shifted to the right 
from s(t) corresponding to a time delay. Next, let y&(£) = y{Tf — t) (the 
subscript b stands for backwards) and then pass this signal through G(s) 
once again and call the output y/fb(t) (the // stands for filter-filter , i.e., 
double filtering). Finally, let y/f(t) = Vffb{Tf — t). Figure 2.28 illustrates 
these different signals. 

It is now shown that y//{t) is a good estimate of s(t). To explain how this 
double filtering works, the transfer function from m to y is now computed. 
The filter may be represented as a convolution or in the s domain as 

y(t) = [ g(t- T)m(r)dr 

Jo 

Y(s) = G(s)M(s) 


where G(jcv) — \G(ju)\e jZG ^^ 
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Time in seconds 


FIGURE 2.27. m(t) — (6(nT) — 0((n — 1 )T)) /T with T — 0.5 msec is the mea- 
sured speed. s(t) is the “true” speed from a simulation and y(t) is the filtered 
version of m(t). Note that y(t) is delayed with respect to s(t). 



Time in seconds 


FIGURE 2.28. y(t),y b {t) - y(T f - t),y ffb (t),yff(t) versus t 
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Then from the convolution representation 


it follows that 
where 7 


Vffbit) = [ g(t — T)y b {r)dT = f g(t - r)y(T f - r)dr 
Jo Jo 

Yffb(s) = G(s)Y b (s) 

Y b (s) = e~ st y(Tf - t)dt = - f° ~ u ^y(u)du 

Jo JTf 


r T f 


e sTf I e ^ s ^ u y{u)du 


Thus, 


Then, with 


/ 

Jo 

= e - sT 'Y(-s) 

= e~ s7 >G(-s)M(-s). 

Y ffb (s) = G(s)Y b (s) = e- sT fG(s)G(-s)M(-s). 


yff(t) = y ffb (Tf - t ) 

it follows that 8 

Y ff (s) = e~ sT/ Yf fb (—s) = e~ sT/ (e 3T/ G(-s)G(s)M(s)) 
= G(-s)G(s)M(s) 


Yff(ju) = G(-ju)G(ju)M(ju>). 

As 

G(juj) = \G(jw)\e^ G ^ 

G(-jcj) = \G(-ju)\e?* a l-M = \GUu)\e- UCUu) 

it follows that 


Yff(ju) = G(-ju))G(ju)M(ju) 

= \G(jcj)\ e~ jZG W"> \G(ju)\e^ G ^M(jw) 

= \G(ju>)\ 2 M(jui). 

That is, there is no phase shift from m(t) to Uff(t) and thus no distortion. 
Of course, this filter is noncausal as all of the data m(t) must be collected 
before the computations can be done. 


7 Recall that by assumption y(t) = 0 for t < 0 and t > Tj , which implies y(Tf — t) = 0 
for t < 0 and t > Tj. 

8 If £{x(t)} = X(s), then £{x(-t)} = X(— $) and C{x(t - to)} = e _t ° s X(s) so that 
C{x (-(t - t 0 ))} - c" 4 ® s C{x(-t)} - e-^Xi-s). 
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Appendix - Classical Feedback Control 

Tracking and Disturbance Rejection 

In order to explain the ideas of tracking and disturbance rejection, consider 
the block diagram of Figure 2.9 which is redrawn in a standard form in 
Figure 2.29. 


U(s) 


D(s) 


.id 


K IJ 

T 

» 

s(s+f/J ) 



C(s) 


FIGURE 2.29. DC motor block diagram. 


In Figure 2.29 U(s) = i r (s),C(s) = #(s), and D(s) = tl(s)/Kt - Note 
that, though this system is mathematically equivalent to the system of 
Figure 2.9, there is not a one-to-one physical equivalence. Specifically, the 
disturbance D(s) = tl(s)/Kt has the units of amperes, which is consistent 
with the above drawing, as it is being subtracted from the input current 
U(s) = i r (s). This is not to say that the load is a current, but rather, if 
a current given by -tl/K t is input to the motor, then the effect on the 
output position c(t) is the same as the actual load torque. 

A block diagram for a simple proportional control system for the motor 
is given in Figure 2.30, where R(s) = 0 re f{s) is the reference input and 


G m (s) = 


K t /J 
s ( s + // J) 


m 



C(s) 


FIGURE 2.30. Simple proportional control system. 


A sensor is used to feed back the motor position to obtain the error signal 

E(s) = R(s) - C(s). 
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A simple proportional controller is specified by 

U{s) = KE(s) 

that is, the current commanded to the motor [Z7(s) = i r (s)] is proportional 
to the difference between the reference (desired) position and the actual 
position. 

The simple proportional controller is often replaced by a more gen- 
eral controller (compensator) specified by a transfer function G c (s) — 
b c (s)/a c {s) where the subscript “c” stands for controller (or compensator). 
In fact, the whole point of automatic control theory is to provide a method- 
ology on how to specify G c (s). A general block diagram form for a control 
system is given in Figure 2.31. 



C(5) 


FIGURE 2.31. Standard block diagram of a control system. 


To obtain a convenient expression for the transfer function from R(s) 
and D(s) to the output C(s ), compute 

C(s) = ( G c (s)E(s ) - D(s)) G m (s) = (G c (s) ( R(s ) - C(s)) - D(s)) G m (s). 
This is rearranged to obtain 

C(s ) (1 + G c (s)G m (s)) = G c (s)G m (s)tf(s) - D{s)G m (s) 


or 




G m (s) 


1 + G c (s)G m (s) 
The error E(s) is given by 


1 + G c (s)G m (s) 


D(s). 


(2.57) 


E(s) - R(s) - C(s) = y^Tg c 


( s)G m (s ) 


R(s) + - — D(s). 


+ G c (s)Gm(s) 


(2.58) 


Typically, the compensator G c (s) is chosen to achieve two objectives: 


1. Tracking If the reference position is set as r(t) = 30° ( R(s ) = 30°/s), 
then it is required that c(t) — > 30° as t — > oo, i.e., the output must 
track the input 
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2. Disturbance Rejection If the reference position is set as r(t) = 30°, 
then it is required that c(t) — ► 30° as t — > oo despite any load on the 
motor. For example, if a robot arm is to move 30°, it must do so no 
matter how much weight it is carrying. 


PID Control of a Simple DC Servo Motor 

The ideas of tracking and disturbance rejection are now illustrated through 
a series of simple examples. This is done by considering a fixed physical 

system given by G m (s) = — — which could be the model of a DC 

5(5 + 1 ) 

servo motor system. Various controllers are considered for both tracking 
and disturbance rejection. 


Tracking Control 


A simple proportional controller given by G c (5) = K is considered first. 
Example Tracking a step input 

Consider the unity feedback system control system of Figure 2.32 where 


Gm(s) 


1 

5(5 + 1 ) 


D(s) = 0 and a constant gain controller. 




W X t 

G ( 5 ) 

m 


n 

A 







1 

FIGURE 2.32. Tracking a step input. 


C(5) 


The output and error transfer functions are, respectively, 


C(8) 

E(s) 


KOnjs) 

1 + l<Gm(s) 

1 

1 + KG m (s) 


R(s) 

R(s). 


Suppose the objective is to track a step input. Let u s (t) denote the unit 
step function and let r(t) = RoU s {t) so that R(s ) = Ro/s. The objective 
is to force the error e(t) — > 0 as t — *■ 00 as this means that c(£) — > R$. 
Evaluating E(s), one obtains 


E(s) = 


1 




n 5(5 + 1 ) 


Rn 


5+1 


1 + K~ 


s(s + l) + K s s 2 + s + K 


Rq. 


5(5 + 1) 
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Note that the poles of the forward open-loop transfer function KG m (s) = 
1 

K ~ — — rr reappear in the numerator of E(s) after clearing the fractions 


s(s + 1) 

in the denominator. In particular, the u s" in K 


1 


s(s + 1) 


cancelled the “s” 


in the denominator of R(s). For K > 0, s 2 + 5 + K is a stable polynomial 

s ( s _|_ i) 

so that sE(s) ~ -r — Rq is stable. By the final value theorem, 

$ 2 + s + K 


e(oo) = lim sE(s) = lim s - — — — = 0. 

s-o v s-+o s (s + l) + K s 

Where does stability come in? Let K = 1 so that 

s 2 + s + 1 = (s- (-1/2 + JV3/2)) ( 5 - (-1/2-jV3/2)) 


= (s-Pi)(s-P2) 

with pi = — 1/2 + jV Z/2 and p 2 = Pi = —1/2 — /%/ 3/2. Then a partial 
fraction expansion of £(s) gives 


p/ n _ 5(s+l) Rq S + l 

W S ( S + l) + tf S ( S -pi)(s-p 2 ) ° (5-pi) + ( S -p 2 ) 

where /? = /?, + j/ 3 2 = |/3| e jZ/3 and |/?| 2 = /3 2 + /3 2 ,Z/3 = tan -1 ^//^). 
In the time domain, 


e(t) = (3e Plt + /3*e P2t 

= |/3| e ^/3 e -(l /2)t+j(v^3/2)t + j^l e -jZ(l e -(l/2)t-j(VZ/2)t 

= 2 |/3| e-^/ 2 ) 4 cos ((V3/2)t + Z/?) ^ 0 as £ — > oo. 

Recall that the poles of the closed-loop transfer function determine the 
form of the transient response. As the closed-loop poles p\ and P 2 are in 
the open left-half plane (LHP), the transients die out. The real part of 
the closed- loop poles (Re{pi} = Re{p 2 } — —1/2) determine how fast the 
transient e(t) dies out and typically one chooses the amplifier gain K such 
that the poles of the closed- loop system are as far as possible in the LHP. 

Example Tracking a ramp input 

Consider the same system as in the previous example, but let the input 
be a ramp function. Specifically, the input is given by r(t) — uj^t where cj 0 
is a constant (R(s) = ljq/s 2 ) and D(s ) = 0. The error E(s) is then 

p/ \ _ 1 tuo _ 5 ( 5 T 1) _ g + 1 cjp 

1 . p 1 s 2 s(s + 1) + K s 2 s 2 + s + K s ' 
s(s+ 1) 



2. Feedback Control 


133 



C(s) 


FIGURE 2.33. Tracking a ramp input. 


Note again that the pole at s = 0 of KGm(s) cancelled one of the poles at 

5+1 


s = 0 of R(s). As 5 2 + 5 + K is stable for K > 0, sE(s) = 
stable. By the final value theorem, 


s 2 + 5 + K 


U ) 0 IS 


e(oo) = lim sE(s) = lim — -r = - 77 - 

v ' s — >0 w s-o s(s + 1) + iC K 

Consequently, asymptotic tracking is not achieved as e(t) does not go to 
0 as t — *■ 00 . However, the motor does follow the input with a finite error 
which can be made small if K can be made large. 

Where does stability cyme in? Let Tv = 1 so that Pi = (—1 ±jy/3) /2 
and 


s(s + 1) CJo 5+1 

s(s + 1 ) + K s 2 5(5 - pi ) (5 - ^2)^° 

A (3 /T 

1 1 1 

5 ( 5 -pi) (5-P2) 

"0 + P + 0 * 

5 ( 5 -pi) (5-P2) 

for some complex constant (3 and ojq — lim s _>o sE(s). Then 
e(t) — u) 0 u s (t) + (3e plt + f3*e P2t cj 0 

as t — > 00 , as the poles are in the open left-half plane (Re(pi) = Re (£> 2 ) < 
0). Again, as the closed-loop poles are in the left-half plane, the transients 
die out. 

The simple proportional controller is not adequate to track a ramp in- 
put r(t) = GJot with zero steady-state error. The answer to achieving zero 
steady-state error for this system lies in considering a different controller! 
Example Integral Controller 

Consider the controller G c (s) — K/s\ that is, an integrator. 


E(s) = 
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R(s) = co. / s 2 


E{s) 


K 


1 

s 


5(5 + 1 ) 


FIGURE 2.34. An integral controller. 


Then 


E(s) = 


OJQ 


1 + 


K 


s s(s + 1) 


s 2 (s + 1) Wq 
s 2 (s + l )+if7 


s + 1 

s 3 + s 2 4- K Wo ' 


where note that the denominator (poles) of 


K 


1 


reappeared in the 


s s(s + 1) 

numerator of E(s) after clearing fractions. As a consequence, the s 2 in the 

K 1 

denominator of the forward open-loop transfer function 7 rr is in 

^ 5 s(s + 1) 

the numerator of E(s) and cancels the s 2 in the denominator of R(s). If 

s 3 + s 2 -h K were stable, then by the final value theorem, 


e(oo) = lim sE(s) 

s —>0 


5 + 1 


lim s Q 0 
s^o s 3 + s 2 + K 


UJQ = 0 . 


The difficulty here is that s 3 -\-s 2 +K = s 3 +s 2 +0s+K is never stable for any 
value of K as a necessary condition for stability is that all the coefficients 
of the closed-loop characteristic polynomial be positive. To emphasize the 
stability aspect, let K = 1 for which s 3 + s 2 + l has roots —1.47, 0.23±j0.79. 
The error response is found by doing a partial fraction expansion of E(s) 
as 


E(s) 


5+1 

(s + 1.47)(s - 0.23 - j0.79)(s - 0.23 + j0.79) 

A p , /?* 


^0 


+ ■ 


+ ■ 


5 + 1.47 5 -0.23-j0.79 s - 0.23 + j0.79 

for some complex constant ft. The time response then has the form 


e(t) = Ae~ lA7t + p e 023t e j°- 79t + ^*e 0 ' 23t e _ ' ?0 ‘ 79t 
= Ae~ 1A7t + 2 |^| e°‘ 23t cos(0.79t + Zj9). 


The error e(t) does not go to zero due to the unstable closed- loop poles at 
—0.23 ± j0.79. Remember, the fact that lim s ^ 0 sE(s) = 0 says nothing 
about the steady-state error unless sE(s) is stable! 
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As this example demonstrates, the difficult problem is not in getting 
lim<j_*o sE(s) = 0, but instead, it is in making the closed-loop system sta- 
ble. As shown above, a constant gain (proportional) controller will give 
closed-loop stability, but not lim s ^ o sE(s) = 0. On the other hand, an 
integral controller gives Um s -+osE(s ) == 0, but not closed-loop stability. 
Let’s combine the two and see if that will work. Specifically, let 


G c {s) = K S -^- = K + — . 

s s 


This is called a proportional (K) plus integral (aK/s) compensator or PI 
compensator. 

Example PI controller 

Again, consider the same system as in the previous examples, except use 
a PI compensator. 


R(s) = co q /s 2 



FIGURE 2.35. A proportional plus integral (PI) controller. 


From the block diagram, the error E(s) is seen to be given by 


E(s) 


1 ff / . = S 2 (S + 1) UJQ 

s + a 1 s 2 (s + 1) + K(s + a) s 1 

+ 3 5(5 + 1) 

5 + 1 

s 3 + s 2 + Ks + ^K U °' 


s + a 


Again note that denominator of the open-loop system K 

S S(5 + 1) 

reappears in the numerator of E(s). Consequently, the factor of s 2 in the 
denominator of G c (s)G m {s ) cancels the “ 5 ” in the denominator of R(s). 
Then, if s 3 + s 2 + Ks + aK is stable, the final value theorem gives 


e(oc) = lim sE(s) — lim s 


s + 1 


0 s 3 + s 2 +iCs + criC 


CJq = 0 . 


To check stability of s 3 + s 2 + Ks + aK, the Routh test is used [37] [46] [47]. 
The Routh table is 

s 3 1 K 

s 2 1 aK 

s K -aK 0 

s° aK 
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The first column is positive if and only if aK > 0 and K—aK = K(l—a) > 
0 or 

K > 0 and 0 < a < 1. 

For example, with K — 1 and a = 1/2, the closed-loop characteristic 
equation is 

s 3 + s 2 + s + 1/2 = (s + 0.65) (s + 0.176 - j0.861)(s + 0.176 + j‘0.861). 

Then, letting r = —0.65, pi — —0.176 ± j0.861, the partial fraction expan- 
sion of E(s) gives 

F( x 8 + 1 = _4_ /? 

S (s - r)(s - pi)(s - p 2 ) UJ ° s-r s — p\ s - p 2 
The corresponding time response is then 

e(t) = Ae~ 0mt + p e ~0.l76t e j0.861t + /3 * e -0.176t e -i0.861t 

- Ae~°' 65t + 2 |/3| e -°- 176i cos(0.861t + Z/3) 0 as t -> oo. 

In general, adding integrators to the compensator tends to destabilize the 
closed-loop system while adding a proportional (constant gain) compen- 
sator tends to stabilize the closed-loop system. In the above example, an 
integrator is added to obtain zero steady-state error and the proportional 
compensator is added to make the closed-loop system stable. 


Disturbance Rejection 


Consider now the problem of having the motor to rotate Rq radians with 
an external load acting on it (Figure 2.37 illustrates such cases). 
Example Constant Load Torque with a Proportional Controller 
Consider the control system in the block diagram below. Let 


G m (s) 


1 

5(5 + 1 ) 


and let the disturbance be the constant load torque 


so that D(s) = 


tl(s) 

K t 


Ti(t) = T 0 U s {t) 

TO 1 
Kj' s 



FIGURE 2.36. A proportional controller with a load acting on the system. 
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Gear 2 




FIGURE 2.37. Examples of torque loads on DC motors. 


It was shown in (2.58) that E(s) = Er(s) + Ep(s) where 


Er{s) 4 


1 

1 + KG m (s) 


R(s) 


and 


E d (s) 4 


G m (s) 

1 + KG m (s) 


D{s). 


It was also shown that C~ 1 {Er(s)} — e/?(t) — > 0 as long as K > 0. 
The interest here is disturbance rejection, that is, whether or not ep(t) = 
C~ x {Ep(s)} — > 0 as t — > oo. The Laplace transform of ep(t) is 


E d (s) 


G m (s) 

1 + KGm(s) 


D(s) = 


s(s + l) r L (s) 
L 


1 + X 


s(s + 1) 


1 r L (s) 
s 2 + s + K K t * 


In words, £x>(s) is the error in the position response due to the load torque. 
With a constant load torque tl{$) = To /s and, as s 2 4- s 4- K is stable for 
K > 0, the final position error due to the load torque is 


en(oo) = lim s— r- 
V ' 8 -> 0 S 2 


To_l 

+ s + K Kt s 


tq 


The error 

r(t) - c(t) = e(t) — e R {t) + e D (t) —> e R (oo) + e D (oo) = 0+ 


as t —> oo. Rearranging, the steady-state output is 

c(oo) = r(oo) - e(oo) = i?o - - 


The conclusion here is that the final output position depends on the value 
of the load torque tq. This is usually not acceptable as typically the load 
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torque is unknown and it is important to precisely position the motor re- 
gardless of the load. 9 As is now shown, a PI controller can achieve zero 
steady-state error for this system even with unknown constant load torques 
acting on the system. 

Example Constant Load Torque with a PI Controller 

Let G c (s) = K P + Ki/s = where K p = K and = aK. 



FIGURE 2.38. PI controller for disturbance rejection. 


The error due to the disturbance is calculated as 


E d (s) 


1 

Gm{s) D( . = S(S + 1) Tp 1 

1 + G c (s)G m (s) {> K s_±a 1 K t s 

s s(s + l) 

s To 1 _ 1 To 

s 2 (s + l) + K(s + a) K t s ~ s 3 + s 2 + Ks + aK K T * 


Note that, in contrast to the tracking case, only the denominator of G c (s) 
(i.e., s) reappears in the numerator after clearing the fractions in Eo(s). 
This “s” cancels the 1/s in t/,(s). Now, by the Routh test, s 3 -\-s 2 +Ks+aK 
is stable for K > 0 and 0 < a < 1, and so sEd(s) is also stable. Again, by 
the final value theorem, 


1 T 0 

e D (oo) = lirn sE D (s) = lims^— — — ■ — ■ — — — 
s— s— >-0 s 3 + s 2 + Ks -h otK Kt 


0 . 


Consequently, the load torque r 0 has no effect on the final position. 
Interpretation of the PI Controller 

For the system of Figure 2.38, it was shown that K and a can be chosen 
so that the closed-loop system is stable and e(oo) = lim s _+ 0 sE(s) — 0. 
U(s) = i r (s) is the input current to the motor and is given by 


U(s) = K^^E(s) = KE(s) + —E(s). 
s s 


9 Note that if the gain K can be made large, then the disturbance term to/ (K^K) 
perhaps could be made negligible. 
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In the time domain, 


u(t) = Ke(t) 4- aK 



The limiting value of u(t) is 


u(oo) = lim sU(s) = aKE( 0) 

S — *0 

which is due only to the output of the integrator. With R(s) = Rq/s and 
tl(s) = tq/s , the error is given by 

E( X = S 2 (g + 1) Ro S To 1 

s 3 + 5 2 + Ks + aK s s 2 (s + 1) + K{s + a) K T s 

and, therefore, E( 0) = to/{ocKK t ). Consequently, u{ oo) — t 0 /Kt which 
shows that the output of the integrator goes to exactly the value needed 
to cancel the load disturbance. 


e(t) 



s77 


t 


FIGURE 2.39. The error e(t) — > 0. The shaded area is J 0 °° e(t)dt and 
u( oo) = aK J 0 °° e(t)dt = tq/Kt- 


Summary of the PI Controller for a DC Servo 


It has been shown that the controller G c (s) = K (s + a) / s with K > 0 and 

0 < a < 1, will force the motor with transfer function G m (s) = — - 

s{s + 1) 

to track inputs of the form r(t) = Ro + wot with zero steady-state error 
in spite of any constant load disturbances. The control system designer 
then wants to choose K and a so that the closed-loop poles are far in the 
left- half plane in order have the transients die out quickly. Remember, the 
closed-loop poles determine the transient response! Recall from (2.57) and 
(2.58) that 


C{8) 

E(s) 


GJ^)Grn{s) 

1 + G c (s)G m (s) {> 


l + C 


1 

7 c (s)G m (s) 


R(s) + 


G m (s) t l (s) 

1 + G c (s)G m (s) K t 
Grnjs ) T L (s) 

1 + G c (s)G m (s) Kt • 


Evaluating the error E(. 


) gives 


E(s) 


s 2 (s + 1 


s 3 + s 2 + Ks'± aK 



K l s t 0 1 

s 2 ) + s 3 + s 2 + Ks + aK Kt s' 
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The gains K and a are chosen so that the poles of the closed-loop charac- 
teristic polynomial 

s 3 + s 2 + Ks + aK = (s — r)(s — Pi)(s — P2) 

satisfy r < 0, Re(pi) = Re(p 2 ) < 0. The error E(s) is then 

\ __ (s + l)(Rps + uj 0 ) ^ 1 ro_ 

(s - r)(s -pi)(s ~p 2 ) ( s - r)(s — pi)(s — p 2 ) K T 

or, in the time domain, 

e(t) = Ae rt + Be Plt + B*e P2t + ( Ce rt + De Plt + D*e P2t )K L r 0 


so that 

e(t) 

as r < 0,Re(pi) = Re(p 2 ) < 0. 


0 as t — > 00 


Proportional Plus Integral Plus Derivative (PID) Control 

A proportional plus integral plus derivative (PID) controller is defined by 

G c ($) — (Kp + Kj/8 + KpS ) — 

or, in the time domain, 

dc 

e(t)dt + . 



FIGURE 2.40. A proportional plus integral plus derivative controller. 

The advantages of Proportional plus Integral (PI) controllers of the form 
Kp + Ki / s has been discussed. The derivative control term Kps is used to 
force the transients to die out faster. That is, as will be shown below, the 
term Kps allows the control designer to put the closed-loop poles further 
in the left-half plane. However, before this is done, some practical issues 
concerning the derivative controller Kps are considered. 
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Practical Problem with Derivative Controllers 

Differentiation of a signal with noise amplifies the noise!! Most signals 
contain a high-frequency low- amplitude noise. For example, a DC power 
supply takes a 60-Hz AC signal and rectifies it into a DC voltage. Due to 
this process (Full- Wave Rectification) there is a small amplitude 120 Hz 
signal (i.e., noise) added onto the DC output. 


e(t) 



e{t) + n(t) 


t 


t 


FIGURE 2.41. Left: Error signal. Right: Error signal containing high-frequency 
low-amplitude noise. 


If one measures the error signal e(£), the signal e(t) + n(t) is actually 
obtained where n(t) is a noise term. Numerically differentiating this signal 
gives the approximation 


e(t) + nit) s em-e(i-At) + n(t)-n(t-A<) 

As the difference n(t) — n(t — At) may be of the same order (or higher) 
of magnitude as e(t) — e(t — At ), it follows that h(t) can be of the same 
order of magnitude as e(t). For example, let this noise 10 be given by n(t) = 
0.01 sin(27r(120t)) = 0.01 sin(754£). Thus, even though n(t) is quite small, 
h(t) = 7.54sin(754£) is large and can swamp out the value of e(t). 


Practical Implementation of Derivative Feedback for DC Motors 

Consider the control structure shown in Figure 2.42. Using a tachometer, 
a direct measurement of the speed u)(t) is obtained which is then used as a 
feedback signal. K t is an adjustable gain set by the control system designer. 
Note that, in contrast to the general PID controller structure originally 
introduced above, the tachometer is feeding back only the derivative of the 
output c(t) not the derivative of the error e(t). 


10 This could be a model for the noise on the DC bus of an amplifier when it uses a 
full- wave rectifier to convert the 120-Hz AC outlet to DC. 
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Controller 



FIGURE 2.42. Implementation of a derivative controller using a tachometer. 

To compute the transfer functions from R(s) and D(s) to the error E(s), 
the block diagram of Figure 2.42 is reduces to 




As the parameters K t ,K, and a are chosen by the control engineer, the 
coefficients of the closed- loop characteristic polynomial s s (1 -f K t ) s 2 4- 
Ks + aK may be chosen arbitrarily. In other words, the location of the 
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closed-loop poles can be placed anywhere in the left-half plane by the con- 
trol system designer. 

In summary, a PID controller for a DC servomotor allows one to achieve 
tracking of step and ramp inputs, and rejection of constant load torque 
disturbances, with the closed-loop poles placed in any desired location. 
Typically, one desires the closed-loop poles to be as far in the left-half plane 
as possible so that the transients die out quickly. However, this typically 
means the control gains must be quite large. To see this, consider the 
above DC servomotor with tachometer feedback. As derived above, the 
error Er(s) is given by 


Er(s) = 


s 2 (s + 1 + K t ) 
s 3 + (1 + K t ) s 2 + Ks + aK 


R(s). 


Suppose it is desired to put the closed-loop poles at —10, —10 + jlO and 
-10- jlO. Set 


s 3 + (1 + K t ) s 2 + Ks + aK = {s + 10) (s - (-10 + jlO)) (s - (-10 - jlO)) 

= (s + 10) (s 2 + 20s + 200) 

= s 3 + 30s 2 + 400s + 2000. 


That is, 1 + K t = 30 or Kt, = 29, K = 400, and aK = 2000 or a = 5. 


R(s) 


Controller 



FIGURE 2.44. Example of a PID controller design. 


At t ~ 0 + , c(0 + ) = 0,o;(0 + ) = O.Then, e(0 + ) = r(0 + ) — c(0 + ) — where 
r(t) = Rou s (t). The input at t = 0 + is then given by 


u(0 + ) = 400e(0 + ) + 2000 



e(t)dt — 29w(0 + ) 


= AOORq. 


This shows that right after the reference input r(t) = RoU s (t) is applied, the 
output of the controller (the current commanded to the motor amplifier) 
is 400 Rq amperes. In particular, if Rq = 1 radian, then the amplifier is 
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required to put out 400 A which would most certainly be beyond the limit 
of the amplifier. The point here is that, in practice, one cannot place the 
closed-loop poles arbitrarily, but is limited by physical constraints such as 
the amplifier limits. These physical constraints were not included in the 
model on which the design was based. 


General Theory of Tracking and Disturbance Rejection 

With the above examples as background, a general approach to tracking 
and disturbance rejection in now presented. First, some definitions are re- 
quired. 

Definition Type Number of a System 
Let 


G(s) 


bjs) 

sia(s) 


where a(0) ^ 0. Then G(s) is said to be a type j systems which simply 
means it has j poles at the origin. 

Examples 


G(s) 

G(s) 

G(s) 

G(s) 


1 

s 2 

Type 

1 

s(s + l) 2 

Type 

1 

(s + 2) 

Type 

8 + 1 

Type 

$ (s 2 + 25 + 2) 


2 a(s) = 1 

1 a(s) = (s + l) 2 

0 a(s) = (s + 2) 

1 a(s) = s 2 +2s + 2 


Definition Type Number of an Input 

If the input to a system R(s) has j poles at the origin (i.e., at s — 0) 
and the rest of the poles of R(s) are stable, then R(s) is said to be a type 
\j i nput. 
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Examples 

R(s) = - Type 1 

s 

R(s) = \ Type 2 

s z 

R{s) = L Type j 

R(S)= *T2) TyPel 


R(s) 


l 

s(s — 2) 


Type number not assigned (unstable pole at 2) 


Remark Consider R(s) — ■ - - ■ = -- - , so that r(t) = 1/2 — 

(l/2)e _2t . To asymptotically track this r(£), the output signal c(t) must 
just go to 1/2 as t — > oo as — (l/2)e~ 2i dies out. However, if R(s ) = 

— — — r = — , then r(t) = —1/2 + (l/2)e 2t so that c(£) must 
S ( S Z J z s z s z 

asymptotically got to — l/2 + (l/2)e 2i as t — > oc in order to track the input. 

Consider now the general tracking and disturbance rejection problem as 
setup in the block diagram of Figure 2.45. 



FIGURE 2.45. Block diagram for tracking a type j input. 


Let G c (s) = Kb c (s)/a c (s ) and G(s) = b(s)/a(s) be the transfer func- 
tions of the controller and plant (physical system), respectively. First, the 
disturbance is taken to be zero and the asymptotic tracking of type j in- 
puts is considered. Then the asymptotic rejection of type j disturbances is 
addressed. 

Theorem Tracking with Zero Steady-State Error 

Rot j ~ l 


Let R{s) = Ro/si be a type j input so r(t) — 
the error e(t) satisfies 


U - 1 )! 


and with D(s) ~ 0, 
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if and only if the closed-loop system is stable; that is, the roots of 
a c (s)a(s) + Kb c (s)b(s) = 0 

are in the open left-half plane and the type number of the forward open- 
loop transfer function G c (s)G(s) is j or greater. 

Remark The input is R(s ) = R/s^ and the second condition says that 
the forward open-loop transfer function G c (s)G(s) must also contain at 
least a factor of 1 / s i 
Proof 

(if) Assume that the conditions hold. To show that e(t) — > 0 as t — » oo, 
consider the error E(s) given by 

1 D/ _ 1 ^0 

1 + G c (s)G(s) r^ bc(s) b(s) si 

a c (s) a(s) 

a c (s)a(s) Ro 

a c (s)a(s ) + Kb c (s)b(s) si * 

By hypothesis, G c (s)G(s) is at least type j, so that a c (s)a(s) = sia(s ). 
Using this expression, the si terms cancel resulting in 

a(s) 

a c (s)a(s) + Kb c (s)b(s) °‘ 

Also, by hypothesis, the roots of the closed- loop characteristic polynomial 


E(s) = 


a c (s)a(s) + Kb c (s)b(s) = (s - p x ) ■ • • (s - p n ) 

satisfy R e(pi) < 0 for i = 1 , ...n. A partial fraction expansion 11 of E(s) 
then gives 

E(s) = -R 0 = - + • • • + -Al_ 

(s - Pi) • • • {s - p n ) s-p 1 S-p 2 S-p n 

or, in the time domain, 


e(t) = Aie pit -| A n e Pnt . 

As R e(pi) < 0 for i = 1, ..., n, e(t) — » 0 as t — > oo. 

(only if) Here it must be shown that if e(t) — > 0 as t — > oo, then 

a c (s)a(s) = s^a(s) 


11 This is assuming the poles are distinct. If they are not, the proof is easily modified 
with the same final result. 
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where a (s) is a polynomial and the closed- loop characteristic polynomial is 
stable, that is, 


a c (s)a(s) + Kb c (s)b(s) = (s - pi) • • • (s - p n ) 

satisfies Re(p*) < 0 for i = 1 , ...,n. Proceeding, the error e(t) is the inverse 
Laplace transform of 


&(*) = 


a c (s)a(s) Rq 

a c (s)a(s ) + Kb c (s)b(s) si 


(2.59) 


Computing e{t) using a partial fraction expansion of E{$ ), it is clear that 
e(t) — ► 0 as t —> oo only if E(s) is asymptotically stable; that is, E(s) 
must have all of its poles in the open left-half plane. Now, by equation 
(2.59), E(s) will have j poles at the origin (unstable) due to the input 
ft(s) = Ro/si unless a c (s)a(s) = s j a(s). It is given that e(t) — > 0 as 
t oo, so it follows that a c (^)a(5) must contain a factor si . Thus, E(s) is 
of the form 

a c (s)a(s ) 4- Kb c (s)b(s ) 

Further, by doing a part ial-fract ion expansion of this last expression for 
E(s) y it is seen that Re(p^) < 0 for i ~ 1 ,...,n in order that e(t) — > 0 as 
t — ► oo. 


Consider now the disturbance rejection problem. The block diagram be- 
low illustrates the setup. 


D( S ) = DJsJ 


m 


Ej s) 


G c (s) 


uU 


G(s) 


C(s) 


FIGURE 2.46. Block diagram with a type j disturbance. 


As before, G(s ) = b(s)/a(s) and G c (s) = Kb c (s)/a c (s). The error E(s) is 
then 


E(s) = 


1 + G c (s)G(s) 


R(s) + 


G(s) 

1 + G c (s)G(s) 


D(s). 
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The error Ed(s) due to the disturbance is 

G(s) 


K 


Ed{s) = 


D(s) = 


Ks± 

«(g) 


1 + G c {s)G($) 

a c (s)b(s) 

a c (s)a(s) + Kb c (s)b(s ) 


1 + K 


bcjs) b(s) 
a c (s) a(s) 


D(s ) 


D(s). 


Consider a type j disturbance D(s) = Dq/s i and denote e(t) = C~ 1 {Ed(s)}. 
The following theorem shows how such a disturbance signal can be rejected 
asymptotically. 

Theorem Disturbance Rejection with Zero Steady-State Error 
The error eo(t) satisfies 


lim e£>(f) = 0 

t—* OO 

if and only if the closed-loop system is stable; that is, the roots of 


a c (s)a(s) + Kb c (s)b(s ) = 0 


are all in the open left-half plane and the type number of the compensator 
transfer function G c (s) is j or greater. 

Remark In contrast to the tracking problem where G c (s)G(s) must be 
type j, the compensator G c (s) by itself must contain at least the factor 
1/sK 

Proof 

By the above, 

P / x Oc{s)b{s) Do 

D[ ’ a c (s)a(s) + Kb c (s)b(s) si ' 


It is assumed here that b( 0) ^ 0 which is true of most physical systems. 12 
Thus a c (s) must have a factor of s- 7 to cancel the denominator of D(s) in 
order to achieve zero steady-state error. With a c (s) — s^a{s) : it follows 
that 


E d (s) 


a(s)b(s) 

(s -Pl)---(S-Pn) 


Do 


A\ A.2 A n 

— + — H + — . 

8 ~ Pi S~P2 S-p n 


The time response 


e £)(^) — A\e Plt T * ■ * + A n e Pnt — > 0 


as t — > oo if and only if Re(p^) < 0 for i = 1, 


12 If b(s) = s k b(s),b(0) ^ 0, then G c (s ) need only be type j — k. so that a c (s)b(s) = 
si~ k a c {s)s k b(s) — a c (s)b(s). 
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Internal Model Principle 


The proofs of the tracking and disturbance rejection theorems suggest how 
one can achieve the same results with more general types of reference 
and disturbance signals. This is illustrated in the following example and 
is known as the internal model principle. 

Example Tracking a Sinusoid 

Rq 

Consider a sinusoidal input given by r(t) = Rosm(t) or R(s) = -5 


Let G(s) = ^ ^ and the problem is to design a compensator so that 

the output (asymptotically) tracks the input signal. The block diagram of 
the system is shown in Figure 2.47. 



FIGURE 2.47. Ilustrating the internal model principle by tracking a sinusoidal 
input. 

Consider the compensator 


G c (s) - K 


s 4 - a 
s 2 ~ hi 


which was chosen to have a denominator that was the same as that of the 
input. The reason for this is clear when the error E(s) is computed as 


E(s) 


1 

1 -f- G c (s)G(s ) 

1 


R(s) 


Rq 


1 + K 


s 4 - a 


s 2 4 - 1 


S 2 ~\~ 1 s(s + 1) 
s(s + 1 )( 5 2 + 1 ) 


^0 


5 4 4 - 5 3 + 5 2 + {K + l)s + aK s 2 + 1 
<s(5 4- 1) 


s 4 + 5 3 -4 s 2 4- (K 4- l)s 4- OiK 


i*o. 


That is, the factor s 2 4- 1 in the denominator of G c (s) reappears in the 
numerator of E(s) to cancel the factor s 2 4- 1 in the denominator of R(s). 
Then e(^) — > 0 if the closed-loop characteristic polynomial is stable. The 
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Routh table for s 4 + s 3 + s 2 + (K 4- 1 )s + aK is 
s 4 1 
s 3 1 

1-(A' + D = _ g 

-K(K + 1) - aK K(K + l + aK) 
S -K ~ K 


1 aK 
K + 1 0 

aK 0 
0 


1 aK 

Stability requires —K >0, if + l + a>0 and aK > 0 or 
K < 0, — (K + a) < 1, a < 0. 


For example, choose a — —0.25 and K = —0.6 so that the closed-loop 
characteristic polynomial is s 4 + s 3 + s 2 + 0.4s + 0.15 which has roots 
—0.17 ± j0.63, —0.33 ± j0.49. The error response is 

e(t) = 4.7e-°- m sin(0.63f + 0.37) - 4.1e~°' 33t sin(0.49< + 0.4) 0 


as t — > oo. Note, however, the transients die out slowly. 

Remark General procedures exist that allow one to design a compen- 
sator that asymptotically tracks any given input signal and, at the same 
time, arbitrarily place the closed-loop poles in the open left-half plane. The 
reader is referred to Refs. [47] [48] [49] [50] for this theory. 


This example and the previous results can be summarized as the Internal 
Model Principle. This just says that in order to (asymptotically) track a 
given reference signal, the forward open-loop transfer function G c (s)G(s) 
must contain the same unstable poles as the reference signal and the closed- 
loop system must be stable. (The terminology “internal model” refers to 
the poles of the transfer function as they determine the form of the time 
response of a transfer function model.) 

Similarly, in order to achieve (asymptotic) steady-state rejection of a 
given disturbance signal, the forward open-loop controller (compensator) 
G c {s) must (by itself) contain the same unstable poles as the disturbance 
signal along with the closed-loop system being stable. 
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Problem 1 Simulation of the DC Motor 

Let V max = 40 V, Imax = 5 A, K b = K T = 0.07 V/rad/sec (= N-m/A ), 
J = 6x 10~ 5 kg-m 2 , R = 2 ohms , L — 2 mil, and f — 0.0004 N-m/rad/sec. 
Develop a simulation of the DC motor that includes the motor and amplifier 
(with saturation) as well as an encoder with 2000 pulses/rev. Put a step 
input ofv(t) = 10 V into the motor and plot out (a) 6(t) = sio m (N(t) 
is the encoder output), (b) oj{t), (c) i(t), and (d) v(t). Also, zoom in on 
6(t) to show the staircase waveform similar to that shown in Figure 2.4- 
(Hint: If it does not show a staircase waveform, then the step size in the 
simulator’s integration algorithm may be too large.) 

Problem 2 Load-Torque Transfer Function 

(a) Compute the transfer function from tl(s) to 6(s) in Figure 2.5. 

(b) Compute the transfer function from t l(s) to 0(s) in Figure 2.6. What 
does it reduce to as Kp oo? 

Problem 3 Transfer Function i(s)/i r (s) 

With tl(s) = 0 in Figure 2.6, find the transfer function i(s)/i r (s). What 
does it reduce to as K p — > oo ? 

Problem 4 Encoder Resolution 

It was shown that if there are N w windows (lines/slots) equally spaced 
around the encoder disk (wheel), then there are N w pulses per revolution 
so that there are 2N W rising and falling edges of the output signal. With 
the length of the windows the same as the length between the window, the 
resolution of the encoder is then 2 tt/( 2N w ) radians. A second light detector 
is added to determine the direction of rotation. Show that by using the 
outputs of both light detectors, a resolution of 2 tt/( 4N w ) radians can be 
achieved. Hint: Add the two waveforms of Figure 2.3(a) [or Figure 2.3(b)] 
and show that there is a rising or falling edge every 2^/(4^) radians. 

Problem 5 Load- Torque Transfer Function 

(a) Find the transfer function from tl(s) to 9(s) in Figure 2.6. 

(b) What does it reduce to as Kp — » oo? 

Problem 6 High-Gain Current Control 

Consider a PI current controller given by Kp + Kj/s = Kp(s + a)/ s 
where Kj = aKp. This is illustrated in the block diagram given in Figure 
2 . 48 . 

(a) Using the block diagram reduction method, find G(s) = uj(s)/i r (s). 
Let Kp — ► 00 and show that G(s ) = oo(s)/i r (s) — » Kt/(sJ + /). 

(b) With tl(s) = 0 in Figure 2.48, find the transfer function i(s)/i r (s). 
What does it reduce to as K p 00 ? 
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FIGURE 2.48. PI current controller. 


Problem 7 Amplifier Saturation 

With i(t) — io constant and tl = 0, find the steady-state values of the 
speed co(oo) and voltage v(oo) in terms of io and the motor parameters. 
With io = 1 A, Vmax = 40 V and the values of the motor parameters 
in problem 1, can this steady-state speed be achieved? Explain. Redo this 
exercise with io = 4 A. Note: You can easily answer this question using the 
original state space equations: 


L— = —Ri(t) — K b cj(t) 4- v(t) 
at 

J< E = -Mt) + K T i(t) 


Problem 8 PI Current Controller 

Add the PI current controller to the DC motor simulation of problem 1. 
Also, add a saturation block to the input of the PI current controller that 
limits the command current i r (t ) between ±I max . Let i r (t) be a square wave 
current reference where one period is specified by 


■ / f +/i 0 <t < 0.25 

MtJ = | _ 7l o 25 < t < 0.50. 

Try I\ =0.1 A and I\ = 1.0 A in a simulation. Plot (a) i(t) and i r (t) on 
the same plot and (b) i r (t) — i(t) on a separate plot. How well does i(t) 
respond to step changes in i r (t) ? 

Problem 9 Current Controller Tracking 

With the parameter values as given in problem 1, this motor is capable 
of turning 180° in 0.065 sec (i.e., 65 msec). Consequently, the current con- 
troller must respond significantly faster than this ifi(t) is to be considered as 
the input, that is, if the dynamics i r (t) — > i(t) are to be neglected. To test the 
current controller under these conditions, consider i(t) = zq sin (t/T) with 
io = 1 A, T = 27t/ (65 x 10 -3 ) sec in the simulation. How well does i(t) 
track this reference? Use your “best” controller design (i.e., your choice of 
Kp and a) and plot i r (t) and i(t) on the same graph. Also plot out v(t) to 
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show it does not saturate . If you have problems with saturation , reduce your 
gains until you can achieve “good” tracking without exceeding the voltage 
limits . 


Problem 10 Proportional Speed Control 

Find the error transfer function E(s)/oj re f(s) for the system in Figure 
2 . 10 . 

(a) With eft) = C~ 1 {E(s)}and w rc /(s) = ^o/s, show that the steady- 
state error e(oo) « [f /KKt)w o for K large. 

(b ) Using the parameter values given in problem 1 and K chosen such that 
KKt/J = 100, compute e(t) = C~ l {E(s)} with oj re f(t) = lOOsin 


Estimating the Motor Speed 

Problem 11 Backward Difference Speed Estimator 

(a) Simulate the backward difference method of computing speed with 
T = 0.0002 sec (f s = 5000/ Let i r = 1 A and plot c u(kT) and c u^d(kT). 
What are some of the problems with this way of measuring speed? Repeat 
withir = 0.5 sin ((27r/0.2 )t). 

(b) With i r — 1 A, use the output of a simulation to plot the speed and 
speed error to show it is bounded by (27t/2000)/T when using the backward 
difference approximation to compute the speed. Do this for T = 0.001 sec 
and T = 0.0002 sec. 


Problem 12 Recovery from a Load- Torque Disturbance 
Add the load torque disturbance 


TL(t) = 


0 0.0 < t < 0.5 

tlo 0.5 < t < 0.6 

0 0.6 < t 


to the torque equation of simulation of the DC motor. Run the simulation 
with i r = 1 A and tlo = 0.035 N-m. Plot Lo(kT),Cjt>d{kT) and cj(kT) on 
the same graph. Redo this with t\ = 0, ^ = 0. Do you see a difference? 

Problem 13 Speed and Load- Torque Estimator 

(a) Consider the modification of the speed observer to estimate any con- 
stant (or, slowly varying) load-torque. That is, consider the situation where 
there is an unknown constant load torque acting on the motor. This may 
be modeled as 


dO 

— ~ id 

dt 

= (■ K T /J)i-{f/J)u-T L /J 

djTL/J) _ n 


dt 
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Let a speed and load-torque estimator be given by 

f = u + itf-9) 

^ = (K T /j)i-r L /j-(f/j)u + e 2 (e-e) 

= o + 4(0-0). 

dt 

Define the estimation errors to be e i = 0 — 0, e 2 = oo — & and e 3 = tl/J — 
tl/J- Subtract the above sets of equations to the find the system of equa- 
tions describing the dynamics of observer error eft) = (eift),e 2 {t),esft)). 
Find Ei(s) y E 2 (s ) 9 and Ez(s) and show that the observer gains £i,£ 2 , and 
£% can be chosen so that 62 (t) — > 0, e^ft) — > 0 as t — > 00 but that e\ (t) 0. 

(b) Add the load-torque disturbance 

f 0 0.0 <t <0.5 

TlW- \ t lo 0.5 <t < 1.0 

to the torque equation of simulation of the DC motor. Run the simulation 
with i r = 1 A and tlq = 0.035 N-m. Plot Co(kT),Cobd(kT), and c o(kT) 
on the same graph. Redo this with £\ = 0,^2 = 0,^3 = 0. Do you see a 
difference ? 

Problem 14 Speed Observer Versus Backward Differentiation 

Implement the observer (2.7) in the DC motor simulation and com- 
pare it with the calculation i D^(fcT) = ^ N ( kT )-N( kT ~ T ) ^j . Specifi- 
cally, let i r = 0.1 A, co(0) = c5(0) = 0 and plot uo(kT) and its esti- 
mates Cj{kT),ujbd{kT). You need to choose values for l\ and £ 2 ! Repeat 
with i r = 0.5sin((27r/0.2) t). 

Problem 15 Position Cannot Be Estimated from Speed Measurements 
Suppose a tachometer is available to measure speed, but there is no posi- 
tion measurement . Can the position be estimated from the speed measure- 
ments ? Well , the answer is no. An easy way to understand this is to realize 

that Oft) — 0(0) + Jq co(r)dr, but that — + fo 00 ( T )^ T J ~ ^(0 f or an y 

constant c. That is, there are an infinite number of position signals with the 
same speed signal. Consequently, the speed signal does not contain enough 
information to obtain an estimate for the position. From the point of view 
of observer theory, consider a position estimator given by 

Co 4- £ifjj — Co) 

(K T /J)i-(f/J)£b + £ 2 (uo-Cb). 

Show that £\, £2 cannot be chosen so that 0 — > 0. 


S_ 

dt 

dcu 

dt 
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Problem 16 Discretization of the Observer Equations 
Discretize the speed observer equations 

% = u + e 1 ( 6 - 0 ) 

at 

^ = (K T /j)i-(f/j)uj + e 2 (9-e) 
using the trapezoidal method of integration. 


Trajectory Generation 
Problem 17 Trajectory Design 

Design a trajectory that also has a continuous jerk rate, that is, a trajec- 
tory that satisfies 


Uref{ 0 ) = 0 

Urefif l) — U max 

U refit ) = OJ max 
^re/(^2) ~ U max 

Urefifz) — 0 


U re fifty — 0 

U ref ) — 0 

for 

d)ref{t2) — 0 
ref if 3 ) = 0 


Ureftyty — 0 
Urefifx) — 0 
ti < t < t 2 
Uref(f>2) — 0 
djref{ts) ~ 0 


Design of a State Feedback Tracking Controller 

Problem 18 Simulation of a Fast Point-to-Point Move 

Implement the complete state feedback controller of Figure 2.14 i n con ~ 
tinuous time using the parameter values of problem 1. Specifically, use the 
speed observer given in equation (2.4), the feedback controller given in equa- 
tion (2.14) an d the trajectory generator of Section 2.3 . Be sure to have a 
saturation block for the current commanded into the PI current controller 
and for the voltage out of the amplifier. Design a trajectory such that the 
motor turns Of = ir radians in under 70 msec (by choosing the time t\ to 
reach maximum speed and the time 1 2 to begin decelerating) and does not 
violate the voltage or current constraints. Find the control gains 
and K 2 (by choosing r\,r 2 ,r$) and the observer gains I\,I 2 (by choosing 
P 11 P 2 ) to track the trajectory. Plot (a) 9(t),0 re f(t), (b) cj(t),cu(t),cj re f(t), 
(c) i r {t),i re f(t), (d) 9 re f{t) — 9{t), (e) u re f(t) - £}{t), (g) i r (t) — i(t). 

Problem 19 Simulation Study of Feedback 

In order to understand the importance of the controller and reference 
inputs, carry out the following simulation runs using the simulation setup 
of problem 18 except in the trajectory generator, use Of = 30 radians, 
u max — 100 rads/sec, and t\ ~ 0.2 and run the simulation for 0.6 sec. 

(a) With Ko = 0, K\ = 0, K 2 — 0, w(0) = 0,61(0) = 0 ,t/, = 0 run 
the simulation with i r = i re f and plot 0(t),0 re f(t),ti(t),Lj(t),uj re f(t),i r (t), 
i r ef(t) as well as 9 re f(t) — 9{t),uj(t) — uj{t),oj re f{t) — u(t), i r (t) — i(t). This 
is referred to as running the system open-loop. 
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(b) Redo (a) with cj(0) = 0,0(0) = 0.1, tl = 0. 

(c) Redo (a) with u;(0) = 5,0(0) = 0 ,tl = 0. 

(d) Redo (a) with cj(0) = 0,0(0) = 0, tl = 0.035 N-m. 

(e) With ri = 100,r2 = 100, 7*3 = 100 find the corresponding gains 
Kq, K ± , K 2 using given by equation (2.18). Run the simulation with these 
gains for the following cases: 

(i) Set ca(0) = 0, 0(0) = 0 and tl ~ 0. 

(ii) Set cj(O) -= 0, 0(0) = 0.1 and tl = 0. 

(Hi) Set u>(0) = 0,0(0) = 0 and tl = 0.035 N-m . 

For each case, plot 0(t), 6 re f(t),ui(t),u:(t),u) re f(t),i r (t),i re f(t) as well as 

Qref(t) - 0(t),u(t) - Cd(t),UJ re f(t ) ~U)(t),i r {t) 

(f) Remove the integrator term in the feedback expression (2.13) (or 

(2. If)) to study its effect. That is, substitute w = K\ei{t) -F for 

w into (2.11) and choose the gains as K 2 = r\ + 7*2 — f/J, K\ = r\V 2 so 
that the closed-loop characteristic equation is then (s + t*i)(s + r 2 ). With 
7*1 = 100, r 2 = 100, redo cases (i), (ii) and (Hi) of part (e). 

Problem 20 Final Value Theorem 

Let E(s) = n(s)/d(s) with deg{n(s)} < deg{d(s)} ande(t) = Cr x {£(s)}. 
The final value theorem says 
If sE(s ) is stable, then 


e(oo) = lim sE(s). 

s — *• 0 


(a) Let 

E = ~S + l)(s + 2) 


and compute the final value two ways: (1) Do a partial fraction expansion 
to compute the inverse Laplace transform e{t) and let t — > 00 and (2) Use 
the final value theorem. 

(b) Let 

£(s) = «(«-!)(« + 2 ) 


and do a partial fraction expansion to compute the inverse Laplace trans- 
form e(t) and let t — ► 00. How does this compare with computing 
lim 6 _+o sE(s) ? Explain. 

(c) Let 


E(s) 


n(s) 

d(s) 


where deg{n(s)} < deg{d(s)}. Prove the final value theorem by doing a par- 
tial fraction expansion of E(s). To simplify the presentation of the partial 
fraction expansion, assume that the poles of E(s) are distinct, that is, d(s) 
has no repeated roots. [Hint: Note then that lim s _>o sE(s) is the coefficient 
of the 1/s term in the partial fraction expansion of E(s).[ 
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Problem 21 State Feedback with a Constant Load Torque 

(a) For the case where tl i=- 0, give the appropriately modified version of 
(2.17). Also , withrL(s) = tlo/s, find the steady-state values e 0 (oo),ei(oo), 
and e2(oo) using the final-value theorem. With the constant load-torque 
disturbance acting on the motor, explain why the steady-state error in speed 
and position are both zero, that is, e2(oo) = 0 and ei(oo) = 0, but that 
eo(oo) 7^ 0. With 

if h(t ) = E (k 0 J* e\(r)d,T + K iei (t) + K 2 e 2 (t) 

Show that ifb( oo) = tlo/Kt and give an interpretation to this value. 

( b ) Consider state feedback control, but now without the integrator feed- 
back. That is, consider the system [compare with (2.15)] 


de i 
dt 
de 2 
dt 


62 


-(// J)e 2 - K x e x - K 2 e 2 + r L /J. 


With tl($) = tlo/s, find E\(s) and E 2 {s). Show that e 2 (t) — > 0, but 
ei (t) 0 as t — » oo. Comparing with your solution to part (a), what can 

you conclude about using integrator feedback? 


Problem 22 State Feedback with a Ramp Load Torque 

With tl{s) = tlo/s 2 7 that is, t £,(t) = t/,oL find e 0 (oo), ei(oo), e 2 (oo). 
Explain your answers. 

Problem 23 State Feedback Design with Voltage as Input 

Design a state feedback voltage controller for the DC motor based on the 
model 


§ = -(R/L)i(t)-{K b /LMt) + v(t)/L 

dd 

it - 

The reference trajectory satisfies 


difef 

dt 

doJ ref 

dt 

d 6 re f 

dt 


~(R/L)i re f(t) - (K b /L)uJref(t) +v re f(t)/L 

-{f/J)u re f(t) + ( K T /J)i re f(t ) 

w re/ (t)- 
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Let 

e\ (t) = 6 ref (t) - 0(t) 

e 2 (t) = U re f(t)-u(t) 

ez (t) = i ref it)-iit) 

u(t) = ivrefit) -V(t))/L 

and consider a controller of the form 

u = — (V 0 J e\(r)dr 4- K\e\(fi) + {t) 4* ^3^3 (0^ . 

With r l(P) = tlo u s (t)j for i = 0,1,2, 3 compute Efis ) and efi oo). In 
particular , does the steady-state position error e\(t) go to zero as t — ► oo? 

Nested Loop Controllers 

Problem 24 Nested PI Controllers 

Consider the PID nested loop controller given in Figure 2.49. 



FIGURE 2.49. Control structure where the gains of the speed loop are tuned first 
and then the gains of the position loops are tuned. The speed reference Co re f is 
the output of the position loop rather than the stored value of oo re f = dO re f /dt. 

(a) With 0 re f{t) = {t 2 / 2) u s (t) (0 re f{s) = 1 /s 3 ), r L = 0 and K^i = 0 ; 
can the other gains be chosen so that steady-state error is zero for this type 
of input? Explain by computing E(s)/0 re f(s) with Tp = 0 and K u i = 0. 

(b) With 0 re f(t) = 0 ,Ti,(t) = r 0 t (tl(s) = tq/s 2 ) and K^i ^ 0, can 
the gains be chosen such that steady-state error is zero for this type of load 
torque disturbance? Explain by computing E(s)/0 re f(s) with 0 re f{t) = 0. 
How does your answer change if K^i = 0 ? 

(c) With tl = 0, can this controller track 0 re f(t) = cos((jj Q t) or, equiva- 
lently, 6 re f(s) = cuo/ (s 2 -Pcug) with zero steady-state error? Explain. 

(d) Repeat (a), (b), and (c) with K u j ^ 0. 

Problem 25 Simulation of the Nested Loop Controller 

Do a simulation of the complete system (i.e., motor, controller, and tra- 
jectory) given in problem 24 • Use the same motor parameters as in prob- 
lem 1. Take Of = n radians and find the control gains Kqp, Kqi, K^p 
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(Kui = 0), u) max , and t\ for the trajectory (2.25) such that the motor 
turns 7 r radians as fast as possible without violating the voltage or current 
constraints. Plot (a) 0(t),d re f(t), (b) oj(t),uj(t),uj re f(t), (c) 

(d) 6 re f(t) (e) ui(t) -u(t), (f) Uj ref (t) -Uj(t), (g) i r (t) -i(t). Com- 

pare with problem 18. In particular, can this move be carried out in under 
70 msec? 


Problem 26 Laplace Transform of the Reference Trajectory 

The reference trajectory given in (2.25) can be rewritten as (u s is the 
unit step function) 


@ ref iff — M m ax ^ U s (t ^l)) 

h 


+ ( Umax-^ + Vmax(t ~ h) ) (u s (t - t X ) - U s (t - t 2 )) 


T 2 &7) 

"t" 0Jmaxt2U s (t tf) 


(*/ - 
' 2ti 


) (u s (t - t 2 ) - u s (t - tf)) 


where c o max = Of /t 2 to ensure 8 re f(tf) — Of. 

Show that the Laplace transform of O re f(t) is given by 


L{ O r ef { £)} — 


Wn 


t\ S 3 


^maxL 1 1 

2 s 


T oj max ^ “b 


C<Jr7 


+ 


^max^ 1 f 


+ ■ 


max \ ~ti& 


S 

^.maxh 


t\ S 


hY"‘ 


, , \ f . W max\ —tos 

+ tV max t2 J — “f ^ J e 


+ Wmaxt 2 


^max (^2 ^/) | 1 ^ max (*2 ~ */) 1 _ W max f 

S 2 ti S 3 


-^25 


2ii 


( ^maxt 2 


y S S 2 

+Wm^2-e" i/s , 

s 

Explain why the presence of the terms e~ tlS ,e~ t2S , and e~ tfS does not affect 
the analysis of the steady-state error given in the text. 


' Wmax 1 \ 

S ti S 3 ) 


Problem 27 Nested Loop Control Structure With Voltage Input 

In this problem , the PI current loop of the amplifier is included in the 
analysis of a nested loop controller for a DC motor. The PI current con- 
troller in Figure 2.50 can be equivalently considered a torque controller as 
r — Kxi- First, both the speed and position loops are opened in order to 
tune (choose) the torque (current) controller gains. After tuning the gains 
for this controller, the gains of the speed controller are tuned with the input 
to the torque controller being the output of the speed controller. Finally, the 
gains of the position loop are tuned with the input to the speed controller 
being the output of the position controller. Use the full motor model (2.1) 
in the analysis below. 
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FIGURE 2.50. The gains of the torque (current) loop are tuned first. Next the 
gains of the speed loop are tuned and finally the gains of the position loop are 
tuned. 

fa) Find the transfer functions Gi(s),G 2 (s ) such that the error E(s) = 
G 1 {s)6 ref (s) + G 2 {s)t l {s). 

(b) Can the gains be chosen to arbitrarily place the closed-loop poles? 

(c) What kinds of inputs can be tracked? In particular , what is the largest 
power n such that 

t n ~i 

0 re f(t) = — l)! 

or, equivalently, 


Oref(s) = C \ j~ = V 5 ” 

can be tracked with zero steady-state error? What is the largest value of n 
if it is only required to have constant steady-state error? 

(d) What kinds of disturbances can be rejected? That is, with 

T L (t) = TLO (t m ~ l / (TO - 1)!) U s (t) 

or 

what is the largest value of m such that there is no steady-state error due 
to this disturbance? 


Identification of the Motor Parameters 

Problem 28 Identification of the Motor Parameters 

With a PI current controller implemented, run the DC motor simulation 
with the current reference given by 


i r ( t ) = < 



for 0 < t < 0.5 


for 0.5 <t< 1. 
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Store 6(nT) in counts (from the encoder model), i{nT) and v(nT) with a 
sample period of T = 0.001 sec. 



FIGURE 2.51. Block diagram of an open- loop DC motor with a current-command 
controller. 

(a) Save the “data” from the simulation into a file. Using this “ data 
set”, write a program to implement the least-squares identification algo- 
rithm given in the text. It will be necessary to compute uj — dO/dt,du)/dt 
and di/dt using the “data” from the simulation. Due to the encoder resolu- 
tion, d9/dt and duo/dt are noisy and di/dt is also noisy. It will be necessary 
to filter these computed quantities. Show the double filtering method (e.g., 
the filtfilt command in Mat lab,) with a second order Butterworth fil- 
ter will work with an appropriate choice of the cutoff frequency. Compare 
your parameter estimates to the actual values in the simulation. Be sure to 
compute the error index and the parametric error indices of your estimates. 

(b) Do the identification of the parameters using “ideal” data by saving 
d0/dt,du)/dt and di/dt from the simulation (rather than computing them 
offline) and show that this results in almost perfect agreement with the 
parameter values in the simulation. Compute the error index and the para- 
metric error indices for this case. This is a way to check your identification 
program for errors. 

Problem 29 Insufficient Excitation 

Redo problem 28 with i r = zo where io = 2.5 A. Does the identification 
procedure work ? Explain why or why not. 

Problem 30 Completing the Square 
Show that equation (2.38) is true. 

Problem 31 Matrix Transpose Property 
Show by direct computation that 

(; y T {nT)W{nT)) T = W T (nT)y(nT). 

Use this to show that R y w = R\vy 
Problem 32 Parametric Error Indices [42] 
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Choose 


C(8K, A) = (SKi) 2 + A ( E 2 (K *) - SK T R W SK ) 
and show that one still obtains 

SKi = \J E 2 (K*)(Rw 1 ) l i. 

for the maximum. 


Filtering of Noisy Signals 
Problem 33 Transfer Functions 

(a) Starting from the representation y(t) = f_ oo g(t — r)m(r)dr, take the 
Laplace transform of both sides to show that F(s) = G(s)M(s). 

(b) Starting from the representation x(t) = Ax(t) + bm(t), y(t) = cx(t) + 
dm(t) show that G(s) = c(sl — A)~ l b , where A G M nxn ,6 G R n ,c G M lxn . 

Problem 34 Ideal Filters 

Consider a unit impulse response given by 

uu\ a sin (w c t) 

MO = - s - 

so with input m(t) } the output y(t) is defined to be 

/ oo 

h(r)m(t — r)dr. 

-oo 


This integral is defined as the Cauchy principal value , that is, 


*>-£ 


h(r)m(t — r)dr = lim 

, T-+o c 




/i(r)m(t — r)dr. 


(a,) Witfi m(i) = cos(coi), compute y(t ) = /i(t) * cos(co£) directly by eval- 


uating 







y(t) = lim 

r sin(co c r) 

o 

0 

1 

¥ 



T — >oo v 

l-T 

7 rr 


to show 






S 

II 

*40 

S 5i 

f T sin(w c r) 

/ ' cos 


r)) dt 

T cos (cot) 

= < \ COS {(Jjt) 

for a; < co, 
for lo = co c 

1 *oo J 

1 —X 7TT 



l 0 

for |co| > co ( 


This is the reason it is called an ideal filter as it passes any frequency below 
co c unchanged and any frequency above co c is zeroed out . 

Why is it necessary to use the Cauchy principal value in the definition 
of the integral? 
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(b) Compute the Fourier transform of h(t) in the Cauchy principal value 
sense , that is, show 


H (jtu) = 5 


f sin (oj c t) 

1 7 Xt 


-T 


-jut 


sin(cj c r) 


dt = 


7 XT 


1 for \uj\ < cj c 
I for cj = uJc 
0 for \oj\ > u c . 


(c) Is this filter causal? Show why or why not 

(d) Is this filter stable? Hint: Consider the input signal 


m{t) — rai(£)m 2 (£). 


where m\(t) is a periodic function with period t/oo c specified on one period 
by 

(+\ _ f ~ 1 f or 0 < t < 7 t/(jJ c 

mi ^ ' \ 1 for 7t/(jJ c < t < 27 t/uj c 

and m 2 (t) is defined by 


m 2 (t) = 


{ 


-1 

1 


for t > 0 
for t < 0. 


This input signal is bounded as |m(i)| = 1. Compute the response to this 
input at time t = 0; that is, evaluate 

y(t) = lim f T - T )dr 

T^oo J_ T 7TT 


for t = 0 to obtain 


2 /( 0 ) = f 

(e) Evaluate the inverse Fourier transform of H(jco) from part (b) as 

1 P°° 

h(t ) = — J e jujt H(jcv)duj 

to get back h(t) = sm(uj c t)/(7rt). 

Problem 35 Butterworth Filters 

For the third- order Butterworth filter, find the value of r y n that best ap- 
proximates ZG n (ju) « — 7 n o;. For what range of values of uj is this ap- 
proximation a good one? 

Problem 36 Butterworth Filters from Matlab 

(a) With uj c = 27r/ c , f c = 100 Hz and T = 1/5000 sec, explicitly compute 
the coefficients of a third- order Butterworth filter using (2.51). 


sin(o; c T) 


7TT 


dr = oo. 
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(b) In MATLAB, use the butter command to design a third-order But- 

terworth filter with a cutoff frequency of 100 Hz and a sample rate of 5000 
Hz. That is, use the command [b,a] = butter (3 , f c / (f s /2) ) and Mat- 
lab will return two vectors of the form b = [bi b 2 £>3 £>4 1 and a = [1 
a 2 <23 ] which contain the coefficients of the filter. 

(c) Compare the coefficients obtained from Matlab with those obtained 
from the above design. Are they the same? Do you need to normalize the 
coefficients obtained using (2.51)? 

Recall that the cutoff frequency in Matlab is specified as fcmatiab — 
fc/(fs/ 2) where f s = 5000 Hz. The Matlab command is then [a,b] = 
butter (3, 100/2500). 


Problem 37 The filter Command in Matlab 

(a) Use the Matlab command butter to design a third-order Butter- 
worth filter with f s = 5000 Hz and f c — 100 Hz ( uj c = 27r x 100 rads/sec). 
That is, use the command [b,a] = butter (3 , f c / (f s /2) ) and Matlab 
will return two vectors of the form b = [bi b 2 63 &4 ] and a = [1 a 2 0,3 
<24 ] which contain the coefficients of the filter. 

(b) Write a Matlab program to implement the state space equations 
(2.56) from n = 0 to n = IV using the coefficients given in part (a). With 
T = 1 / f s , run your program on some particular input data file { m(nT ) } 
with :r(0) =0 and plot out the response y(nT) versus time nT . 

(c) Using the filter designed in part (a) and the Matlab command 
filter to filter the same input file used in part (b), that is, y2 = 
filter (b , a,m) . Plot y 2 (nT) versus time nT. Compare y from part (b) to 
2 / 2 - 


Problem 38 Signal Flow Diagrams 

Consider the second-order discrete-time transfer function 


H(z) — — fro + ^i 2 1 + M 2 _ M 2 + 61 z + 62 

M{z) 1 + a\z~ x + a 2 z ~ 2 z 2 + a\z -\- a 2 


(a) A signal flow diagram for this system is shown in Figure 2.52. Find 
the transfer function Y(z)/M(z) from the signal flow (block) diagram. Give 
a discrete-time state space realization of the transfer function based on the 
signal flow diagram. 
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M(z) 

{m(nT)\ 



FIGURE 2.52. Signal flow diagram for a second-order filter. 

( b ) Show that the signal flow (block) diagram in Figure 2.53 is equivalent 
to the one in part (a) by finding a discrete-time state space realization 
based on the signal flow diagram and then computing the transfer function 
Y(z)/M(z) from the state space realization. 



FIGURE 2.53. Equivalent signal flow diagram for a second-order filter. 

Problem 39 How the f iltfilt Command is Implemented 

(a) Use the Matlab command butter (i.e., [b , a] ^butter [3 ,w n ] , where 
w n = f c/{f a/2)) to design a third-order Butterworth filter with f s — 5000 
Hz and f c = 100 Hz (u) c = 27t x 100 rads/sec). Write a Matlab program 
to implement this filter using the state space equations (2.56) (from n — 0 
to n = N) and the coefficients given by the butter command. Run your 
program on some particular input data file { m(nT ) } with x(0) = 0 and plot 
out the response y(nT) versus time nT. Store the final value of x , that is, 
x(NT). 

(b) Take the output {y{nT),n = 0, ...,7V7 of the filter in part (a), and 

compute {yb(nT), n = 0, ..., N} = {y((N — n)T),n ~ 0, Use this as 

input to the (state space) filter designed in part (a), except initialize the 
filter with the final conditions x(NT) found in part (a). Let (y f fb(nT) ,n — 
0 be the output of this second filtering process and finally compute 
{y ff (nT) > n = 0,...,N} = {y f f b ((N — n)T),n = 0, Plot y ff (nT) for 

n = 0, IV versus time nT. 
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(c) Compare the output y//{nT ) from part (b) with the output using the 
Matlab command filtfilt as y //2 = f iltf ilt[b, a,m] } where [b f a]= 
butter [3, w n ] with w n = f c /{f s / 2) = 100/(5000/2). (They should be the 
same!) 


Control of Separately Excited, Series and Shunt DC motors 
Problem 40 Armature Control of a Separately Excited DC Motor [2] [51] 

Recall from the previous chapter, the full mathematical model for the 
separately excited DC motor is 


di 

d\ di/ 

~ R,l+ di]~dt~ 

L— 

dt 

dw 

J ~dt 


d\ f (if) 

dt 

= ~Rfif + v f 


AT m A f(if)o)r 4- v 


where A is the flux linkage in the armature loops due to the field 
current if and A /(if) is the flux linkage in the field windings due to the 
field current if. 



In normal operation of a separately excited DC motor , di/fdt varies 

slowly and the term is °ft en neglected. With A /(if) = /(«/) the 

oif dt 

saturation (magnetization) curve for the field flux linkage so that if = 
/ _1 (A/); the model written in terms of the state variables A/) be- 
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comes 13 


J 


. di 
dt 
duj 
dt 


dX f 

dt 


— — Ri — KmXfUj v 


— KmXfi T l 


= ~R f r i (\ f )+v f . 


Interestingly , it will be shown in a later chapter that a field- oriented control 
of an induction motor results in a model of this form! With X\ = z, X 2 = 
Xf,x 3 = uj,ui = v/L and u 2 = Vf, the model becomes 


dx i 
dt 
dx 2 
dt 
dx 3 
di 


R Km 

~ J^ X l J ^ X 2 X 3 +«1 

-Rff' 1 (x 2 )+u 2 


K„ 


Tl 


— X 2 Xi ~y • 


5 /jow that the nonlinear transformation 


Z\ - x 3 

Z 2 = (K m /J)x2Xl 

Z3 = X 2 


results in the system being equivalent to 


dz\ 

dt 


Z2 ~ T L /J 


— = g(x) + ui(K m /J)x 2 + (K m /J)xiu 2 

at 

= -Rff~ 1 {X2) + U2 

where g(x ) = i x 2 - — y ^ -/~ 1 (x 2 )x 2 - ~J^ X 2 X 3- 

(b) Show that the nonlinear feedback 



{R-mf d) x 2 
0 


{R-m / 1 

1 



9( x ) 

-R f r 1 {x 2 ) 


+ 


Vi 

V 2 


]) 


13 In the case that there is no magnetic saturation, A f{if) = Lfif so that if = X f/Lf. 
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results in the linear system 

Z 2 ~ r L /J 
vi 

This is referred to as exact linearization or feedback linearization. 

(c) Show that if the load torque is constant , then choosing 

ft d 

v\ = -Kq j (zi - u) re f)dt - K x (zi - u re f) - K 2 (z 2 - a re f) + -n re / 

V2 — ~ ^/_Te/) “1“ d\f_ re f/dt 

with the gains chosen appropriately results in z\ — ► c o re f and z% — > X f_ re f- 

(d) Draw a block diagram for the complete (i.e., nonlinear and linear 
feedback) control system . 

Remarks: If position control is desired , one simply appends dzo/dt = z\ 
to the system where z$ = Q. The feedback is singular only if = A/ = 0. 
However , one chooses the input V 2 to ensure Xf > 0. The importance of this 
approach is that the control of the speed through the input v\ is decoupled 
from the control of the flux (z 2 = X 2 = Xf) through the input V 2 - The linear 
control techniques of this chapter are directly applicable to this linear model. 

Problem 41 Field Control of a Separately Excited DC Motor [51] [52] 
Another approach to controlling a separately excited DC motor is the so- 
called method of field control. In this approach the armature voltage is held 
constant while the field voltage is varied to control the speed . This is often 
used in large DC drives (e.g., rolling mills) since the armature circuit can 
require 2000-3000 A and 250 V while the field circuit may require only 20 A. 
Consequently , it is of great economic advantage to use an amplifier that only 
has to handle the 20 A of the field circuit together with a large generator 
at constant voltage to produce the armature current . A mathematical model 
for a field controlled motor model in terms of the state variables (i,oj>Xf) 
is then 


dzi 

dt 

dz2 

dt 

dzs 

dt 


di 

T —— 
dt 


J 


duj 

dt 


d\f_ 

dt 


— Ri H m Xj’UJ -|- V a o 


— I^rri'Xf'l l 


= -Rff-H Xf) + v f 


where V a Q is constant (typically the output of a generator). 
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(a) Consider the nonlinear transformation [52] 

z\ = (Li 2 + Jlj 2 ) / 2 

z 2 — 'l ( Ri + V^o) ujKjyi\^i — Ri d - 

Z 3 - (-2Ri + V a0 ) (-Ri - KrnXfU + V a o) /L 

and show that the system equations become 

*2 

23 - T L /J 

f(h w, A/) 4- g(i, w, X f )vf. 

Here f(i, uo, A/),g(z,u;, A/) are nonlinear functions of the state (i,a;,A/). 
STiow application of the feedback 

v f = (~f(h A/) + u/) /p(i, w, A/) 

results in a linear system. This is referred to as exact linearization or a 
feedback linearization controller. 

(b) When is g(i,uj,\f) singular (i.e. f when does g(i, cj, A/) = 0)? Can 
this singularity be avoided in normal operation of the motor? 

(c) Show how to pick the gains of the controller 

Uf — -Ko / (zi - Z\ re f)dt - Ki(z\ - Ziref) - K 2 (z 2 - Z 2ref ) 

Jo 

K 3 (z% Z^ref') + dz^ref j dt 

such that Z\ — Z\ re j — » 0 with a constant load torque . 

(d) What are some practical problems with this approach to controlling 
the machine ? (Hint: How does one choose z\ re f , z 2re f , z$ re f so that u ; — > 
O^ref ?) 

Problem 42 Series Connected DC Motor [2] [51] [53] [54] 

A DC motor in which the field circuit is connected in series with the 
armature circuit is referred to as a series DC motor . This connection is 
shown in the equivalent circuit of the series DC motor shown in Figure 
2.55 and is typically used in applications that require high torque at low 
speed such as traction drives (e.g., subway trains) [2]. Comparing with the 
separately excited motor of Figure 2. 54, it is seen that the terminal T 2 is 
connected to the terminal T\ with the voltage v applied between terminals 
7\ and T 2 . The resistor R v put in parallel with the field circuit is switched 
in at higher speeds to achieve field weakening ( see problem 4 3). 


dz\ 

dt 

dz 2 

dt 

dz 3 

dt 
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FIGURE 2.55. Equivalent circuit for a series DC motor. 


With the switch for R P open, the equations describing electrical circuit 
of the field and armature winding is 

- d ( Lt -_AQ, 0) + A /(*)) _ + R) j + v = Q. 

dt 

Using the fact that d\ (if, 6) /d0 = -K m Xf(if) and that the torque is given 
by K m \f(if)i, the equations of the series connected DC motor are then 


d ( Li + Xf(z)) 
dt 


= - (R f + R) i + ^ ** ~ Km\f(i)(jj + v 


J— = K m X f (i)i-r L . 

In the case of the series winding , the armature flux Li can be neglected 
compared to the field flux Xf(i). Also * s neglected to obtain 


dXfji) 


= - (Rf + R)i- K m X f (i)uj 4* v 


J— = KmXfiifl-TL. 
dt 

(In the case of no magnetic saturation in the field winding A f (i) = Lfi.) 
(a) Show that the nonlinear transformation 

Z\ = co 

Z2 = (Km/ J)\f{i)i 


f(i,u})+g(i,u>)v-T L /J. 
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What are the expressions for f(i,u), g(i,uj)l 

(b) When is g(i,cv) singular? Can this be avoided in normal operation? 
Show that the nonlinear feedback 


v f 


-f(i,u) + u 


results in the linear system 

dz\ 

dt 

dz2 

dt 


*2 


u - t l /J. 


This is called a feedback linearizing controller or an exact linearization 
controller . 

(c) Show how to choose the gains for the controller 


u = K 0 ( uj re f(r ) 
Jo 


- uj(r)dr + Ki (uj re f - w) + K 2 (a re f - a) + - -a ref 


so that u) re f - u) — > 0 with a constant load torque. 

(d) Draw a complete block diagram of the system including the nonlinear 
and linear feedback. 

Problem 43 Field Weakening Control for a Series DC Motor [2] [53] 

Consider the series connected DC motor described in problem 42 running 
at high speed with the switch closed and A / >0. The current in the field 
winding is now less that the armature current (if < i a ) so that the field flux 
linkage A f(if) and therefore the back emf K m Xf (if )cj is now less than it 
would have been carrying full armature current. Consequently, this provides 
a way to achieve higher speeds than otherwise without having the back emf 
exceed the voltage limit. This is referred to as field weakening as the field 
flux linkage A f(if) is now “ weakened ” compared to the value A f(i) with full 
armature current. 

(a) Using the state variables (i,\f,Lv), derive a nonlinear state space 
model of the system. 

(b) Let L — 0 and use the equation for the current i (setting Ldi/dt — 0) 
to solve for i — (v + R p if — K m XfUj)/(R + R p ). Use this to write a second 
order state space model in terms of the state variables (\f,uj). 

(c) Consider an input-output linearization controller of the form v = 
— R p i f + K m A fUJ + u(R 4* R v ) / (K m Xf/J) where u is a new input. Explain 
how to control the speed and why the flux must satisfy 0 < c\ < A/ < c 2 , 
that is, it must be bounded from below and above. 
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Problem 44 Speed and Load- Torque Observer for the Series DC Motor 
[51] [53] [54] 

An estimator for the speed and load torque of a series DC motor can be 
constructed using only a measurement of the current. To see this , consider 
the equations of the series DC motor with L = 0 


dXi 

dt 



“( Rf H - R)i — KmXfto + v 


KmXfi T L* 


Model the load torque as an unknown constant so that the equation 

djTL/J) q 

dt 


is appended to the system. 

(a) Show that the nonlinear change of coordinates 


z\ = ln(A/) 

Z2 = CU 

Z 3 = T L /J 


results in 


z = Az + h(i a ,if,Xf,V) 
y = cz 


where 



Zi 


' 0 

-Km 

0 

z = 

Z2 

, A = 

0 

0 

-1 


_ ^3 . 


0 

0 

0 


and 




{-Rfif - Ri + v) /Xf 
(■ K m /J)Xfi 
0 


(b) Show that the gain vector i = [ C\ £2 £3 } T can be chosen so that 

the observer defined by 


dz/dt = Az + h(i,ij,\f,v) + £(y - y) 
V = cz 


results in z — > z and , in particular, Cj — > uj and f^j J — > tl/ J . 

(c) Is there a practical problem with using such an observer? Explain. 
(Hint: When is h(i,if,\f,v) singular?) 
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Problem 45 Speed and Load- Torque Observer for the Field- Weakened 
Series DC Motor [53] 

Consider the state space model using the state variables (i,Xf,uo) as de- 
veloped in problem 43. Add the first two equations together with L — 0 to 
show that 

—R/if — Ri - K m XfU) + v 

L • 

Similar to the construction in problem 44 ? show that a speed and load-torque 
observer can be designed. 

Problem 46 Shunt- Connected DC Machine [51] [55] 

A shunt- connected DC motor is one in which the armature and field 
circuits are connected in parallel. Specifically, using the separately excited 
DC motor of Figure 2.54 , one adds an adjustable resistance R a dj to the field 
circuit and then ties together terminals T\ and T{ as well as the terminals 
T 2 and V 2 resulting in the equivalent circuit shown in Figure 2.56. 


R L 



FIGURE 2.56. Equivalent circuit for a shunt DC motor. 

The mathematical model is found to be 

—Ri — K m \fuj + v 

+ v 

where Rf = Rf + R a dj • As in the case of the series DC motor, the armature 
inductance is negligible so that setting L = 0 and i = (v — K m XfUj) /R 



dXj_ 

dt 

dcu 

J lit 


dXt 

dt 

duo 

J ~dt 
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results in the reduced-order system 


it = - R ^f~ 1 ( x f)+ v 


doj 

dt 


Kl 

7r^° 


_ \2 / , . Km a 

- — A/V- 


li. 

J ‘ 


fa) 5/iow that the nonlinear transformation [where g(Xf) = / X (A/) = if] 


Z\ — uj — 

Z2 = 


Km x 2 
2J7t ^ 

^A^ + ^A/rfA,). 


77T' 0 


Ji7 


results in the system dynamics 


dz\ 

dt 

dz2 

dt 


*2 


a(u,\f)+ p(w, X f )v — 


Show that application of the feedback 


— Ck( LO, Ay) + u 

V 

results in a linear system. This is called a feedback linearizing controller. 

(b) Compute the expressions for a(ui, \f), \f) for the special case of 

linear magnetics, that is, Xf = Lfif . In particular, show that 




It turns out that the condition /3(cj,\f) ^ 0 is satisfied for a region of the 
state space for which one would operate such a motor [55]. 

(c) Show how to pick the gains of the controller 


Uf = —Kq 



~ Z\ re f)dt — K\{Z\ — Zi re f) — ^ 2(^2 ~ Z< 2 ref) + 


dZ2ref 

dt 


such that zi — z\ re f — > 0 with a constant load torque. 

(d) What are some practical problems with this approach to controlling 
the machine? (Hint: How does one choose z\ re f,Z 2 ref so that oj — ► oo r ef?) 

Problem 47 Input-Output Linearization of a Shunt DC Motor [51] [55] 
An alternative to the feedback linearizing controller for the shunt DC 
motor ( see problem 1^6) is an input-output linearization controller. 
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(a) Show that applying the feedback 

_ C K 2 JJR)\)u + u 
v ( K m /JR)X f 

model in problem 46 results in the system 

1 R 

= -R F f-'(\ f ) + K m \ f u;+-—u 
= U — T L /J 

which is still a nonlinear system. The controller is nonsingular for A/ > 0. 

(b) The stability of the first equation , the so-called zero dynamics, can 
be ascertained by multiplying it through by A/ to obtain 

( R T , \ x2 JR 
~ [ Lf Km “) X f + K m U 

where the second line assumes linear magnetics. Show that A/ is bounded 
if u is bounded and cu < co max = R/(K m Lf). (Note that the adjustable 
resistor allows the designer to accommodate any specified maximum speed.) 

(c) Show how to pick the gains of the controller 

U = ~K 0 /(«- W ref )dt - Ki(cj - CJ re f) + 
such that u) - u) re f — ► 0 with a constant load torque. 


to the mathematical 

dXl 

dt 

duj 

dt 
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Magnetic Fields and Materials 

The goal of this chapter is to present a concise, but relatively complete, 
introduction to the modeling of magnetic materials. The magnetic intensity 
field H is introduced as way to modify Ampere’s law $ B • dl — A^O^encIosed 
so that it is valid in the presence of magnetic materials. The difference 
between the magnetic intensity field H and the magnetic induction field 
B is explained. It is shown that B = // 0 H in air while in ideal magnetic 
materials H = 0 with B ^ 0. The distinction between “soft” and “hard” 
magnetic materials is explained. 


3.1 Introduction 

In this introductory section, an attempt is made to review the basic con- 
cepts of magnetic fields. Magnetic materials include iron (Fe), cobalt (Co), 
and nickel (Ni). All magnetic fields are produced by the motion of charged 
particles. The concern here will be with those magnetic fields setup by the 
flow (motion) of currents in wires and those due to the spin (motion) of 
electrons in the atoms making up magnetic materials. A common way one 
is introduced to magnetic fields is in the form of magnetic materials such as 
iron. That is, pieces of iron can be magnetized so that they attract or repel 
one another depending on their orientation with respect to each other. In 
Figure 3.1, the familiar bar magnet is shown. 



FIGURE 3.1. The direction of the compass needle specifies the direction of the 
magnetic field. From Figure 11-1 of PSSC Physics , 7th edition, by Haber-Schaim, 
Dodge, Gardner, and Shore, published by Kendall/Hunt, 1991. 
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The curves shown in the figure are drawn to show the direction of the 
magnetic field. As shown in the figure, the direction of the magnetic field 
is simply defined to be the direction that a small compass needle (which 
is just another bar magnet) points. That is, the large bar magnet exerts a 
force/torque on the compass needle such that in equilibrium it is aligned 
in a particular direction which is taken by definition to be the direction of 
the magnetic field at that point. 

Figures 3.2 through 3.7 show some simple experiments to demonstrate 
the direction of the magnetic fields produced by currents and magnetic 
materials. In these experiments, small iron filings (i.e., compass needles!) 
are uniformly spread over a piece of smooth paper so that when a magnetic 
field is applied, the iron filings will align themselves with the direction of 
the magnetic field. Of course, the field must be strong enough to make 
the filings turn against the friction force of the paper. In Figure 3.2, the 
magnetic field of a long straight wire carrying a current is seen to consist 
of concentric circles around the wire. 




FIGURE 3.2. Magnetic field lines of a long straight wire carrying a current. 
Near the wire, concentric circles of iron filings are visible. At right is an illus- 
tration of the right-hand rule for the direction of the magnetic field lines around 
a wire carrying a current. From Figures ll-2(b) and 11-8, respectively, of PSSC 
Physics , 7th edition, by Haber-Schaim, Dodge, Gardner, and Shore, published by 
Kendall/Hunt, 1991. 

Close to the wire where the magnetic field is strong, the concentric circles 
following the magnetic field are visible. However, as the distance from the 
wire increases, the magnetic field weakens to the point that it cannot align 
the iron filings against the friction forces of the paper. 

Figure 3.2 also illustrates the right-hand rule for the direction of the 
magnetic field due to current in a wire. Simply, one puts their right thumb 
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along the wire in the direction of the current and the fingers curl around 
the wire in the direction of the magnetic field. 

Figure 3.3 shows another view of Figure 3.2 along with a simple drawing 
to illustrate the magnetic field lines. 



FIGURE 3.3. Iron filing experimental view and drawing of the magnetic field 
lines produced by a long straight wire carrying a current. From Figures 11-5 and 
11-6 (a) of PSSC Physics , 7th edition, by Haber-Schaim, Dodge, Gardner, and 
Shore, published by Kendall/Hunt, 1991. 


In Figure 3.4, the magnetic field due to a loop carrying a current is shown 
along with a drawing illustrating the magnetic field lines. 



FIGURE 3.4. Iron filing experimental view and drawing of the magnetic field 
lines produced by a loop of wire carrying a current. From Figure ll-2(c) of PSSC 
Physics , 7th edition, by Haber-Schaim, Dodge, Gardner, and Shore, published by 
Kendall/Hunt, 1991. 
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FIGURE 3.5. (a) Experimental view of the magnetic field lines of a solenoid 
using iron filings. Reprinted from Figure 43 of Textbook of Physics , R. Kronig, 
Editor, Pergamon Press, 1959 with permission from Elsevier, (b) Drawing of the 
magnetic field lines produced by a coil of wire carrying a current. From Figure 
ll-6(c) of PSSC Physics , 7th edition, by Haber-Schaim, Dodge, Gardner, and 
Shore, published by Kendall/Hunt, 1991. 
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FIGURE 3.6. Experimental view of the magnetic field lines of a tightly wound 
solenoid using iron filings. From An Introduction to Electrical Machines and 
Transformers , 2nd edition, G. McPherson and R. D. Laramore, 1990. Reprinted 
by permisson of John Wiley h Sons. 
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(a) (b) 

FIGURE 3.7. Experimental view of the magnetic field lines of a cylindrical bar 
magnet using iron filings. From Figure ll-2(b) of PS SC Physics , 7th edition, by 
Haber-Schaim, Dodge, Gardner, and Shore, published by Kendall/Hunt, 1991. 
(b) Drawing of the magnetic field produced by a cylindrical-shaped bar magnet. 

Figure 3.7 shows the magnetic field of a cylindrical-shaped bar magnet 
along with a drawing illustrating the magnetic field lines. Note that the 
magnetic field lines are similar in shape to the air-filled solenoid coil of 
Figure 3.5. Figures 3.8(a) and 3.8(b) compare the magnetic field lines of 
an air filled coil with that of an iron core coil. The magnetic field lines 
of the coil with the iron core are drawn closer together to illustrate that 
its magnetic field is much stronger than that of the air filed coil due to 
the iron. In other words, for the same current in the coil, an iron core coil 
results in a much stronger magnetic field. 



(a) 



(b) 


FIGURE 3.8. (a) Coil with air core, (b) Coil with iron core. From Electric Ma- 
chines: Dynamics and Steady State by G. J. Thaler and M. L. Wilcox, 1966. 
Reprinted by permission of John Wiley & Sons. 

Figure 3.9 illustrates the important property of iron that it can be used to 
make the magnetic field lines follow a specific path. In this case, the current 
in the coil magnetizes the iron making a strong magnetic field inside the 
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iron that follows the path of the iron to the air gap. If the air gap is small, 
the strength of the magnetic field there is approximately the same as in 
the iron. 



FIGURE 3.9. Iron core with air gap. From Electric Machines: Dynamics and 
Steady State by G. J. Thaler and M. L. Wilcox, 1966. Reprinted by permission 
of John Wiley & Sons. 

An experimental verification of the setup in Figure 3.9 is the photograph 
in Figure 3.10. Note that the magnetic field does not actually stay confined 
to the iron core and air gap. However, the large number of iron filings 
oriented by the magnetic field in and around the air gap compared to those 
oriented outside the iron core indicates that the magnetic field is much 
stronger in the core and air gap. 



FIGURE 3.10. Experimental verification of the magnetic field produced by the 
setup of Figure 3.9. From An Introduction to Electrical Machines and Trans- 
formers , 2nd edition, G. McPherson and R. D. Laramore, 1990. Reprinted by 
permisson of John Wiley & Sons. 
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An experimental verification of the magnetic field lines of a horseshoe 
magnet is given in Figure 3.11(a). 
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FIGURE 3.11. Magnetic field lines of a horseshoe magnet using iron filings. From 
PSSC Physics , 7th edition, by Haber-Schaim, Dodge, Gardner, and Shore, pub- 
lished by Kendall/Hunt, 1991. (b) Drawing illustrating the magnetic field lines 
of a horseshoe magnet. 

Remark Normally a solenoidal coil is tightly wound so that there is 
no space between successive turns as shown in Figure 3.10. It was loosely 
wound in Figure 3.5 so that the orientation of the iron filings inside the 
coil could be shown. In Figure 3.5, the field outside the coil is too weak to 
align the iron filings against the friction of the paper, but the direction in 
this region is indicated in the drawing. 


3.2 The Magnetic Field B and Gauss’s Law 

Before going into the details of modeling magnetic material, the definition 
of the magnetic field is reviewed along with the concept of conservation of 
flux. 

Recall that the direction of the magnetic field is defined to be the direc- 
tion that a small compass needle points. The magnitude of the magnetic 
field is defined in terms of the forces it produces. Magnetism was discov- 
ered because naturally occurring magnets (e.g., the earth) exerted forces 
on each other. In 1819, the Danish physicist Hans 0ersted discovered that 
magnets can also exert forces on currents in wires and that currents in 
wires produces magnetic fields. This is illustrated in Figure 3.12, where a 
wire carrying a current is placed in a magnetic field. The conducting wire 
is oriented so that it is perpendicular to the magnetic field. The experimen- 
tally determined rule for determining the direction of the force is shown 
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in the figure as another right-hand rule. Specifically, extend the fingers 
of the right hand in the direction of the magnetic field and the thumb in 
the direction of the current. Then the force is in the direction up out of 
the palm. Another experimental fact is that if the wire was placed parallel 
to the magnetic field, one finds that there is no force. That is, only the 
component of the magnetic field perpendicular to the current produces a 
force. 



FIGURE 3.12. Direction of the magnetic force on currents. From Figure 11-3 
of PSSC Physics , 7th edition, by Haber-Schaim, Dodge, Gardner, and Shore, 
published by Kendall/Hunt, 1991. 


It is exactly this force phenomena that is used to define the magnetic 
field strength. In more detail, consider the experimental setup shown in 
Figure 3.13 which consists of an air-core solenoid coil carrying a current that 
produces a nearly constant magnetic field B inside the coil in the direction 
shown. A wire is strung along a rectangular shaped pivot of width t carrying 
a current i as shown in the figure. Only the part of the wire of length £ 
at the back end of the rectangular shaped pivot experiences a force since 
the other two sides are parallel to the field and thus experience no force. 
One then measures the force F. Experimentally, one finds that the force 
is proportional to the current i in the wire, i.e., if the current is doubled, 
then the force is doubled. Also, the force is proportional to the length of 
wire perpendicular to the field. That is, if the width was decreased to £/2, 
then one would find that the force is decreased by 1/2 also. Consequently, 
one needs to divide out the length of the wire and current in the wire to 
find the intrinsic quantity producing the force. This leads to the following 
definition of the magnetic field. 
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FIGURE 3.13. Apparatus to measure the magnetic field by the force it produces. 
From Figure 11-12 of PSSC Physics, 7th edition, by Haber-Schaim, Dodge, Gard- 
ner, and Shore, published by Kendall/Hunt, 1991. 


Definition of the Magnetic Induction Field B 


1. The direction of the magnetic field B is defined by the direction a 
small compass needle points. 


2. The magnitude B = 


of the magnetic field B is defined by 



where F is the force on the conductor of length t carrying the current 
i. Here, the length of wire t carrying the current i is assumed to be 
perpendicular to the direction of B. 


3. The units of the magnetic field are 


tela A N = 2*2 = io- gauss. 

m-A m 2 


Magnetic Force Law 

As stated above, magnetic fields were discovered because of the forces they 
produce and this phenomena is used to define the magnetic field. The ex- 
periments with magnetic forces and the definition of the magnetic field can 
be turned around to obtain the magnetic force law. To repeat, the force on 
the current carrying wire is proportional to the component of B perpen- 
dicular to the wire. One defines a vector i whose magnitude is the length 
l of the wire in the magnetic field and its direction is that of the positive 
current flow in the wire. Then, the magnetic force on a wire of length t 
carrying a current i in a magnetic field B is given by 

F = it x B. 
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Let 6 denote the angle between E and B as shown in Figure 3.14. The 
magnitude of the force F =| F | may be written as 

F = iEBs\n{6) = i£B_\_ 

where B± = Bsin(0) is just the component of B perpendicular to the wire. 


i 



(a) (b) 

FIGURE 3.14. F = i£Bsm{6) = i£B x . 


3. 2 . 1 Conservation of Flux 

One of Maxwell’s equations is that integral of the flux over a closed surface 
is zero, that is, 

f B ■ dS = 0. 

This fundamental property of magnetic fields is referred to as Gauss’s law 
for magnetic fields or as the conservation of flux. To explain the notion 
of conservation of flux, consider the closed surface S shown in Figure 3.15 
consisting of two disk-shaped ends connected by the tube-shaped surface. 

The two disk-shaped surfaces making up the closed surface S are denoted 
by S\ and S 2 , respectively, while the tube-shaped surface is denoted by S3. 
This particular surface S was purposely chosen so that on the surface S3 
the magnetic field B points along the surface S3 resulting in B • dS = 0 
there. At all points of the surface 5, let dS be the outward normal to the 
surface. Then, by Gauss’s law, it follows that 


(f B • dS = f B • dS + 
Js JSi 



B-dS + 



B • dS = 0 


/ B-dS+ / B dS 

I Si Js 2 


as B • dS = 0 on S 3 . 
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FIGURE 3.15. Conservation of flux in a flux tube. 

Then 



where 

dS' 4 ^dS 

is the inward normal to the closed surface S on S\. Equation (3.1) shows 
that the flux <f> Si through surface Si equals the flux (j) S2 through the surface 
S 2 if their surface normals are chosen as above. The volume enclosed by 
Si,S 2 , S 3 is called a flux tube and is characterized by B - dS = 0 on the tube 
shaped part of the surface S 3 . This results in the flux through Si equaling 
that through S 2 and is simply a consequence of conservation of flux applied 
to this closed surface. 

In the above derivation, it was crucial that the flux through S 3 was zero. 
Magnetic materials provide the capability of being able to approximately 
construct such a situation, that is, of being able to (approximately) direct 
the magnetic field. This is illustrated in Figure 3.16, where a coil has been 
wrapped around an iron core containing an air gap. The point here is 
that the axially directed magnetic field inside the coil produced by the 
current and magnetized iron follows along the path of the iron to the air 
gap. That is, to a reasonable approximation, the magnetic material keeps 
the magnetic field inside the magnetic material following the path of the 
material. As a result, the tube-shaped surface of the magnetic material in 
Figure 3.16 forms a surface for which for which B • dS = 0 1 so that the 
magnetic flux through any cross section of the iron tube is approximately 


1 It turns out that there will always be some B field leaving the tube-shaped outer 
surface of the iron (leakage). However, by magnetizing the material as shown in the 
figure, the main B field strength goes around to the air gap and the part that leaves the 
tube-shaped outer surface of the iron is much weaker. 
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the same throughout the tube and in particular at the air gap. As the figure 
shows, the magnetic field spreads out across the air gap, but this spreading 
can be kept small by keeping the air gap small. In summary, magnetic 
materials give the capability to create a magnetic field/flux at one location 
and transport it to another location where it can be used, for example, 
to produce a force on a wire carrying a current. However, it is important 
to note that all of this is only approximately true in that the magnetic 
field does not stay completely within the material so that the field/flux is 
actually weaker at the air gap than the field/flux in the coil. 



FIGURE 3.16. Creating and directing a magnetic field. From Electric Machines: 
Dynamics and Steady State by G. J. Thaler and M. L. Wilcox, 1966. Reprinted 
by permission of John Wiley & Sons. 


Continuity of the Normal Component of B 

As another application of Gauss’s flux law § s B ■ dS = 0, it is now shown 
that at the interface (boundary) between air and magnetic material, the 
normal (perpendicular) component of B to the surface is continuous across 
the boundary. Figure 3.17 shows a piece of magnetic material and a closed 
cylindrical-shaped surface, of which half is inside the magnetic material and 
the other half in the air. Let Bx = Bi x ii+ Bi y y + B\ z z denote the magnetic 
field on the surface Si in the air and B 2 = B 2y y + # 2 Z z denote the 

magnetic field on the surface S2 just inside the magnetic material. Note 
that coordinate system has been chosen so that the normal component 
to the surface is the z component of the field. The conservation of flux 
§ s B • dS = 0 is then applied to the closed cylindrical surface S shown 
in Figure 3.17 consisting of the four pieces S\ (disk-shaped in air with 
area nr 2 ), S2 (disk-shaped in the magnetic material with area nr 2 ), S3 
(cylindrical-shaped in air with area 2nr(h/2)), and S4 (cylindrical-shaped 
in the magnetic material with area 2nr(h/2)). 



3. Magnetic Fields and Materials 189 



FIGURE 3.17. (a) Closed cylindrical surface at the interface of air and magnetic 
material (b) Cross-sectional view of the flux surface. As h — ► 0, Bi is just above 
the surface and B 2 is just below the surface. 


It follows that 


<f B * dS = [ B • dS + [ B ■ dS + [ B • dS + / ! 

Is JSi Js 2 J S3 Js 4 


B • dS = 0. 


With r finite, but small, let the length h of the cylinder go to zero with the 
consequence that the area of sides S 3 and S 4 go to zero, and the disk-shaped 
sides Si and S 2 are just above and just below the air-magnetic material 
interface, respectively. Letting h — > 0, it follows that 



BdS 


+ f B * dS = 0. 
Js 2 


Evaluating these integrals results in 


L 


Bi dS 

B 2 • dS‘ 


so that 


L 


(B lz z) • (dSz) = Bi z 7Tr 2 


{B 2z z) • (— dSz) = - B 2z nr 2 


Bu = B 2z . 


That is, the component of B perpendicular to the surface is continuous 
across the surface. 

As an example, consider Figure 3.18 [from Figure 3.19(a)] showing the 
magnetic fields due to a cylindrical-shaped permanent magnet. For refer- 
ence, use a cylindrical coordinate system whose origin is at the center of 
the magnet with the z axis pointing up along the axis of the magnet. Note 
that on the cylindrical side of the magnet, the tangential component (z 
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component) of B is not continuous. In particular, consider the point P 
in Figure 3.18 where just inside the surface of the magnet, the tangential 
component of B is up (+z direction) while just outside the surface, it is 
down (— z direction). However, the normal component (f direction) must 
be the same on both sides of the surface by Gauss’s law. 



FIGURE 3.18. (a) Cylindrical coordinate system for the magnet, (b) Magnetic 
field lines for a cylindrical-shaped magnet. At the point P, the normal component 
(? direction) is continuous while the tangential component (z direction) is not. 
Adapted from Figure 37-4 of Ref. [34]. (c) B and 'Bout are, respectively, the 
magnetic field just inside and just outside the surface at the point P. Note that 
B r _ in — Pr_ out 5 but B z _in ^ Bz_ out • 


3.3 Modeling Magnetic Materials 

Figures 3.19(a) and 3.19(b) compare the magnetic field lines of a cylindrical 
shaped bar magnet and a cylindrical-shaped air-filled solenoid coil, respec- 
tively. The interesting and important observation here is that the magnetic 
field outside the bar magnet has the same shape as that of the coil of wire 
carrying a current. This leads one to conjecture that the magnetic field 
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inside the bar magnet of Figure 3.19(a) follows straight lines as they do 
inside the coil of Figure 3.19(b). Perhaps one can picture the bar magnet 
as having some kind of “bound” current which goes around its periphery 
producing the bar magnet’s field analogous to the current in the coil of the 
air filled solenoid. 

Pursuing this conjecture, consider an iron atom in the bar magnet as a 
small current loop as in Figure 3.20. That is, the motion of the electrons in 
the individual iron atoms are considered to be equivalent to a current loop 
as drawn in Figure 3.20(a). As illustrated in Figures 3.20(a) and 3.20(b), 
inside the material, the current in the adjacent sides of neighboring loops 
go in opposite directions so that their effects cancel. However, the part of 
the loops on the surface of the material have no corresponding neighboring 
loop to cancel and the net effect is a current around the periphery of the 
magnetic material as illustrated in Figure 3.20(c). This is a so-called bound 
current, since an individual electron does not go around the surface of the 
magnet, but stays with the particular iron atom. It is only the net effect 
of all the current loops being aligned that results in a current around the 
surface of the bar magnet. This is in contrast to free currents associated 
with current flow in copper conductors where individual electrons actually 
move down the wire through the crystal lattice of the copper. 




FIGURE 3.19. (a) Magnetic field lines for a bar magnet, (b) Magnetic field lines 
for a short air-filled solenoid coil. From Physics , 2nd edition, by D. Halliday and 
R. Resnick, 1962. Reprinted by permission of John Wiley &; Sons. 


To reiterate, the point here is that in magnetic materials, the motion 
(spin) of the electrons in the atoms are able to align themselves as shown 
in Figure 3.20 so that the current loops are all in the same plane with the 
currents circulating clockwise. This is in contrast to nonmagnetic materials 
where the current loops are at random orientations with respect to each 
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other and are unable to align themselves so their net effect cancels. 
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FIGURE 3.20. Viewing the atoms of magnetic materials as current loops which 
are able to align themselves. From PSSC Physcis , 7th edition, by Haber-Schaim, 
Dodge, Gardner, and Shore, published by Kendall/Hunt, 1991. 

Figure 3.21 again illustrates this idea of representing the magnetic mate- 
rial by current loops which results in an equivalent bound current % going 
around the periphery of the cylinder. 



FIGURE 3.21. (a) View of magnetic material consisting of aligned dipole mo- 
ments. (b) Magnetic material represented by an equivalent bound current go- 
ing around the periphery of the cylinder that produces the same magnetic field 
as the magnetic material. This interpretation is motivated by Figure 3.20. 


3.3.1 Magnetic Dipole Moments 

To develop a mathematical model to go along with the pictures in Figures 
3.20 and 3.21, the concept of a magnetic dipole moment is reviewed. Con- 
sider a small planar loop of area S with a current i going around the loop 
such as illustrated in Figure 3.22. The scalar magnetic moment is defined 
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to be 

m = iS. 

The direction of the magnetic moment is taken to be normal to the loop. 
A unique normal n is specified by direction of the current using the right- 
hand rule. That is, curl the fingers of the right-hand around the loop in 
the direction of positive current flow and the normal n is defined to be the 
direction of the extended thumb. Putting this all together, the magnetic 
moment vector is defined as 


m = iSh 

where n is a unit normal to the loop determined by the right-hand rule. 
Magnetic material (such as iron) is now pictured by modeling the atoms as 
magnetic moments which are able to align themselves in the same direction. 
As shown in Figure 3.21, the net effect is then a (bound) surface current 
that produces the external magnetic field analogous to a current-carrying 
coil with air inside. 


5 



m = iSh 


FIGURE 3.22. Small current loop as a magnetic dipole momentt. S is the area 
of the loop, i is the current in the loop and n is the normal to the loop given by 
the right-hand rule. The dipole moment is m = iSh. 

The model of the iron atom as a magnetic dipole moment will be used to 
construct a macroscopic picture of the magnetic properties of iron. How- 
ever, the magnetic property of iron (ferromagnetism) is only explained 
through Quantum Mechanics. Quoting from Melvin Schwartz [35] “ Iron has 
two remarkable atomic properties that have far-reaching consequences with 
respect to its macroscopic magnetic behavior. First , 4 of the 26 electrons 
in an isolated atom of iron have their intrinsic angular momenta lined up. 
Second, within solid iron , there are very strong quantum-mechanical forces 
tending to make the intrinsic angular momenta of neighboring atoms line 
up. This results in domains of macroscopic size having net magnetizations 
corresponding to about two aligned electron moments per atom on the av- 
erage. Applying a magnetic field causes those domains, which are aligned 
in the same direction as the field, to grow until the iron finally reaches a 
saturated state of magnetization. Typically, saturation occurs at fields in 
the neighborhood of 10,000 to 20,000 gauss. Needless to say, removal of the 
applied field does not lead to complete randomization of the domains . The 
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residual magnetization can be quite large , as in the case of special perma- 
nent magnetic alloys , or it can be quite small , as in the case of soft iron. 
These phenomena are characteristic of ferromagnetism.” 


3.3.2 The Magnetization M and Ampere’s Law 

The picture adopted here for iron and other magnetic materials is one in 
which they consist of small current loops with a magnetic dipole moment 
associated with each one as illustrated in Figure 3.21. It is emphasized 
that one could model any material with such current loops, but that in the 
case of magnetic materials, the loops (dipole moments) align themselves 
when an external magnetic field is applied. This alignment of the current 
loops can be viewed as a net bound current which goes around the surface 
and produces a magnetic field. 2 Nonmagnetic materials have their dipole 
moments in random orientations with respect to each other and are not able 
to align to produce any significant magnetic field even under the presence 
of an external magnetic field. Consequently, there is no net bound surface 
current or magnetic field. When an external magnetic field is applied to a 
magnetic dipole moment (loop of current), the moment tends to align itself 
with the external field. This is illustrated in Figure 3.23, which shows two 
current loops whose normals n are not aligned with the external magnetic 
field B. In Figure 3.23(a), the forces Fi,F 2 provide a torque f to align 
the dipole moment (i.e., the normal n to the surface of the loop) with 
the direction of the external field B. Similarly, in 3.23(b) the forces F 3 ,F 4 
provide a torque f to align the dipole moment with the direction of the 
external field B. 
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FIGURE 3.23. Magnetic dipole in an external magnetic field, (a) Dipole tilted 
vertically, (b) Dipole tilted laterally. 


2 This ability of materials such as iron to align their magnetic moments together 
to form domains which grow and align in the same direction as an externally applied 
magnetic field is succesfully explained only by quantum mechanics. 
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As a specific example of this viewpoint, consider the magnetic circuit 
of Figure 3.16. Here the current in the coil magnetizes the iron, that is, 
causes the dipole moments of the iron atoms to align themselves with the 
(external) magnetic field produced by the coil current. This results in a 
much larger magnetic field in the iron than that which would be produced 
by the current in the coil alone. 

The Magnetization Vector M 

Define the magnetization vector M as follows: At any arbitrary point 
(x',y',z f ) inside the magnetic material (see Figure 3.24) define 

m(x y', z') = Average magnetic dipole moment of the atoms 

in a neighborhood of the point (x', y', z '). 

== Number of atoms (e.g., iron) per unit volume. 
Then, the magnetization M(x', y',z l ) is defined as 
M(x', y', z') = 7V m m(x / , y', z'). 

The magnitude M — | M | of the magnetization vector is simply the mag- 
netic dipole moment per unit volume. The fundamental issue here is to 
determine the magnetic field B(x,y, z) at the point (x,y, z) outside the 
material due to the magnetization M(x',y',£ 7 ) at the point [x\y\z f ) in- 
side the material. To do so, it is necessary to relate the magnetization 
vector M(x 7 , y' ,z') to the magnetic field it produces. First, Ampere’s law 
is reviewed as it is the Maxwell equation that relates currents to magnetic 
fields. 



FIGURE 3.24. Magnetic field produced by magnetic material. How does one 
compute B at (x, y,z) due to M at 
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Ampere’s Law 

When magnetic materials are not present, Ampere’s law is 

(j) B * d£ — A^O^enclosed 

where ^enclosed is the current enclosed by the path C. 

Some examples are now given to recall how Ampere’s law is used to 
determine the magnetic field from currents. 

Example Long Straight Wire 

Consider a long straight wire carrying a current as in Figure 3.25(a). 



FIGURE 3.25. Sign convention in Ampere’s law for positive current through 
a closed curve C . From PSSC Physics , 7th edition, by Haber-Schaim, Dodge, 
Gardner, and Shore, published by Kendall/Hunt, 1991. 


This figure shows a closed curve C with a direction of positive travel for 
going around the curve indicated as well as a direction for positive current 
in the wire. For Ampere’s law to apply, these two sign conventions must 
be related to each other by another right-hand rule. Specifically, as shown 
in Figure 3.25(a), if one takes their right hand and curls the fingers in the 
positive direction of travel around the curve, then the thumb points in the 
positive direction of current through the surface enclosed by this curve. 

Ampere’s law is now used to compute the magnetic field due to a current 
in a long straight wire. A cylindrical coordinate system whose 2 axis is 
along the wire is appropriate for the geometry of this problem [see Figure 
3.25(b)]. To proceed, first note that due to symmetry, the B field cannot 
depend on the axial position z nor the azimuthal position 6 so that 

B = B r (r) r + B e {r)0 + B z (r) z. 

To find the azimuthal component B$(r), apply Ampere’s law to the closed 
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curve C in Figure 3.25(b) to obtain 


j) B • d£ = j [BqO^ • (rdOO^j = J B e rdO = 27t tBq = fi 0 i 


or, 


Bo(r) = 


Moi 
27rr * 


In problem 3, using Gauss’s law for B, the reader is asked to show that 
B r (r) = 0. 

It is now shown that B z (r) = 0. To do so, apply Ampere’s law to the 
curve C shown in Figure 3.26, to obtain 


i 


B -di = 


/*2 pS pi 

/ B -d£+ / B -de+ B -d£+ / B • dt = 
J 1 Jl J 3 J 4 

J (B z (ri)Z) ■ (dhz) + J (B z (r 2 )z) • (-dhz) = 

B z ( n )h-B z (r 2 )h = 

B z (n) = 

where the fact that J 2 3 B • di -F f* B • d£ = 0 was used. 


Md^enclosed 


0 


0 


0 

Bz(r 2 ) 



FIGURE 3.26. (a) Cylindrical coordinate system, (b) Long straight wire carrying 
a current. 


That is, the z component of B is constant. However, as one goes to 
infinity in the radial direction (r — * oo), the magnetic field will be zero as 
one is infinitely far from the source i of the magnetic field. Consequently, B z 
must be zero at infinity and, as it is constant, it must equal zero everywhere. 
Thus, the form of the magnetic field of an infinitely long straight wire 
reduces to 
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Example Ideal Infinitely Long Solenoid [34] 

Recall that a solenoid coil is a long wire which is wrapped in a close- 
packed helix-shaped coil where the length of the coil is very long compared 
to its diameter. An ideal solenoid is one in which the helix is infinitely long 
with no spacing between coils as shown in Figure 3.27. 


h 




(b) (c) 


FIGURE 3.27. Infinitely long coil with an air core, (a) Curves 61,62,63, and 64 
for applying Ampere’s law. (b) Cylindrical coordinate system, (c) Curve 65 for 
applying Ampere’s law. 


In this example, a current is put through the wire and the goal is to 
compute the magnetic field inside and outside the coil. In this case of an 
ideal solenoid coil, the magnetic field can be computed using symmetry 
arguments and Ampere’s law. To do so, Figure 3.27 shows five closed curves 
Ci, 62, 63, 64 and 65 that are used to apply Ampere’s law to compute 
B. Figure 3.27(b) shows a cylindrical coordinate system chosen for the 
solenoid. 

Proceeding, first note that due to symmetry, the B field cannot depend 
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on the axial position z nor on the azimuthal angle 0 so that 
B = B r (r)r + B$(r)d + B z (r)z. 

The reader is asked in problem 4 to show using Gauss’s law for B that 
B r (r) = 0. To compute B z inside the solenoid, Ampere’s law is applied to 
the curve C\ (side 1—2 is a radial distance r\ from the center of the coil 
and side 3—4 is a radial distance r<i from the center of the coil) and one 
obtains 



p2 pS p4 pi 

/ B d£+ B d£+ / B-d£ + 

Jl J 2 J 3 J 4 


B • dJL 


B z (r x )h - B z (r 2 )h 


B z (n ) 


Mo ^enclosed 


Mo ^enclosed 


0 

BM) 


where the fact that J 3 B B -d£ = 0 was used. Thus, B z = B zms ^ e is 

constant inside the solenoid. Similarly, applying Ampere’s law to the curve 
C 2 , one finds that B z = B ZO utside is also constant outside the solenoid. As 
one goes to infinity in the radial direction (r — ► 00 ), the magnetic field 
will be zero as one is infinitely far from the source i of the magnetic field. 
Consequently, B zou ts ide must be equal to zero. 

Applying Ampere’s law to the curves C 3 and C 5 , the reader can show 
that B#(r) = 0 inside the solenoid and Bq(t) = jjL 0 i/( 27 rr) outside the 
cylinder (see problem 5). Thus, 


{ ^inside z inside the solenoid 

^—6 outside the solenoid. 
2 tt r 


Finally, to determine ^inside in terms of the solenoid current z, consider 
the curve C4. Let n be the number of coil turns per unit length and i be 
the current in the coil, so that in the length h of the coil, the current nhi 
is going through the curve abcda in Figure 3.27(a). Applying Ampere’s law 
to the curve C4, one obtains 


II 

Mo ^enclosed 

II 

*PQ 

Mo^enclosed 

•^jsinsideh — 

(i^nhi 

^.sinside ” 



The final expression for the magnetic field is given by 

( fj, 0 niz inside the solenoid 


B(r, 0, z) = < /V 
l 2nr ' 


6 outside the solenoid. 
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This expression is consistent with the iron filings experiment of Figure 3.5 
which shows the field inside the solenoid is along the axis and outside the 

71 

solenoid the field is weaker (by a factor of - — ) compared to the field inside. 

2i7rr 

The quantity A = ni is the surface current (on the surface defined by 
the coil) per unit length of the coil going around it in the azimuthal (0) 
direction. It is referred to as the surface current density and, for an infinitely 
long solenoid, B = fj , 0 A inside. 

Example Toroidal Solenoid 

A toroidal solenoidal coil with an air core is shown in Figure 3.28. It has 
an inside radius of r i, an outside radius of r 2 and a core diameter of d. 
Figure 3.28(b) shows an iron filing experiment of the lines of B of an air 
filled toroidal solenoid. The toroid does not possess as much symmetry as 
the previous examples making the complete derivation of the magnetic field 
everywhere more difficult. However, it turns out that outside of the toroid, 
the magnetic field is quite weak. Inside the toroid, the reader is asked to 
show that the magnetic field is only nonzero in the azimuthal direction (see 
problem 6). 



(a) (b) 

FIGURE 3.28. (a) Cross-sectional view of a toroidal coil with an air core. Adapted 
from [34]. (b) Experimental verification of the lines of B for a loosely wound 
toroid with an air core. Reprinted from Figure 44 of Textbook of Physics, R. 
Kronig, Editor, Pergamon Press, 1959 with permission from Elsevier. 


Let i denote the current in the toroid wire and n denote the number 
of loops (turns) per unit length along the radius rq of the toroid so that 
27rrqn the total number of loops wound around the toroid. Application of 
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Ampere’s law to the circular curve C at radius r gives 

(j) B • — Po^enclosed 

B d 2nr = fj, 0 2nrini 

Be(r) = — /x 0 ni. 

r 

This is valid for r x < r < r 2 and, if d = r 2 - r x « r x , then r x /r w 1 and 
B « fi 0 ni inside the toroid just as in the case of the long straight solenoid. 

Remark 

In the examples in this chapter using a toroid, it will always be assumed 
that d — r 2 ~ ri << r x so that the approximation r x /r « 1 is valid. 

3,3.3 Relating B to M 

Using Ampere’s law, it was shown in the previous example that B ~ g 0 ni 
in an air core toroidal coil. It is now shown how this relationship can be 
experimentally verified. To do so, a secondary coil is wrapped around the 
toroid as shown in Figure 3.29 to carry out the experiment. 



Secondary coil 


FIGURE 3.29. Experimental setup for determining B versus i in an air- filled 
toroid. Adapted from [34]. 

The secondary coil is used to measure B = BO inside the toroid as 
follows: 3 With N s the number of turns in the secondary coil, 5 = n(d/2) 2 
the cross sectional area of the toroidal coil, the flux linkage A s through the 
secondary coil is 

A 5 - N s B(t)S 

3 The subscript 0 on Be has now been dropped without confusion because the other 
components of the magnetic field are insignificant (see problem 6). 
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where, as it is assumed that d = r 2 — r\ « rj, B is taken to be constant 
across the cross section S of the toroid as well as in the azimuthal direction. 
Now, by Faraday’s law, the voltage induced in the secondary coil is given 
by 


V 8 = - 


d\ s 

dt 


-±(N s B(t)S) = -N s S 


dB(t) 

dt 


so that 

m = -Ws[ VMdT - (32) 

By measuring the current i(t) in the primary windings and the voltage 
V 8 {t) between the terminals of the secondary coil, the magnetic field B 
inside the toroid can be found as a function of the current i. That is, one 
would ramp up the primary current i(t) from 0 to some / max as in Figure 
3.30(a), while at the same time measure/store the secondary voltage V s (t) 
(see Figure 3.30(b). B{t) is then computed using (3.2) as in Figure 3.30(c) 
and one then plots B versus i as in Figure 3.30(d). In this case in which 
the toroid is air filled, these measurements simply verify that B « fi 0 ni. 



FIGURE 3.30. (a) Current in primary winding, (b) Voltage measured in sec- 
ondary winding, (c) Magnetic field inside the toroid versus time calculated ac- 
cording to equation (3.2). (d) Magnetic field plotted versus the primary current 
(slope « jz 0 n). 


This same experimental setup can also be used to measure the magnetic 
field inside the toroidal coil when it has an iron core. The experiment is now 
repeated, but with the toroid filled with an iron core as shown in Figure 
3.31. Of course, there is then a non zero magnetization M in the iron core. 
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7 



Secondary coil 

FIGURE 3.31. Iron-filled toroid with secondary coil. Adapted from [34]. 

The magnetic field strength B inside the toroid is computed as a function 
of the current i just as before. In this case, the primary current is as shown 
in Figure 3.32(a) and is the same as in Figure 3.30(a). 



FIGURE 3.32. (a) Current in primary winding, (b) Voltage measured in sec- 
ondary winding, (c) Magnetic field inside the toroid calculated according to (3.2). 
(d) Magnetic field plotted versus the primary current (slope ~ ^ r /i 0 ra). 

Again, the voltage induced in the secondary winding is measured [see 
3.32(b)] and is now much greater in value than the measured voltage in 
the case of the air filled toroid. The magnetic field B is again found by 
integrating the voltage V s (t) in the secondary coil according to equation 
(3.2) and is shown in Figure 3.32(c). Finally, the magnetic field B is plotted 
versus the primary current i as shown in Figure 3.32(d). In this case, with 
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the toroid filled with magnetic material, the slope is greater by a factor p r 
than that of Figure 3.30(d). The factor \i r is called the relative permeability 
and is typically on the order of 1000. Rewrite B in the iron core 

B = Bq -f- Bjm (3-3) 

where B 0 = p 0 ni denotes the magnetic field when no magnetic material 
is present and Bm represents the additional strength in the magnetic field 
due to the magnetic material. The strength B of the magnetic field in the 
toroid is then plotted versus B 0 — p 0 ni (rather than i) resulting in a curve 
of the form shown in Figure 3.33. The slope of the straight line part of the 
curve is then the relative permeability p r so that B = p t Bq = fj, r (i 0 ni for 
i < i sa t- If one continues to increase the current above some current level 
i sat , B no longer increases at the rate /z r /x 0 n, but only as p 0 n. 



FIGURE 3.33. B versus B 0 . 

Again, the important point here is that the field Bm is typically on 
the order of a 1000 times greater than Bq in good magnetic materials 
(i.e., }i r > 1000). This is, of course, the reason magnetic materials are 
used! This phenomena can be pictured as the magnetic field inside the 
toroid produced by the current i aligns (magnetizes) the magnetic dipoles 
moments [see Figures 3.21 and 3.23)] of the iron so that they produce a 
magnetic field that adds to that produced by the current. As the current 
in the wire of the toroid is increased, more magnetic dipoles are aligned 
increasing the B field more. As a result, the magnetic field due to the 
current and magnetic material is much larger (on the order of a thousand 
times) than that produced by just the current. As the current increases to 
a level z sa t , all of the dipole moments of the iron atoms are aligned so that 
increasing the current beyond this level does not result in a large increase 
in the magnetic field as it did below this level of current. 

Reiterating, for the same current in the toroidal coil, the one filled with 
magnetic material will have a B field that is typically more than a 1000 
times that of the coil with only air inside. As will be described shortly, the 
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quantity H = B 0 /{i 0 = ni is the magnetic field intensity and M = Bm/Pq 
turns out to be the magnetization so that 

B — B 0 4 - B\{ = HqH 4 - HqM 

where H « M as Bq << B M - Consequently, in soft 4 magnetic materials, 
one can take H — 0 as a reasonable approximation. In other words, in 
such magnetic materials, the B field is primarily due to the magnetization 
(alignment of the magnetic dipoles) of the magnetic material rather than 
the current that magnetizes the magnetic material. 


3.4 The Magnetic Intensity Field Vector H 


Here the definition of the magnetic intensity vector H is given in terms of 
the magnetization vector M (defined in Section 3.3.2) and the magnetic 
induction vector B. To proceed, consider the toroid in Figure 3.34 which 
shows a toroid with an iron core 3.34(a) and redrawn in 3.34(b) with the 
iron core replaced by an equivalent coil carrying the bound current q>. 

Ampere’s law must be modified to account for magnetic materials. Recall 
that when the iron core was not present inside the toroid, Ampere’s law 
showed that B ~ However, when the iron core was present, experi- 

ments showed that the B field was on the order of a 1000 times greater. The 
discussion concerning Figure 3.21 showed that the magnetization (dipole 
moment per unit volume) can be pictured as an equivalent bound current 
going around the surface of the toroidal core. Following Ref. [34], consider 
the modification to Ampere’s law as 


(j) B - d£ — /Xq (^enclosed T ^Men closed ) (3-4) 

where ^enclosed is the equivalent bound current enclosed by the curve C 
(see Figure 3.34). 

As before, it is assumed the core diameter d = 74 — rq « 7q so that 
r\ ~ r « ?~2 is valid. With n& the number of loops/coils per unit length of 
the equivalent coil in Figure 3.34(b), 7 Men dosed = 2nrinbib- The next step 
is to relate this bound current to the magnetization M. To do so, define 
the surface current density 


A M = 


^Menclosed 


27T74 


- Ubib 


and is simply the (average) amount of bound current per unit length around 
the toroid coil coming out of (or going into) the page. 


4 For now, consider a “soft” magnetic material to be one that has a B versus Bo curve 
similar to that of Figure 3.33 and whose slope is orders of magnitude greater than one. 
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The current {r^d0){n^) is com Eng out of the page 



FIGURE 3.34. (a) Toroidal coil with an iron core. Adapted from [34], (b) Iron core 
replaced with an equivalent coil carrying the bound current ib . The bound current 
produces the same magnetic field as the magnetized iron in Figure 3.34(a). 


This is analogous to A — ni being the fret current in the wire per unit 
length around the circumference of the toroid. As shown in Section 3.3.1, 
the magnetic dipole moment is the product of the current around a loop 
times the area of the loop. The amount of bound current going around the 
periphery of the toroid between 9 and 9 + d9 is Am(u^) and, with S = 
7r(d/2) 2 the cross-sectional area of the toroid, it follows that the magnetic 
dipole moment dm due to the bound surface current density Am in the 
volume between 9 and 9 + d9 is 

dm = \M(rid9)S. 

However, by definition, the magnetization M is the amount of magnetic 
dipole moment per unit volume, so that the magnetic dipole moment dm 
in the volume between 9 and 9 + d9 is also given by 

dm ~ M{r\d9)S 


which results in 


Am — AT. 


That is, in this example, the surface current density A m is equal to the 
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magnetization M of the iron material. As a result, 

*Menciosed = Am27it = M2irr = (m#) ■ (rddd^J = j> M • dl. 

Equation (3.4) therefore becomes 

(j) B * d£ — /^o^fenclosed "t" ^ * d£^ . 

Rearranging this equation gives 


Jc\ Mo ) 


^enclosed • 


This leads to the definition of the magnetic intensity field H given by 



Mo 


Ampere’s law in its most general form is then 


£ 


H * d£r — ifree 


(3.5) 


where if ree = Enclosed represents the enclosed free current in the wire in 
contrast to the bound current in the magnetic material. Both B and M 
were defined in terms of physical phenomena. However, H is defined as the 
difference between B/^ 0 and M which does not lend itself to a physical 
interpretation. It is simply defined as a quantity whose line integral around 
a closed curve depends only on the free current through the curve. The 
next section shows how B and H can be related experimentally. 


3.4-1 The B—H Curve 

With the definition H = B /^ 0 — M, Ampere’s law was modified to 

j) H • di — if r ee* 

Ampere’s law can be used to calculate H, but B is the desired quantity as it 
produces forces on currents and magnetic materials. As M is typically not 
known, one cannot compute B from the definition of H. As a consequence, 
empirical/experimental methods are used to relate B and H. The empirical 
method to determine this relationship is typically done using the toroidal 
coil setup of the previous section. Specifically, consider the setup of Figure 
3.31 in which the initial magnetization is zero (this can be done by heating 
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up the iron core so that the magnetic dipole moments become randomly 
oriented with respect to each other). Application of Ampere’s law gives 5 

(j) H ■ cUt — ifree 

H2ttv = 2nrini 

u r i - _ . 

H = — m « ni 

r 

so that H = Bq/ /z 0 as i n equation (3.3). Equation (3.2) given by 



is again used to find the value of B as a function of H = ni resulting in the 
so-called B — H curve as shown in Figure 3.35(a). This is now considered 
in more detail. (Note that as H — ni, one can specify the value of H by 
simply specifying the current i.) 

First, the current i is increased from 0 to / max so that H goes from 0 
to # m ax = along the curve a— b in Figure 3.35(a), where H max = 

100 am meter 11 ™ • current is increased, the voltage V s in the secondary 

coil is measured and B is calculated according to (3.2). Plotting B versus 
H one obtains the curve a—b shown in Figure 3.35(a). Along the curve 
a-b, H > 0, B > 0, and M > 0. 

Next, H (or equivalently z) is decreased from # max to 0. Again, B is 
computed according to (3.2), resulting in the curve b—c shown in Figure 
3.35(a). At the point c, B > 0 with H = 0 and therefore i = 0, that is, 
there is a magnetic field in the core without any current in the coil. In 
words, the toroidal is core is permanently magnetized. The corresponding 
value of the magnetic field is denoted B r and is called the remanence or 
retentivity. Along the curve 6— c, H > 0, B > 0, and M > 0. 

In the next step, H is made negative by putting negative current in the 
coil (i < 0), and B decreases along the curve c—d where at the point d, 
the magnetic field strength is zero in the core (B = 0). The magnetic field 
produced by the (negative) current in the coil is canceling the magnetic 
field produced by the aligned dipoles of the magnetic material. At this 
point, H = —H c where H c > 0 is called the coercive force or coercivity. 6 * 
Along the curve c— d, H < 0, B > 0, and M > 0. 

Continuing, H is decreased even more (i.e., i < 0 is decreased more) 
resulting in the magnetic dipoles of the material realigning in the opposite 

5 By definition H = B//n 0 — M and on physcial grounds B and M point in the same 
direction which in this case is the 0 direction inside the toroid. Consequently, H will 
also be in the 6 direction and may be written in the form H = HO. 

6 H c is not a force so “coercive force” is not a good name. The value of H c depends 

on the particular B-H loop that the system is going through. 
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direction to add to the magnetic field produced by the current in the coil 
(see path d-e). At the point e where H — —H m ax = — 100 am ^^- r -, the 
value of B is the negative of that given at the point b. Along the curve 
d-e, H < 0 , B < 0, and M < 0. 

Finally, in a similar fashion, H is brought from -ii ma x to 0 to /f max and 
the plot of B versus H follows the curve e—f—g—b. 

In summary, letting H vary from id max to 0 to — id max and then from 
-#max to 0 back to id max , the plot of B versus H follows the curve 
b-c—d-e—f-g-b. This is called the hysteresis loop . If the hysteresis loop 
of the iron is quite thin, it is considered to be “soft” iron as in Figure 
3.35(b) while if the hysteresis loop is quite thick, then it is considered to 
be “hard” iron as in Figure 3.35(a). 

In the case of soft iron magnetic material such as Figure 3.35(b), the 
hysteresis loop is thin enough that it can be approximated by a single 
curve lying only in the first and third quadrants. 



FIGURE 3.35. B versus H curve, (a) Hysteresis curve for a “hard” magnetic 
material, (b) Hysteresis curve for a “soft” magnetic material. 

Figure 3.36 shows experimentally determined B—H curves for the two 
soft magnetic materials M-19 29-gauge steel and a soft steel iron casting 
where, as B is an odd function of id, only the first quadrant need be 
given. Note that at smaller values of H , the B—H curves in Figure 3.36 are 
approximately linear. 

Remark Figure 3.33 would correspond to a soft magnetic material in 
which the hysteresis can be ignored. 



210 


3. Magnetic Fields and Materials 



FIGURE 3.36. B (tesla) versus H (ampere-turns) curves for two different soft 
magnetic materials. From An Introduction to Electrical Machines and Trans- 
formers. , 2nd edition, G. McPherson and R. D. Laramore, 1990. Reprinted by 
permisson of John Wiley & Sons. 

Example 

Consider the experimental B versus H curves for two different soft iron 
materials as given in Figure 3.36. As B and M (and therefore H) tend to 
point in the same direction in soft iron, the relationship 

B = /r 0 H -p ji 0 M 
may be written approximately as 

B = /vm 0 H 


or 

B = MrMo H 

where fi r is that empirically determined number that makes this equation 
valid. For example, using the soft steel casting material with i chosen in 
the primary coil of the toroidal solenoid so that H = 1000 ampere-turns, 
the data curve in Figure 3.36 gives B = 1.2 tesla. Thus, 


T r 


1.2 


= 955. 


fi 0 H (47r x 10 7 ) x 1000 

The important observation from this numerical example is that ji r is quite 
large. In a coil carrying a current i with an air core , 


-^inside — Mo^inside — fa^Tli 
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while in an identical coil carrying the same current i with an iron core , 

^inside = PrP O^inside = 

The H field is the same in both coils as the current is the same in each 
coil. However, as g r is on the order of 1000, the magnetic field B in the coil 
with the iron core is much larger. The terminology “ideal” soft magnetic 
material is one in which /x r = oo while a “good” magnetic material just 
means (i T is very large. 

3.4-2 Computing B and H in Magnetic Circuits 

Based on the previous sections, a simple procedure is now given that gives 
an accurate enough computation of B and H for modeling the magnetic 
circuits of electric machines. To start with a simple example, consider the 
toroidal coil with an iron core shown in Figure 3.37 in which a small air 
gap of length g has been cut out. 



FIGURE 3.37. Coil wrapped around a torus with an air gap. From Electric Ma- 
chines: Dynamics and Steady State by G. J. Thaler and M. L. Wilcox, 1966. 
Reprinted by permission of John Wiley &; Sons. 

Ampere’s law 

(j) H • d£ — fixee 

is applied to a circular curve C of radius r in Figure 3.37. In the magnetic 
material, B = B m 0 while in the air gap B — B a 0. Though azimuthal 
symmetry does not hold because of the air gap, it turns out that if the air 
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gap is small, it is still approximately true that B m has a constant value as 
a function of the azimuthal angle 9 in the magnetic material and, similarly, 
B a is constant as a function of 9 in the air gap. Further, with the standing 
assumption that the diameter of the core is much smaller than the inner 
radius of the toroidal coil, B m and B a are essentially constant across the 
cross section of the core. In the same way, M = MO is constant as a 
function of 9 in the iron core while it is, of course, zero in the air gap. 
Thus Hjn and H a are also approximately constant as functions of 9 and 
over the cross-sectional area of the core. With N the total number of coil 
turns, Ampere’s law applied to the circular curve C of radius r in Figure 
3.37 gives 

H m (2*r - g) + H a g = Ni (3.6) 

with 

B m = // 0 # m + fi 0 M = (from the measured B—H curve) 

B a — 

It is assumed that the air gap is small enough that B a is essentially con- 
stant across it. Recall that by Gauss’s law for B, B m — B a at the air-iron 
interface . As Bm is approximately constant in the iron and B a is constant 
in the air gap, B m = B a . Thus, 

M O^a = B a ~ Bm ~ 


— 

Mr 

Again, in good magnetic materials, fi r is greater than 1000 so that 
is more than a thousand times smaller than H a . Consequently, one often 
takes Hm — 0 in good magnetic materials. In this case, taking H m = 0 in 
(3.6) leads to 

H a g = Ni 


so that 

B a = n 0 H a = (H m = 0). (3.7) 

This last expression is important because it gives us the magnetic field in 
air gap in terms of known quantities. The value of B in the air gap is the 
important quantity since, for example, a current carrying wire can be run 
through the air gap and the value of B will determine how much force can 
be exerted on the wire. 

It is important to note that to use the approximation H m = 0, one must 
check that 27 rr — g is not too large. For example, with fi r = 1000, if 27rr — g 
is a thousand times longer than #, then 


7ir g) T H a g — 


Hg 

1000 


1000# + H a g = 2 H a g = Ni 
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or 

B a = » 0 H a = 

This large error (a factor of 2) in the calculation of the magnetic field in 
the air gap due to the fact that H m { 27rr - g) is not negligible. However, if 
the designer of this magnetic circuit made sure that 27rr — g = 100#, then 


Hm(27rr - g) + H a g 


H a 


1000 
1.1 H a g 


+ H a g 


resulting in 


H a — f^oH a — 


HoNi 

1*1 g ' 


which is not much different from (3.7) where H m — 0 was assumed. 

In summary, B in the air gap is the fundamental quantity of interest as 
it is the field that can produce forces on currents in wires placed in the air 
gap, or can induce voltages in wire loops, and so on. Here, Ampere’s law 


£ fl * d£. — ifree 


was used to find a relation between H m ( H in the magnetic material) and 
H a ( H in the air gap). The free currents (currents in the wires) are known 
or easily measured. Assuming that the magnetic paths in the iron are not 
too long, one can use the approximation that Hm — 0 in the magnetic 
material. Then, H a can be found in the air gap from Ampere’s law which 
in turn is used to obtain the magnetic field in the air gap from B a — p 0 H a . 

Example (Adapted from Chapman [19]) 

Following Chapman [19], Figure 3.38 shows a setup to produce the ra- 
dial magnetic field in the air gap of a separately excited DC motor. The 
objective here is to determine the strength of the field B in the air gap in 
terms of the current if in the field coil. Ampere’s law gives 


H m £ + H a g -F Hm ^-2 + H a g — Nif (3-8) 


where £ is the length of the path in the field iron, £\ is the length of the 
rotor, £2 is the diameter of the rotor iron, and g is the air gap length. Here 
N = 200, f = 0.5 mj = 5x 10“ 4 m, £ x = 2.4 x 10“ 2 m,f 2 = 5x 10" 2 
m, and S ~ £\ £2 — 12 x 10 -4 m 2 . Equation (3.8) is an approximation as it 
is being assumed that i7 m is constant in magnitude everywhere inside the 
magnetic material and that it follows the path of the iron. 
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FIGURE 3.38. Magnetic circuit for producing the magnetic field in the air gap 
of a DC motor. Figure 3.38(a) from Electric Machinery Fundamentals by S. J. 
Chapman, 2nd edition, 1991, McGraw-Hill. Reproduced by permission of Mc- 
Graw-Hill Companies. 


Assuming ideal magnetic material so that ET m is taken to be zero inside 
the magnetic material, 


B a 


Mi oB a 


HpNif 
2 9 


Kfif • 


Evaluating, 


B n 


(4tt x 1CT 7 ) x 200 . 


2 x 5 x 10- 4 m 


if — 0.25 if tesla 


where 1 weber/m 2 = 1 tesla. 

Example (Chapman [19]) 

The previous example is redone without setting H m = 0 in the magnetic 
material. It is still assumed that H m is constant in magnitude everywhere 
inside the magnetic material and that it follows the path of the iron. Sup- 
pose that for the iron used in the rotor and the core of the field winding, 
the relative permeability is \i r = 2000 so that B m = As before, 

N = 200, £ = 0.5 m, g = 5 x 10 -4 m, = 2.4 x 10 -2 m, = 5 x 10 -2 m, 
and S = = 12 x 10 4 m 2 . The path £ + — 55 cm is 550 times longer 

than the path 2g — 0.1 cm in the air gap. From Ampere’s law 


+ H a g -F H m e 2 + H a g = Ni f . (3.9) 

The problem here is that this is only one equation with two unknowns 
H m ,H a . However, another relation is found by making use of the assump- 
tion (approximation) that the flux <j> in the cross-section of the magnetic 
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circuit is constant. That is, it is assumed that the magnetic material es- 
sentially keeps the magnetic field either in the core itself or within the air 
gap in the radial direction. This assumption is usually stated as saying the 
magnetic circuit has no (flux) leakage. In the iron core of the field, 

P — B ni S Mr Mo jji S 


where S = l\t<i is the core cross sectional area and B m is constant in the 
cross-section. Then 


H i 

H m t = ~^~P : 

<p 




<f> = 


H r fl 0 HmS MrMo 5 


-p — R c (f>. 


Here R c is called the reluctance of the core path and it has been used to 
relate H m to the flux <f>. Evaluating this expression for R c gives 


t _ 50 x 10 2 m 3 A-turns 

~^S = (2000)(4tt x 10- 7 )(12 x 10" 4 m 2 ) ~ 56 x 0 Wb 


Because of the cylindrical shape of the rotor core and conservation of flux, 
Bm (and therefore i/ m = /i r ^ 0 Z? m ) is not constant as one goes through 
the rotor [see Figure 3.38(c)]. Specifically, B m RSR = B m S where Sr = 
7t(£ 2 /2)^i is the surface area of the top (or bottom) side of the rotor core, 
B m R is the magnetic field at the surface of the rotor core and B m S is the 
flux computed in the middle of the core [which has the same cross section 
as the field core as indicated in Figure 3.38(b)]. By conservation of flux, 
H m in the rotor core has a minimum value at the (inside) surface of the 
rotor iron and a maximum value in the middle of the rotor on the surface 
S in Figure 3.38(b). The maximum value of i/ m in the middle of the core 
is used because it leads to a larger value for the reluctance of the core and 
therefore a more conservative (higher) estimate of the current needed to 
set up a specified magnetic field in the air gap. So, with H m taken as its 
value in the middle of the core on the surface S in Figure 3.38(b), in the 
rotor iron 


Hmi 2 = 


H 171^2 ^ _ Hmh ^ 

(f) H r (l Q HmS 




(f) RyJ- (f) . 


Evaluating the expression for R r gives 


d 5 x 10 2 m - ififiw m 3 A - turns 

// r /i 0 5 r (2000)(47r x 10~ 7 )(12 x 10 -4 m 2 ) ’ Wb 


The flux in the air gap is B a S g = fi 0 H a S g where S g = F d/tyh = 

19.0 cm 2 is the surface area of the top (bottom) stator side of the air gap. 
Further this flux is equal to the flux p = B m S = fi r fi 0 HmS in the iron 
core. It then follows that 


zj H a g A 

H-aQ — , p ■ 


H a g 


4>: 


Rq R a S g Mo 


~P — R g P • 
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Then 


R q ~ 


0.05 x 10 -2 m 


- 209.4 x 10 


3 A- turns 


9 (j, 0 S g (4n x 10“ 7 ) (19.0 x 10“ 4 m 2 ) Wb 

With this information, equation (3.9) may be rewritten as 

(Rc + R r -f- 2 Rg) <fc = Ni f 

which evaluates to 

(166 + 16.6 + 2(209.4)) x 1O 3 0 - 601.4 x 1O 3 0 = Ni f . 
Solving for 0, one obtains 

0 = 3.3x10 ~ 4 i f Wb. 

The magnetic field in the air gap is then 

o _ <f> _ 3.3 xlO- 4 , _ Wb 

R& n inn.. i 4 'If 0*17 If 


Sg 19.0 x 10- 4 


mr 


which is significantly less than the 0.25i/ Wb/m 2 found assuming H m = 0. 
However, suppose that the magnetic circuit is redesigned so that l — 10 
cm instead of 50 cm. Then 


R c = 


e 


5 x 10 -2 m 


li r fj, 0 S (2000)(4?r x 10 _7 )(12 x 10" 4 m 2 ) 
A-turns 


- 33.2 x 10 3 


Wb 


and equation (3.9) reduces to 

( R c T Rr T 2 R g ) 4> — Nif 


and evaluates to 

(33.2 + 16.6 + 2(209.4) ) x 10 3 ^ = 468.6 x 10 3 0 = Ni f . 
The flux is then 

0 = 4.23 x 10~ 4 i/ Wb 

resulting in the magnetic field in the air gap being 

0 4.23 x 10 -4 . Wb 

a ~ S g ~ 19.0 x 10~ 4 ' ~ ° f 

which is much closer to 0.25i/ Wb/m 2 . 
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The point of this example is that taking = 0 in magnetic materials 
and then using Ampere’s law to find B a in the air gap depends on the 
proper design of the magnetic circuit. Machine designers spend a great 
deal of effort trying to make the reluctance in the magnetic material as 
small as possible by making the path length small, the cross sectional area 
large and using highly permeable magnetic material (i.e., fi r large). Figure 
3.38 is not a practical design for the stator iron of a DC motor. Figures 1.31 
and 1.32 of Chapter 1 depict actual stator iron cores for a DC motor. It 
will be assumed in all that follows that good machine designs have resulted 
in making the approximation = 0 valid. 


3.4-3 B is Normal to the Surface of Soft Magnetic Material 

It is now shown that B is normal (perpendicular) to the surface at an 
air/ magnetic- material interface under two assumptions: (1) The magnetic 
material is assumed to be ideal (soft) magnetic material so that \i r = oo, or 
equivalently, H m 0. (2) There are no current carrying wires on the surface. 

For example, it is not true for toroids as wire is wrapped around surface 
of the magnetic material. Also, typically H ^ 0 inside a permanent magnet. 

Consider the closed rectangular-shaped curve C in Figure 3.39 for which 
half is in the air and the other half is in the magnetic material. 



FIGURE 3.39. Closed rectangular-shaped curve enclosing the air and magnetic 
material. As w — > 0, Hi is just above the surface and H 2 is just below the surface. 


Ampere’s law is applied to the rectangular-shaped curve C, which in this 
instance is given by 


i 


H • d£ = 0 


(3.10) 


as there is no free current, that is, no wires on the surface carrying current. 
With H(x, y, z) = H x x. + H y y + H z z and the coordinate system defined as 
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shown in Figure 3.39, it is seen that H z z is the part of H normal to the 
surface while H x St + H y y is the tangential component to the surface. 
Expanding (3.10) results in 

2 />3 

H ■ di+ / H d£+ / H -d£+ H d£ = 0 (3.11) 

J 2 J3 Ja 




where side 1—2 is in the magnetic material and side 3—4 is in the air. Sides 
2—3 and 4—1 are short segments of length w going between the air and 
magnetic material. The interest here is in the tangential component of H 
just above and just below the surface. Making the rectangular curve C very 
thin (w — » 0) so that the lengths of sides 2—3 and 4—1 go to zero, equation 
(3.11) reduces to 

r2 /*4 

H • d£ = 0 (3.12) 

side 1—2 
side 3—4 


as w — > 0. Also, as 


it follows that 


J, ™ + L 

J d£y 

\ ~d£y 


dt = 



x + H Xy y + H Xz i 



(H 2x x + H 2y y + H 2z z) ■ (~M y) 


— H\ y £i — H 2y £\ — 0 


or 


^2y H\ 


But H< 2 y = 0 in ideal soft magnetic materials so that H\ y = 0. Similarly, 
one can show that H\ x = 0 by taking a curve C that is in the x—z plane. 
That is, at the surface of the magnetic material 


(as ,y,z) — H lz z 


and, as this is in the air, 

B : = /i 0 Hi = fi 0 H lz z 

so that B is normal to the surface. 

Remark 

The magnetic circuit of Figure 3.10 has a soft iron core. Note that the 
lines of B are perpendicular at the surface of the iron core, but not at the 
coil surface. Figures 3.7 and 3.11 of the bar and horseshoe magnets, respec- 
tively, are permanent (hard) magnets for which the above assumptions do 
not necessarily hold (in particular, H = 0 is not usually true in permanent 
magnets). For example, note that B is not perpendicular to the surface of 
the cylindrical permanent magnet shown in Figure 3.18. 
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3.5 Permanent Magnets* 

Consider the cylindrical-shaped permanent magnet in Figure 3.40 where 
there is no free current. 



FIGURE 3.40. (a) Cylindrical coordinate system for the bar magnet, (b) Mag- 
netic field lines B around a cylindrical-shaped permanent magnet. Adapted from 
Figures 37-4(a) and 37-4(b) of Ref. [34]. 


Ampere's law applied to the path C in the figure gives 


/ h dl = f ndi + f 

J C J C & \ T J Cm agnet 


H d£ = 0 


where d£ = drr 4- rddO 4- dzz and the curve has been decomposed into its 
part in the air and its part in the magnet. As H = B/^ 0 in the air, 


L 


Consequently, 


L 


H -dt > 0. 


H dt < 0 


in order that (j) H ■ d£ = 0. Note that the path C was chosen to follow 
the closed curve of one of the magnetic lines of B. As a result, 

j> c H • dl = [H r f + H e 6+H z z) • dt = <£ (Hr f + H z z) • d£ 
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as the 6 component of d£ is zero. Thus 


f (H r r + H z z)-d£ + j (H r v + H z z)-d£ = 0. 

J ir ^Cmagnet 


Figure 3.40 shows that on C a j r , d£ and H = B//x 0 point in the same di- 
rection so that the first integral in (3.13) must be positive. As a result, 
the second integral in (3.13) must be negative meaning that on C magne t, 
the component of H tangent to the curve C ma gne t points opposite to di. 
In other words, in Figure 3.40, H must be pointing downwards inside the 
magnet while B is pointing upwards inside the magnet. Physically, the z 
components of B and M are in the +z direction inside the magnet which 
means that M z > B z /p 0 as H z = B z /p 0 — M z < 0. This is in contrast to 
the air-filled solenoid coil shown in Figure 3.19(b) where B and H point in 

the same direction inside the coil and <j) H 'd£ — Zf ree ^ 0 as there is free 

current on the surface of the solenoid going through the closed curve C. 
Consequently, in the case of the permanent magnet, the magnetic material 
is operating in the second quadrant of the B—H curve (B > 0, H < 0) at 
some point strictly between points c and d in Figure 3.35(a) while the air- 
filled solenoid is operating in the first quadrant ( B > 0, H > 0), at some 
point strictly between points b and c in Figure 3.35(a). How can this be 
understood? Consider a process to make a cylindrical magnet as shown in 
Figure 3.41. To begin, take an iron alloy such as carbon steel (used for per- 
manent magnets) and make it into an oblong shape closed solid as shown 
in Figure 3.41(a). Note that the straight segments are already “cut out” 
and will become the cylindrical magnets. Wire is wrapped around this iron 
core (like a toroid) and the current applied to the winding to magnetize the 
iron as shown in Figure 3.41(b). Assuming that the core diameter is small 
compared to the overall length of the core, it is a reasonable approximation 
to assume that B and H are constant in magnitude over the cross section of 
the core and that they follow the closed path around the core. As a result, 


H(2i l + 2 £ 2 ) = ni 


(3.14) 


where H is the magnitude of H in the core, £\ is the length of each cylinder 
and £2 is the length of each end piece. Using the setup shown in Figure 
3.41(b), the current is increased up to the saturation point of the core 
(point b in Figure 3.42) and then it is brought back down to zero (point c 
in Figure 3.42). At this point, the magnet is operating at the point c of the 
B—H curve so that H — 0 as i = 0 from equation (3.14). The winding is 
now removed and this does not affect the B- H relationship in the magnetic 
material of the core as i — 0. At each point of the core, 


H = — 


M = 0 


Mo 


(3.15) 
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that is, 

B =/i 0 M or B — fi 0 M. (3.16) 

Recall this same result was shown for the toroidal cylindrical core where 
B = fi 0 X m = /x 0 M with X m = M an equivalent (bound) surface current 
density going around core periphery due to the magnetization M (magnetic 
dipole moment per unit volume). 



FIGURE 3.41. (a) Oblong shaped iron core with two cylinders cut out. (b) Wind- 
ing wrapped around the core to magnetize the iron, (c) Current is brought to zero, 
windings removed and the end pieces removed in the direction shown, (d) Two 
cylindrical-shaped permanent magnets. 

Next, as shown in Figure 3.41(c), the two end pieces of the iron core 
are pulled away in the direction shown. By pulling apart the end pieces 
in this manner, the magnetization M in each of the remaining cylindrical 
cores stays pretty much the same, i.e., the magnetic dipoles of the iron 
tend to stay aligned. However, with the end pieces removed, one would 
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not expect equation (3.15), or equivalently (3.16), to remain valid for the 
remaining cylindrical cores. For example, consider the point Q at the end of 
the cylinder shown in Figure 3.41(d), where now there is only air above the 
surface instead of magnetic material as before. The B field at any point of 
the material is due to the magnetic field produced by all of the iron atoms 
in the material, especially those atoms that are close by. Even with the iron 
uniformly magnetized with the same constant strength M everywhere, at 
the ends of the cylinder such as the point Q , one would expect that B is 
reduced (on the order of a factor of 2) as there is only air on one side of 
the surface rather than magnetized iron as before. Consequently, 

H = — - M <0 

H o 

as the value of B at the point Q is reduced after removing the two end 
pieces even if M remains the same. 



FIGURE 3.42. B versus H curve. Inside the permanent magnet, the material is 
operating at a point in the second quadrant such as P. 

Reiterating, if the magnetization M in the core remains constant and 
equal to its value before the two end pieces were removed, the H field is 
now negative in the two cylindrical bar magnets because B is reduced in 
strength due to the two end pieces being removed. Consequently, as the 
two end pieces are removed, the operating point for the magnetic material 
of the two cylindrical magnets moves down the B—H curve from c to a new 
point (say) P. The closer one is to either end of the cylindrical magnets, the 
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farther down the curve the operating point goes into the second quadrant. 
On the other hand, at the center of the cylindrical magnets, the operating 
point is closer to point c and would be exactly at point c if the cylindrical 
piece was infinitely long. 


3. 5. 1 Hysteresis Loss 

Consider a steady-state situation of going around the B—H curve of Figure 
3.35(a). That is, after an initial magnetization of the material so that the 
(. B , H) coordinates are at the point b with i = / max , the current is decreased 
to 0 bringing the system to point c where H = 0, then the current is brought 
down to the point where the B field is zero putting the system at d, and 
next the current is brought down to —/max so the system is at e. Going 
from b to e represents 1/2 of the B~H cycle as indicated in Figure 3.43(a). 



FIGURE 3.43. (a) / HdB. (b) / HdB. 

J e — d — c — b J e— f— g — b 

The other half is similar. That is, the current is brought back to 0 to 
put the system at /, next it is increased so that the B field is again zero 
and the system is at g and finally the current is brought back up to / max 
so that the system is back at b (see Figure 3.43(b)). 

At any time the flux linkage in the primary windings wound around 
the toroid core is A (t) = N<f>(t) = NB(t)S where N is the total number 
of primary windings, S is the cross-sectional area of the core and B is the 
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magnetic field in the core. Further, at any time t, H(t) = Ni(t)/ (2tt r) 
where r is a radius inside the toroid. Suppose that one goes through this 
complete cycle b—c—d—e—f—g—b in the time T. Then the energy from the 
source which is providing the current to the coil is given by 


■^one cycle 


[ tl+T • f tl+T 2wrH(t) „ c dB 
/ i\dt = / — — -NS——dt 

Ju Ju N dt 

C tl+T dB 

2nrS / H(t)—dt 

Jti dt 


By a change of variables, this becomes 


-'one cycle 


= V L 


HdB 


c— d — e— f— g— b 


where V = 2tt rS is the volume of the core. In the first half period Tj 2, the 
energy provided by the source is 


^First half-cycle/unit volume 


f HdB = - f 

J b— c— d— e J e— d— c— b 


HdB 


where 


/ 

J e— d— c — b 


HdB is the area indicated in Figure 3.43(a). Similarly, 


E< 


'Second half-cycle/unit volume 


-/ 

J e— f— g— b 


HdB 


which is the area indicated in Figure 3.43(b). The total energy absorbed 
per cycle is then 

^cycle/unit-volume = [ HdB- j HdB = <f HdB 

J e — f— g— b J e— d— c — b ./b—c—d—e—f—g—b 

which is just the area inside the B— H curve. This is the energy required 
for each cycle to magnetize (align the dipole moments of) the iron along 
the B-H curve (i.e., rotate the magnetic dipole moments 360°). 

As an example, consider the iron core inside the rotor of a DC motor 
which is constantly being magnetized and demagnetized as it rotates by the 
external magnetic field. For example, the point P in Figure 3.44 corresponds 
to the point b in Figure 3.35. After the iron core rotates clockwise 90 
degrees, the magnetic material at point P corresponds to the point d in 
Figure 3.43. After rotating another 90 degrees, the magnetic material at 
point P corresponds to point e in Figure 3.43, and so on. That is, the 
magnetic material at each point in the core is going through a complete 
cycle of the B—H curve each time the core rotates 360 degrees. In this 
application, it is important that the core be made of soft magnetic material 
with a very narrow B—H loop so that the hysteresis loss is small. 
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N ^ S 



N ^ S 



B = -Br B = Br 


(a) 


(b) 


FIGURE 3.44. The magnetic material of the rotor goes through the B — H curve 
as it rotates. 

3.5.2 Common Magnetic Materials 

Both soft and hard magnetic materials are used in electric machines. Soft 
magnetic materials are used as a core structure on which the turns (wind- 
ings) of the motor are wound (e.g., such as the field circuit of a separately 
excited DC motor). In such an application, the copper wire of the field 
winding is wrapped around soft magnetic material, which then results in a 
much larger radial magnetic field in the air gap than if nonmagnetic mater- 
ial was used. The most common material for the core in an electric machine 
is an iron-silicon alloy (silicon steel) which contains between 1% and 4% 
silicon [56]. The relative permeability °f silicon steel ranges from 400 
to 800 [56] 7 which seems low compared to the gauge steel and iron casting 
steel of Figure 3.36. However, its low, good mechanical strength and a high 
Curie Point 8 of 740° C makes it an attractive material [56] and provides 
a challenge to the machine designer to have short paths for the magnetic 
field in the iron. It turns out that by special processing, some 4% silicon 
steels can have a relative permeability 5.5 times greater than the 800 quoted 
above, that is, up to 4400 [56]. 

Small permanent magnet synchronous machines often use rare-earth cobalt 
alloys for the hard magnetic material which has a rather high cost [56]. As 
a consequence, it is usually bonded to the surface of rotor which is made 
of soft magnetic material. The rare-earth cobalt alloys have a remanent 
(permanent) magnetic field between 0.75 and 1.1 tesla, are very hard to 
demagnetize and have a high Curie temperature [56]. 


7 Reference [56] gives the permeability range as 5 to 10 kilogauss/oersted = 0.5 x 10 4 
to 1.0 x 10 4 gauss/(10 3 ampere/meter) = 0.5 x 10 -3 to 1.0 x 10“ 3 telsa/(ampere/meter). 
The relative permeability is found by dividing through by fi 0 = 4tt x 10“ 7 henry /meter 
giving 400 to 800. 

8 This is the temperature at which the material loses it magnetic properties. 
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Problems 

Problem 1 Azimuthal Magnetic Field of a Circular Current Loop 

Consider the circular current loop shown in Figure 3.45. Using symmetry 
arguments and Ampere’s law, show that the azimuthal component B$0 of 
B must be zero everywhere. 



FIGURE 3.45. Circular loop carrying the current i. 

Problem 2 Ampere’s Law [35] 

(a) Figure 3.46 shows a long straight conductor carrying a current /. The 
current is uniformly distributed across the cross section so that the current 
i enclosed within a circle of radius r is 

for 0 < r < R 
for r > R. 

Use Ampere’s law to find the magnetic field B inside the conductor. 




FIGURE 3.46. Long straight wire, (a) Cross-sectional view, (b) Perspective view. 
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(b) A cylindrical conductor with an off axis cylindrical hole carries a total 
current I. Find the magnetic field in the cylindrical hole. [Hint: Use part 
(a) and superposition.] 



FIGURE 3.47. Conductor with a hollowed cylindrical core, (a) Cross-sectional 
view, (b) Perspective view. 

Problem 3 Radial Magnetic Field of a Long Straight Wire 

Apply conservation of flux to the cylindrical- shaped flux surface shown 
in Figure 3.48 to show that B r {r) = 0 for an infinitely long straight wire. 
Denote by R the radii of the disk-shaped surfaces Si, £2 and let £ denote 
the length of the cylindrical- shaped surface S 3 . 




FIGURE 3.48. Closed flux surface used to show B r = 0 around an infinitely long 
straight wire carrying a current. 

Problem 4 Radial Magnetic Field of an Ideal Solenoid 

Use some symmetry arguments when applying Gauss’s law to the closed 
surface shown in Figure 3.49 whose sides are Si,S 2 , and S 3 to show that 
the radial component o/B must be zero inside an infinitely long solenoidal 
coil. Denote by R the radii of the disk-shaped surfaces Si and S 2 , and let i 
denote the length of the cylindrical- shaped surface S 3 . 

Using a similar argument , show that the radial component of B outside 
of an infinitely long solenoidal coil must also be zero. 
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FIGURE 3.49. Using Gauss’s law to show B r = 0 inside an ideal solenoid. 


Problem 5 Azimuthal Magnetic Field of an Ideal Solenoid 

Apply Ampere’s law to the curves of Figure 3.27 to show that 

B#(r) = 0 inside the solenoid and B$(r) — fi 0 i/(27rr) outside the cylinder. 

Problem 6 Magnetic Field in an Ideal Toroidal Coil 

(a) In Figure 3.50, apply Ampere’s law to the circular curve C and 
Gauss’s law to the closed surface S whose sides are Si , 52 , and S 3 to show 
that B only has a nonzero azimuthal component inside the toroidal coil, 
that is, the lines of B are concentric circles inside the toroid coil. (Hint: 
Let B = BpP+B^ffi + BoO using the “toroidal” coordinate system of Figure 
3.50 and show that B p = B^ — Q.) 

(b ) Show that the azimuthal component of B must be zero outside the 
toroidal coil. 



(a) 



(b) 


FIGURE 3.50. (a) “Toroidal” coordinate system. 0 is into the page, (b) Curve and 
surface for Ampere’s and Gauss’s law, respectively, to show that B p = = 0. 


Problem 7 Equations of the Ideal Transformer from Ampere’s Law 
Consider an ideal transformer in Figure 3.51 consisting of two sets of 
turns wound on a single iron core. Assuming ideal soft magnetic material 
(H = 0 in the iron), Ni turns in phase l, and N 2 turns in phase 2, apply 
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Ampere ’s law to a closed path C in the core of the iron to show that 


i 1 



Use this result and conservation of power v\i\ -f W 2 = 0 (assuming there 
are no losses) to show that 


Nr 

= tvT 2 - 



O 

+ 


O 



(b) 


FIGURE 3.51. Derivation of the ideal transformer equation using Ampere’s law. 
Adapted from Figure 20.12 of Kassakian et al. [57]. 


Problem 8 Equations of the Ideal Transformer from Faraday’s Law 
Consider an ideal transformer as shown in Figure 3. 52 consisting of two 
sets of turns wound on a single iron core. Assume ideal soft magnetic ma- 
terial (H = 0 in the iron), Nr turns in phase 1 and 7V 2 turns in phase 2. 
Let <j> be the flux in any cross section of the iron core. 

(a) Compute <j> using the normal hr in the turns of phase 1, that is, 

4> = J B-dS 


with dS = dSh\ and the corresponding flux linkage Ai — Ni<f>. What is the 
sign convention for the induced voltage —dXi/dt? That is, if 



will it attempt to force current in the positive direction of i\ or the negative 
direction? 
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(b) Use Gauss ’s law with the iron core defining a flux tube to explain why 
<j>, as computed in part (a), can also be computed using the normal h 2 to 
obtain the same value. 

(c) Use the fact that by Faraday's law , v\ = — d\i/dt, V 2 = —d\ 2 /dt to 
show that 


(d) Use this result and V\i\ 4 - v 2 i 2 
show that 

h = 


= 0 (assuming there are no losses ) to 
N 2 . 

~TT 2 2- 



FIGURE 3.52. Derivation of the ideal transformer equations using Faraday’s law. 
Adapted from Figure 20.12 of Kassakian et al. [57], 

Problem 9 Magnetizing Inductance in the Transformer Model [25] [57] 
Consider the transformer in Figure 3.53 to be non ideal in the sense that 
H is not zero in the iron; that is , assume that \i r is large, but finite. It is 
still assumed that the magnetic fields B and H are confined to the core , 
follow the path of the core, and are constant in magnitude in the core. 

(a) With a current in phase 1, but phase 2 open- circuited, apply Ampere’s 
law to the curve C and use this to show that the magnetic field in the core 
is given by 

B = pL r pL 0 H = (phase 2 open- circuited) (3.17) 

f-c 

where i m is the current in phase 1 with phase 2 open circuited, t c is the 
length of the path C and p r is the relative permeability of the iron in the 
core. Of course the length l c is different in value for different paths . For this 
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approximate analysis, one just takes £ c to be some average length around 
the core. 

(b ) Show that the flux <j> in the core is given by 

4> = (3.18) 

t-c 



FIGURE 3.53. Magnetizing inductance L m for a transformer. 

By the assumption that the magnetic fields B and H are confined to the 
core and follow the path of the core, this flux is the same everywhere in the 
core. The flux linkage in phase 1 is 

Ai =Ni<t> = = L m i m . 

This current im (with phase 2 open- circuited) is called the magnetizing cur- 
rent and is the current required to produce the magnetic field B (by align- 
ing/magnetizing the dipole moments of the iron atoms) given in equation 
(3.17) and the corresponding flux (j> in the core as given in equation (3.18). 
L m ^ n r fj, 0 N^S/£ c is called the magnetizing inductance and the equivalent 
circuit for a transformer with a finite p r is shown in Figure 3.53(b). 

(c) By Faraday’s law, the flux in the iron core and the applied voltage 
are related by 


* = wj 0 v ' (T)dr - 
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That is , the flux (j) in the core is completely determined by the applied 
voltage to the phase. Consider now that phase 2 has a load (e.g., a resistor) 
attached to it so i 2 is nonzero and apply the same voltage as before to phase 
1 . Explain why the total flux is now 

<t> = (Wi*i + N 2 i 2 ) ■ 

"c 

(d) Decompose the current i\ as ii ~ im + i[ where i m is the (magnetizing) 
current with phase 2 open and i[ is the additional current in phase 1 when 
phase 2 is not an open circuit. The flux can then be written as 

4> = (Niim + + N 2 i 2 ) 

As the flux depends only on the applied voltage v\ , explain why 


N\i\ + N 2 i 2 — 0 


is always true. 

(e) Explain why it is still true with finite (i r that 

N 2 

V > = N^ Vv 

(f) Show that in an ideal transformer , the flux <j> = 0. How does this 
affect the derivation in problem 8? 

Remark The effect of finite fi r in a transformer is accounted for in the 
equivalent circuit model by the addition of an inductor with inductance L m 
in parallel with the ideal transformer. Note that as p r — * 00 ; L m ► 00 , 
that is, it becomes an infinite impedance and the circuit reduces to the ideal 
case with i\ = i[. Note that in the ideal transformer with phase 2 open, 
applying a voltage v\ to phase 1 would result in i\ also being zero; that is, 
phase 1 would behave as open circuit due to the magnetic coupling of the 
two phases. In this nonideal case with phase 2 open, after applying a voltage 
Vi, there is a nonzero current im in phase 1 which satisfies vi = L m di m /dt. 

Problem 10 B-H Curve 

Explain how a transformer can be used to experimentally determine the 
B—H curve of its iron core, i.e ., the core is never perfectly ideal soft mag- 
netic material and therefore has a hysteresis curve to be measured. 

Problem 11 Magnetic Force [35] 

Consider the electromagnetic crane drawn in Figure 3.54 • Figure 3.54(a) 
shows the movable piece a distance x below the electromagnet. The cur- 
rent in the wire magnetizes the iron core it is wrapped about to produce a 
magnetic field which crosses the air gaps to magnetize the movable piece 
attracting it to the electromagnet. Let the iron have permeability p r , the 
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cross section have area S = I 1 I 2 , the number of turns of the coil be N , 
the path length of the closed curve C in Figure 3.54(a) be t + 2x and l in 
Figure 3.54(b). It is assumed that B and H are both constant in the iron 
and (a different) constant in the air gap and that these fields are contained 
within the iron and air gaps. Compute the force of the electromagnet on the 
moveable piece by doing the following: 

(a) Use Ampere’s law to compute the magnetic field B in the core (which 
is equal to the magnetic field strength in the air gap for small x) as a 
function of the current i in the winding. 



(a) (b) 


FIGURE 3.54. Electromagnet exerting a force on a rectangular-shaped iron block. 



This energy from the source current is stored as magnetic energy in the 
iron core and the air gaps . 

(d) With the current held constant at I, if the moveable piece moves by 
the force of attraction from x to 0 (so the change in position is —x), the 
energy goes from W{x, I) to W( 0, 1). The change in energy equals the work 
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done , that is, with x small 

( F ) x (-x) = W{x , I) - W{ 0, I). 

V X~§' 

Use this to show that the force of attraction at x = 0 in Figure 3.54(b) is 
i _ dW(x,I)\ 


\x=0 


dx 


I constant 


(e) With the bar at the location x and the current in the winding given 
by i, explain why the force is given by 


F(x,i) = - 


dx 


even if the current is changing in time. That is, holding the current constant 
was only required for the derivation of the expression for the force. (Note 


is redundant as the 


that the notation “I constant ” in - 

I constant 

partial derivative d/dx means to take the derivative with the other variable 
held constant.) 


Problem 12 Relative Permeability 

Consider a permanent magnet which is placed in another (external) mag- 
netic field. Explain that , as far as this external magnetic field’s effect on 
the permanent magnet, one can take p r = 1 in the permanent magnet. 



Part II 
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With the preliminary material presented in the first three chapters, the 
remaining chapters cover the modeling and control of AC machines. How- 
ever, before embarking on this odyssey, an elementary notion of how AC 
machines operate is first presented. This will hopefully help the reader to 
understand the overall picture as he/she goes through the detailed analysis 
in the remaining chapters. 

Induction Motor 

The goal here is to give an elementary idea of how an induction motor 
works. First, the construction of a simple two-phase machine is described. 
This is followed by explaining how a radially directed rotating magnetic 
field is set up in the air gap by the stator currents and how this rotating 
field induces currents in the rotor loops. Finally, it is described how this 
same rotating magnetic field produces torque of on the current it induces. 

Construction of the Induction Motor 

To begin, the construction of a simplistic model of a two-phase induction 
motor is described. 

Figure II. 1(a) shows a half-cylindrical-shaped loop, which is wound around 
a cylindrical-shaped iron core, and denoted as loop a. A second identical 
loop, denoted as loop 6, is then wound 90 degrees from loop a as shown 
in Figure II. 1(b). The currents in loops a and b are denoted as iR a ,iRb, 
respectively. The two loops are electrically isolated. 

In Figure II. 1, the notation © means that if i > 0, the current is coming 
out of the page while © means that if z >0, then the current is going into 
the page. 




Figure II. 1. Rotor of an induction motor. 


The stator is constructed similarly. Figure 11.2(a) shows stator loop a 
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that has a half-cylindrical shape and is wound on the inside surface of the 
stator iron. However, as shown in Figure 11.2(a), it also has a voltage source 
connected. Similarly, Figure 11.2(b) shows that stator loop b is identical in 
form to stator loop a, but is wound 90 degrees from loop a. The applied 
voltages are denoted as us a , ^sb and the corresponding currents are denoted 
as isa,isb-> respectively. These two loops are electrically isolated. 



(a) (b) 

Figure II. 2. Induction motor stator, (a) Stator loop a. (b) Stator loop b. 


Combining Figures II. 1 and II. 2, a simple two- phase induction motor is 
illustrated in Figure II.3. The position of the rotor is located by a line per- 
pendicular to rotor loop a as shown in Figure II.3. 



Figure II. 3. Cross-sectional view of a simple two-phase induction motor. 
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Rotating Magnetic Field 

Figure 11.4(a) shows that the magnetic field in the air gap produced by 
i$ a > 0 (with %sb = 0) is radially out on the right-hand side and radially in 
on the left-hand side. Figure 11.4(b) shows that the directions are simply 
reversed for is a < 0. 


a a 



(a) ; & >o (b) / & <0 


Figure II.4. Magnetic field distribution produced by is a • 

Similarly, Figure 11.5(a) shows that the magnetic field in the air gap pro- 
duced by i$b > 0 (with is a = 0) is radially out on the top-half side of the 
air gap and radially in on the bottom-half side of the air gap. The direc- 
tions are simply reversed for isb < 0- 



(a) / Js >0 (b) i si < 0 


Figure II. 5. Magnetic field distribution produced by igb • 
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Combing the magnetic fields of stator loops a and 6, a rotating magnetic 
field is created in the air gap by choosing 


isa = Iscos(co s t)iisb = Is Sin(Ldst)‘ 


This is illustrated in Figure II.6, which shows the total magnetic field B5 
due to both %s a and isb- 




Figure IL6. Rotating magnetic field. 
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Induced Rotor Currents 

The rotating magnetic field B 5 produced by the stator currents produces 
a changing flux in each of the rotor phases. By Faraday’s law, voltages 
and hence currents, are produced in the rotor phases. This is illustrated 
in Figure II. 7 showing the rotation of the stator magnetic field past rotor 
loop a (rotor loop b is not shown for clarity). As it rotates past rotor loop 
a, the changing flux in the loop produces an emf, which in turn produces 
the current in a . 


a a 



(a) co s t = 0 (b) ay =;r/4 



Figure II. 7. The changing flux in rotor phase a due to the rotating 
magnetic field of the stator. Rotor phase b is not shown. 
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Torque 

Recall that from the magnetic force law, the force on side a of rotor loop a 
is given by 

Tside a ~ ^Ra^l^S 

where i\ is the length of the rotor. By the right-hand rule, this force has 
the direction shown in Figure II.8. The torque on this rotor loop is then 

^side a = {.^2 / Ra^\ Bg 

where 2 is the radius of the rotor. Similarly, the forces on sides a', 6, 
and b f can be computed and are shown in Figure II. 8. With the currents 
in the rotor phases as shown in Figure II. 8, the magnetic force law shows 
that the sides of each rotor loop have a tangential force pushing the rotor 
in the counterclockwise direction. 1 That is, there is a torque on the rotor, 
causing it to turn. 



Figure II.8. Torque in an induction motor. 


Slip 

uj s is the angular speed of the stator’s rotating magnetic field and cur is 
the rotor speed. The slip speed is defined as 


Wsiip = ujs — wr. 

It turns out that positive torque production requires ujs > Wfl, while to 
obtain negative torque co s < ^R and no torque is produced if uj$ 


x That the currents in the rotor loops are in the directions indicated in the figure can 
only be proven using the analysis developed in later chapters. 
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That is, uj s iip = us — wr ± 0 when producing torque. The induction motor 
is said to operate asynchronously since the rotor angular speed ur is not 
the same as the angular speed u$ (^s 7 of the stator’s rotating mag- 
netic field when producing torque. The fact that the slip must be nonzero 
to get torque is easily explained. Consider the situation shown in Figure 
II.9 where u s u p = 0 or us = ur. As Figure II. 9 shows, the flux in the 
rotor loop does not change and consequently there is no induced voltage 
nor current in the rotor loop and, therefore, no torque is produced. 


a a 



(c) co s t=Jt! 2 (d) o) s t = 3^/4 


Figure II. 9. No changing flux in the rotor loop if u$ — wh- (Rotor loop b 
not shown for clarity.) 
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Summary 

Summarizing, the induction motor works as follows: 

• A rotating radially directed magnetic field B 5 is set up in the air gap 
between the rotor and stator iron by the stator currents isa^Sb- 

• This rotating magnetic field produces a changing flux in the rotor 
loops (phases). 

• By Faraday’s law, voltages, and hence currents, are induced in the 
rotor loops. 

• This same magnetic field B 5 that induced the currents in the rotor 
loops produces a torque on them. 

Permanent Magnet Synchronous Motor 

The principle of operation of a synchronous machine is illustrated in Figure 
II. 10, which shows two permanent magnets rotating on different axles. The 
“stator” permanent magnet is rotated at angular speed cjs by mechanically 
turning it on its axle. As it rotates, its north end attracts the south end 
of the rotor permanent magnet to turn it on its axle. Consequently, they 
rotate together at the same speed (i.e., t or = cjs) so that their speeds are 
synchronized . 



Figure 11.10. Two permanent magnets rotating on different axles. 

It was shown above that the stator of an induction motor can produce a 
rotating magnetic field. To make a synchronous motor, one simply removes 
the rotor from the induction motor and replaces it with a permanent mag- 
net rotor as shown in Figure II. 11. As in the case of the induction motor, 
the stator currents is a , isb produce a rotating magnetic field. This rotating 
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magnetic field then pulls the rotor magnet along with it at the same angu- 
lar speed. That is, u>s = w R so that the rotor itself and the stator magnetic 
field rotate together synchronously. 


a a 



(c) co s t=jii 2 (d) co s t = 2ji/A 


Figure II. 11. The permanent magnet rotor is pulled by the rotating 
magnetic field of the stator, (a) is a = Is, isb = 0- (b) is a — Is/V%, 
isb = Is/y/%- (c) isa = o, isb = Is- (d) isa = —Is/V^i i Sb = Is/V%- 
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Rotating Magnetic Fields 

The production of a rotating radially directed magnetic field in the air gap 
by the stator currents is fundamental to the operation of both induction 
motors and synchronous motors. Using the assumption of ideal magnetic 
materials (i.e., materials where H = 0), expressions for the radial magnetic 
field distribution in the air gap of AC machines due to the currents in the 
stator phases are found. Specifically, a two-phase machine is considered. It 
is shown that if the stator phases are sinusoidally wound and 90° apart 
from each other and, with the stator currents given by is a = Is cos (cast) 
and isa = /scos(u;s£), the result is a rotating radial magnetic field that 
is sinusoidally distributed in space. Finally, expressions for the azimuthal 
magnetic field as well as the axial electric field in the air gap are also found. 


4.1 Distributed Windings 

Before embarking on how a rotating magnetic field is produced, the geo- 
metric structure of the windings (loops/turns) on the rotor and stator iron 
are described. To do so, consider Figure 4.1(a), which shows a cylindrical 
iron rotor core with six slots in it. A single length of wire is wound around 
the core forming three rotor loops to make up a phase winding. The top 
three slots are at 9 = 7r/3, 9 = 7t/2, and 0 = 27t/ 3, and the bottom three 
slots are at 0 = 47t/3, 0 = 37t/2, and 9 — 57t/3. 

In more detail, starting with a single wire, the first loop of the phase is 
wound starting in the bottom leftmost slot at the point a in Figure 4.1(a) 
and then follows a semicircular path in the counterclockwise direction to 
the rightmost top slot. From there, the wire goes down the length of the 
cylinder to the back side and then follows another semicircular path in the 
clockwise direction to the back side of the leftmost bottom slot. Next, the 
wire is brought up the length of the iron to the front side to the point b 
in the figure. The wire from point a to point b makes up the first loop (or 
turn or winding) of the phase. Continuing, the wire is extended to point c 
to start the second loop. As shown in Figure 4.1(b), the second loop goes 
from point c to point d, making a half-cylindrical-shaped loop in the top 
and bottom slots. Finally, the wire is extended from point d to point e to 
start the third loop. The third loop goes from point e to point / as shown 
in Figure 4.1(c). As stated above, the single piece of wire (consisting of 
three loops in this example) is referred to as a phase winding or simply 
phase . 
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(C) 


(d) 


FIGURE 4.1. Distributed phase winding consisting of three loops, (a) First loop 
of the phase winding from a to b. (b) Second loop of the phase winding from c 
to d. (c) Third loop of the phase winding from e to /. (d) Cross-sectional view 
of the rotor phase winding. All three of these half-cylindrical surfaces have the 
same radii. They are drawn with different radii in the figure so that the reader 
can tell them apart. Drawn by Bret Wilfong. 


This is called a distributed phase winding because the loops making up 
the phase winding are not all in a single pair of slots, but rather, they are 
distributed over three pairs of slots. The semi-circular sides of each loop 
are referred to as end turns. 
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Figure 4.1(c) shows that the two ends of the phase (points a and /) are 
connected to a voltage source, which, if positive, will force current up out 
of the top sides of the loop and down the bottom side of the loops. This 
sign convention for the current is also illustrated in Figure 4.1(d), which 
is a cross section of the rotor. The cross-sectional view of Figure 4.1(d) 
is the standard way to represent a phase winding. Figure 4.3(a) shows a 
cross-sectional view of a single phase similar to Figure 4.1(d) except that 
two loops are now wound in the middle slots rather than just one loop as 
in Figure 4.1(b). 

Figure 4.2 illustrates how electrical power can be brought into the rotor of 
4.1. The slip rings 1 and 2 are made of conducting material and are rigidly 
connected to the rotor. As the rotor turns, they make sliding contact with 
(slip against) the brushes b\ and 62, which are fixed in space. Slip ring 1 is 
also electrically connected to a wire conductor that goes through slip ring 
2 (and is electrically isolated from slip ring 2) and is connected to point / 
in Figure 4.1(c). Slip ring 1 is electrically connected to a wire conductor 
which is connected to point a in Figure 4.1(c). In this way, voltage and 
current can be supplied to the rotor from an outside power source. 

Electrical contact 



FIGURE 4.2. A set of brushes and slip rings can be used to bring electrical power 
to the rotor winding. 


A distributed stator phase winding is wound in similar fashion as the 
distributed rotor winding of Figure 4.1. In the case of the stator winding, 
the loops of the phase are wound on the inside surface of the stator as shown 
in Figure 4.3(b). The simple single stator phase of Figure 4.3(b) consists 
of four turns (loops/windings). Specifically, this phase winding is made by 
winding a single wire around the inside of the stator iron once at 9 = 7t/3 
(with the other side of the loop at 47r/3), then twice at 9 — tt/ 2 (with the 
other side of the loop at 37r/2), and finally once more at 9 = 27r/3 (with 
the other side at 57t/3). The radial air gap distance is denoted as g and an 
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arbitrary point is located using the polar coordinates (r, 6) as shown. 



FIGURE 4.3. (a) Distributed rotor phase winding with two loops in the middle 
slot, (b) Distributed stator phase winding with two loops in the middle slots. 

There are other ways to distribute the windings of a phase such as shown 
in Figure 4.4. Figure 4.4(a) shows a distributed rotor phase winding with 
one side of a loop at 0 = 7 r/6 (the other side of the loop at 77 t/ 6), two loop 
sides at 6 = 7t/3 (with the other sides at 47r/3), three loop sides at 9 = 7t/2 
(with the other sides at 37r/2), two loops at 6 — 27r/3 (with the other sides 
at 57 t/ 3 ) and one loop side at 0 — 5n/6 (with the other side at 11 tt/ 6). 
Figure 4.4(b) shows a similar winding on the stator. 


jt/2 



(a) (b) 


FIGURE 4.4. (a) Distributed rotor winding, (b) Distributed stator winding. 
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4.2 Approximate Sinusoidally Distributed B Field 

The goal here is to compute the radial magnetic field B established in 
the air gap by the current in a distributed winding. To do so, Ampere’s 

law /H M = w** is the key tool .ha, is used. However, to obtain 

a nice elegant expression for the magnetic field B using Ampere’s law, an 
additional assumption is required. This assumption is that the wires loops 
in a phase winding have an infinitesimal cross-sectional area; that is, the 
wire has length, but its cross-sectional area is infinitesimal. To emphasize 
this, Figure 4.3(a) is redrawn in Figure 4.5(a) to indicate that the wire 
has no width. The two © are drawn at the top middle slot while only one 
© is drawn at either side to indicate that the middle slot has twice as 
many windings (loops) as either of the other two slots. Similarly, the stator 
winding of Figure 4.3(b) is redrawn in Figure 4.5(b). 




FIGURE 4.5. (a) This is Figure 4.3(a) redrawn to show that the wire has no 
width, (b) This is Figure 4.3(b) redrawn to show that the wire has no width. 


However, even Figure 4.5 does not quite capture what it means for the 
wire to have a cross-sectional area that is infinitesimal in size because the 
slots should not have any depth. So, Figure 4.5 is redrawn in Figure 4.6 to 
illustrate that the depth of the slots are also infinitesimal. 

To be consistent with the literature, Figures 4.1(d), 4.3, and 4.4 will 
be used for illustration, but it is to be understood that the standing as- 
sumption is that the wires loops in a phase winding have an infinitesimally 
small cross-sectional area so that the reader should think of Figure 4.6 in 
the derivations that follow. 
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(a) (b) 


FIGURE 4.6. This is Figures 4.5(a) and 4.5(b) redrawn to show the slots have 
no depth. 

The problem of computing the radial magnetic field established in the air 
gap by the current in a distributed winding is now considered. To fix ideas, 
the distributed winding shown in Figure 4.3(b) [or equivalently, Figure 
4.6(b)] is used. This winding is redrawn in Figure 4.7 where it is now 
denoted as phase a and the current in it is denoted as is a • 



FIGURE 4.7. Use of Ampere’s law to determine the radial magnetic field in the 
airgap due to the current is a in stator phase a. 

To compute the radial magnetic field Bs a in the air gap produced by is a , 
Ampere’s law (f H d£ = Enclosed is applied to the closed path 1— 2-3-4— 1 
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shown in Figure 4.7. The assumption that the wire has an infinitesimal 
cross section means that the sides of the copper loops lie just at the inside 
surface of the stator iron. In particular, this assumption allows one to take 
the points 1,2, 3, 4 on the path to all be just inside the magnetic material 
at the air gap/iron interface and still have the closed-path 1-2— 3— 4—1 
enclose any current in the loop sides between 0 and 0. Further, computing 
f H ■ di across any (infinitesimally thin) wire is then equal to zero. 1 With 
H = 0 in the iron and g the air gap length, it follows that 


/* 2 /*3 r X 

/ H Sa-dt+ / Hs a • d£+ / H Sa-d£+ / Hsa- 
J 1 J 2 J 3 J 4 

a - di + J A “- 

£ H s a (0)r • dir + jT H Sa (0)r ■ {-dtr) 


dl 

di 


— ^enclosed 


^enclosed 


— ^enclosed 


gH Sa (0) - gH Sa (0) = 


^enclosed * 

(4.1) 


In this derivation, it was assumed that Hs a is constant across the air gap, 
that is, Hsa does not depend on the radial distance r in the air gap. The 
enclosed current ^enclosed between 0 and 0 inside the curve 1—2— 3— 4—1 of 
Figure 4.7 is given by 


^enclosed — 


< 


0 

for 

0 

< 

9 

< 

7r/3 

iSa 

for 

71-/3 

< 

9 

< 

7t/2 

Sa 

for 

7t/2 

< 

9 

< 

2tt/3 

4 isa 

for 

2tt/3 

< 

9 

< 

47t/3 


for 

47t/3 

< 

9 

< 

3tt/2 

i-Sa 

for 

3tt/2 

< 

9 

< 

57t/3 

0 

for 

57t/3 

< 

9 

< 

2n 


and is plotted in Figure 4.8. 


1 This assumption does not appear to be realistic especially in the above figure. Copper 
is not a magnetic material so H ^ 0 inside. The assumption of an “infinitesimal cross 
section” for the wire allows one to still take f H ■ d£ = 0 across the wire as its cross- 
sectional area is infinitesmal. Although on the face of it this assumption may not seem 
reasonable, it does lead to a model that is not only reasonable, but quite good. Again, 
the reader is encouraged to think of Figure 4.6(b) in this derivation and all that follow. 
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Enclosed 



FIGURE 4.8. ienciosed versus 0. 


The magnetic intensity is then 

Hsa(0) = H Sa ( 0 ) ^ enclosed( ^ - 

9 

where Hs a ( 0) on the right-hand side must still be determined. 

To compute Hs a (fy, the conservation of flux law is used. Consider a 
closed cylindrical flux surface whose cylindrical surface is in the air gap and 
whose disk shaped ends just contain the rotor iron as shown in Figure 4.9. 
Since this surface is in air, B Sa = /x 0 Hs a on the surface. On the disk-shaped 
surfaces at the each end of the cylinder, Bs a = 0, while on the cylindrical- 
shaped part of the surface, B s a = Bsa ? = Mo (#Sa(G) — Enclosed (8)/ 9) f. 
Conservation of flux gives 

p2n /* 2 tt 

B - dS = / / (Bsa{0)i) ♦ (rdflcter) = r£i / B Sa {0)d6 = 0 

Jo Jo Jo 

or, substituting in the above expression for Bs a {8), one finds 

jT (^.(0) - M 0 ienC '°J dW ) de = 0. 



FIGURE 4.9. A closed flux surface in the air gap which contains the rotor. 
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Rearranging 


H S a( 0) 


^enclosed ( 


If. 7T 7T 27T 7T 7T 

2^ (* So 6 + 3tSa 6 + 4!S “T + 3 * s “ 6 + * Sa 6 


Bsa = Bsa(0)r = Mo 


2^5a ^enclosed (0) 


B Sa (0) versus 0 is plotted in Figure 4.10. 

ffl SB a> (5) 


'Vs/* ' 


2fl73 X 4m 1 3 


-f'jjg- 0 1 ~ 

"W*" 3 3 


5jt ^ 


FIGURE 4.10. Magnetic field Bs a (0) versus 0 due to the current in phase a of a 
two-phase machine. 


Expanding Bs a {0) in a Fourier series, one obtains (see problem 3) 


fc=l,3,5,... 


B Sa (0) = Mo^“ X E - +C fc S ^ 6 ^ sin (fc(fl+ f) 


4 / 2 + V5.. /„ 1 . 


sin ( 0+ D + 3 sin ( 3(0+ f } ) 


+ 1 — sin (5(0 + |)) + - — ^^sin( 7 (0 + | )) + 

Mo — - f 1 -866 cos (0) - 0.333 cos 3(0) + 0.0268 cos (50) 
g 7T \ 

- 0.0191 cos (70) + •••') . 


To a first approximation, the radial magnetic field distribution Bs a {0) may 
be approximated by its first harmonic as 

Bsa(0) = Bsa(0) ? ~ 1.866m 0 — — cos(0)r (4.4) 

9 n 
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which is a sinusoidal distribution in 6. 

A similar procedure can be applied to the stator winding in Figure 4.4(b), 
resulting in a radial magnetic field distribution in the air gap as given in 
Figure 4.11 (see problem 4). 





FIGURE 4.11. Radial magnetic field Bsa(0) in the air gap for the distributed 
winding of Figure 4.4(b). 


4-2.1 Conservation of Flux and 1/r Dependence 

Consider the closed flux surface in the air gap shown in Figure 4.12. This 
closed surface is composed of two concentric cylindrical-shaped surfaces Si 
and S 2 and four other planar sides S 3 , S 4 , S 5 , and Sq as illustrated in Figure 
4.12. The surface normal on the closed surface is given by 


— ridOdzr 

for 

Si 

r 2 dddzv 

for 

s 2 

drdzO 

for 

s 3 

rdOdrz 

for 

s 4 

—drdzO 

for 

5s 

-rdOdrz 

for 

s 6 


As B is taken to have only a radial component, B ■ dS = 0 on the surfaces 
S 3 , S 4 , S 5 , S 6 as B is perpendicular (normal) to dS on these surfaces. Con- 
sequently, f s B • dS — f S4 B • dS — B • dS = J 5g B • dS = 0. In this 
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case, conservation of flux gives 


(bB dS= B -dS4- / B ■ c/S = 0 

/ JSi Js 2 

[ [ (Bsa(O)t) • (ndOdz(- ?)) + f [ (Bsa(O)r) ■ (r 2 d9dzr) - 0 

/ 0 J 01 </0 

(4.5) 

-hr i [ 2 B Sa {0)dO + ^r 2 [ “ B Sa {9)d9 = 0 

70, 70, 


h(r 2 -n) B Sa (e)d9 = 0 



FIGURE 4.12. Closed flux surface to show the 1 /r dependence of the magnetic 
field in the air gap. 

As ri 7 ^ r 2 , conservation of flux does not hold. The problem here is that 
the magnetic field Bs a was assumed to be constant as a function of r across 
the air gap in deriving (4.2) [and therefore, in deriving (4.3) and (4.4)] when 
in fact it must vary as 1/r to satisfy the conservation of flux law. That is, 

a r R 

with r R the radius of the rotor, replace Bs o ( 0 ) by Bs a {r,6) — — Bs a (@) 

r 

in (4.5) and j> B • dS = 0 will then hold. The expression for the magnetic 
field is now 

/ an D Tr ( ‘ZiSa ^enclosed ($) \ ~ f a a\ 

B sa(r, 0 ) = B Sa (r, 0 ) r = Mo— r - ( 4 - 6 ) 

r \ 9 9 ) 

Similarly, the expressions (4.3) and (4.4) are multiplied by the factor r R /r. 
The air gap g is assumed to be small so that 

Tr 

— ^ 1 for r R < r <rs = r R + g. 
r 
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Consequently, the factor r#/r does not really change the value of the mag- 
netic field in the air gap. 2 However, it is straightforward to see that this 
expression for Bs 0 (r, 9) satisfies conservation of flux for the closed surface 
given in Figure 4.12 (see problems 5 and 17). 


4-2.2 Magnetic Field Distribution Due to the Stator Currents 

Consider a second stator phase, denoted as phase 5, which is rotated 90° 
from phase a as drawn in Figure 4.13. 



FIGURE 4.13. Phase b windings carrying the current isb • 


A similar argument to that given for phase a shows that the magnetic 
field B sb due to the current isb In phase b is found by replacing i$ a by isb 
and 9 by 9 — 7t/ 2 to obtain 


&Sb(r,6) = B Sb (r,0)r = /t 0 — — - V] 

n r it J 


g r 7T 

1. 866^ 0 — — — sin(0)r. 
g r 7T 


/c=l,3,5,... 


(1 -F cos(/c7r / 6) 

k 


sin (k0) 


In summary, the first harmonic approximation for B 5 Q (r,^) and Bsb(r, 0) 
are 

Bs a (r, 9) = B Sa {r,0) r ~ 1.866/i 0 — — — cos(0)r 

g it r 

B sb{r,0) = B S b(r,0) r « 1.866^ 0 — sin(0)r. 

g tt r 


2 It would have been just as valid to use rg/r where r$ is the inside radius of the 
stator, or a value ro,r/j < ro < r$ satisfying f^(ro/rji)dr — g (see problem 11). 
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4.3 Sinusoidally Wound Phases 

In the previous section, the higher-order terms in the expression for the 
radial magnetic field in the air gap were ignored. In this section, the con- 
cept of a sinusoidally wound phase is explained, and it is shown that the 
higher-order harmonic terms in the Fourier series expansion of Bs a ,Bs& 
are identically zero. A sinusoidally wound rotor phase is first described as 
the corresponding figures are easier to draw in order to get the point across. 
Next, sinusoidally wound stator phases are described and an expression for 
the corresponding sinusoidally distributed magnetic fields produced in the 
air gap by the phase currents are then derived. 


4-3.1 Sinusoidally Wound Rotor Phase 

To construct a sinusoidally wound rotor phase, a single strand of wire is 
wrapped around the axial length of a cylindrical core of iron, making coil- 
loops or turns according to a sinusoidal turns density given by 

Nr 

Nrq,(Q — Or) = sin(0 — Or) for Or < 0 < 7r + Or 

where Or is the rotor position. That is, this specifies that the number of 
the loops (turns) wrapped around the rotor iron core between 0 and O + dO 
is N Ra (0 - 0 R )d0 [see Figure 4.14(a)]. 



FIGURE 4.14. Sinusoidally wound rotor phase. The number of loops/turns wound 
between 0 and O + dO is NR a {0 — 6R)d0 with the other side of these loops between 
7r + 9 and 7r -f 6 4- d6. The sine curve envelope drawn around the windings is used 
to indicate a sinusoidally wound phase. Although not drawn to show this, the 
cross-sectional area of the sinusoidally wound phase is taken to be infinitesimal. 
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Consequently, the total number of turns wrapped around the rotor core is 
then NR a (6 — 9n)d9 = Nr. Figure 4.14(a) shows how a sinusoidally 

wound rotor is indicated schematically. In comparison with Figure 4.4, the 
slots have been removed in Figure 4.14(a), showing only the loops which 
are now enclosed in a sine curve envelope. This is a standard representation 
to denote a sinusoidal winding and is also adopted here [3] [24] . 

4-3.2 Sinusoidally Wound Stator Phases 

As in the case of the rotor phase, a sinusoidally wound stator phase is 
constructed by wrapping a single strand of wire around the inside surface 
of the stator iron to make coil loops or turns . For stator phase a, the number 
of the coil loops at any angle 9 is specified by the sinusoidal turns density 

Nq 

Nsa(9) = ~y~ sin (9) for 0 < 9 < tt (4.7) 

that is, Nsa(9)d9 is the number of turns between 9 and 9 4- d9. The total 
number of turns wrapped around the inside surface of the stator core is 
Jq Nsa{9)d9 = Ns- This is illustrated in Figure 4.15. 3 The top side of this 
winding, where positive current is out of the page, is denoted as side a while 
the bottom side of the winding, where positive current is into the page, is 
denoted as side a ! . 



FIGURE 4.15. Sinusoidally wound stator phase a. The number of loops wound 
between 9 and 9 + d9 is Ns a (9)d6 with the other side of these loops between 7T-F 9 
and 7 x + 9 + d9. 


3 The figure shows a single phase wound such that there is one loop at 7 r/6, two loops 
at 7 t/ 3, three loops at 7r/2, two loops at 27r/3, and one loop at 57 t/ 6 (see problem 4, 
where such a winding is analyzed). However, again following Refs. [3] and [24], the sine 
curve envelope of these loops is used to indicate that it is sinusoidally wound. 
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Similarly, stator phase b consists of a separate sinusoidally wound wire 
identical in structure to phase a except it is rotated 90° with respect to 
phase a [see Figure 4.17(b)]. The turns density for phase b is therefore 

Nsb(9) = sin(0 — 7t/2) for n/2 < 6 < 37r/2. (4.8) 

The number of turns between 6 and 6 + dd is Nsb(&)d6 = (Ns/2) sin (0 - 
ir/2)d9 and the total number of turns making up stator phase b is 


pZv/2 

/ N Sh (0)dO = iV 5 . 

J 7t/2 


Remark Though Figures 4.14 and 4.15 are not drawn to show this, 
the cross-sectional area of a sinusoidally distributed winding is modeled as 
being infinitesimal. 


4.4 Sinusoidally Distributed Magnetic Fields 


Sinusoidally distributed windings (turns density) are used because the cur- 
rent in such a winding produces a sinusoidally distributed (in 8) radial 
magnetic field in the air gap. This is now explained. 

The objective here is to determine the radial magnetic field B s a es- 
tablished in the air gap by the current is a in the sinusoidally distributed 

winding of phase a . To do so, Ampere’s law j) H * di = Enclosed is applied 
to the closed- path 1—2— 3— 4—1 indicated in Figure 4.16 to obtain 



■d£ = 
■d£ = 



isa(N s / 2) sin (tf)dff 
isa(N s /2)sm(8')d8'. 


Evaluating, this becomes 

r i=g 


r e = 9 r e =9 Nq 

/ H Sa (isa,0)r * (dir) + / H Sa (isa, 0)t • {-dir) = ~isa~^~ cos(<9) 
Je = o Je = o z 


_ L . Ns 

+ l Sa~ 


or 

Nq Nq 

Hsa(isa, 0)5 - H Sa (isa, 0)g = - isa cos(d) + isa~Y (4.9) 
where it was assumed that Hs a is constant across the air gap. Rearranging, 
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In this equation, both Hs a (isa> &) and Hs a (isai 0) are unknown. The con- 
servation of flux law B • dS = 0 can be used to determine Hsai^Sa, 0). 
To do so, consider a closed surface S that contains the rotor core as shown 
in Figure 4.16. The cylindrical part of the surface S is in the air gap and 
has radius r# so that it just contains the rotor core. The two disk-shaped 
ends of the surface S are considered to have zero flux through them as B 
is essentially zero there. 
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It then follows that 


Hsa {^Sa ? $) 0 COs($) 

Bsa(isa,0) = S isaCOs(9). (4-10) 

2 9 


In applying Ampere’s law, it was assumed that B = p 0 H was constant 
across the air gap in the radial direction, that is, B did not depend on the 
cylindrical coordinate r. However, in order to satisfy the conservation of 
flux § s B • dS = 0 in the air gap for a closed surface such as the one in 
Figure 4.12, it is necessary that B decrease as 1/r in the air gap. There- 
fore, the expressions for Hs a , Bs a are modified by the factor vr/v so that 
conservation of flux holds in the air gap. 4 Finally then, the magnetic field 
Bs a in the air gap due to i$ a is given by 




f^o N srR isa cos(0) „ 
2 g r 


Similarly, for stator phase b which is also sinusoidally wound, but rotated 
90° counterclockwise from phase a, the magnetic field B^ in the air gap 
due to isb is given by 


B sb(isb,r,Q) 


f^o N srR isb cos (0 - tt/2) . 

2 g r 

p Q N s r R i S b sin(0)^ 

2 g r r * 


Figure 4.17(a) shows the magnetic field lines due to the current is a in phase 
a (drawn with is a > 0) while Figure 4.17(b) shows the magnetic field lines 
due to isb in phase b (drawn with isb > 0). The sinusoidal windings have 
resulted in sinusoidally distributed radial magnetic fields in the air gap 
produced by the stator currents. 


4 See problem 11 for a discussion how Ampere’s law changes when the factor rpt/r is 
added. 
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FIGURE 4.17. (a) Magnetic field lines due to the current isa in the sinusoidally 
distributed winding of phase a. (b) Magnetic field lines due to the current isb in 
the sinusoidally distributed winding of phase b. 


Sinusoidally Distributed Rotating Magnetic Field 

The total magnetic field in the air gap due to the current in both stator 
phases is then 

Bs(2s a , isb , r, 6) = Bs a (2s a , r, 9) + 655(255, r, 9) 

= fl ° T 2^ S ^ {isaOOB(0)+ 255 sin(fl)^r. (4.11) 

With isa(t) = Is cosiest) and isb(t) = Is sin(LJst), the expression (4.11) 
simplifies to 

65(7", 0,£) = ^o r nNs!s j_ CQS (fl) + sin(o;5t) sin(^)^r 

Mo t rNsIs 1 
2 g r 

= M ° r 2^ s/,s ~ cos (^ - e ^y ( 4i2 ) 


where 9s(t) = cost. 

Equation (4.12) is the mathematical representation of a rotating magnetic 
field which rotates at the angular (electrical) frequency c us and is illustrated 
in Figure 4.18. Note that the magnetic field has a fixed distribution with 
respect to #5. The angle 9s is referred to as the magnetic axis of the rotating 
magnetic field. 
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Remark In Figure 4.18, the sinusoidally distributed stator windings are 
drawn with four loops in the sine curve envelope rather than with nine 
loops as in Figure 4.17. This is done for clarity of presentation. The reader 
should always assume that the sine curve envelope implies that the winding 
densities for phases a and b are given by (4.7) and (4.8), respectively. 



FIGURE 4.18. Sinusoidally distributed rotating radial magnetic field in the air 
gap. (For convenience, the magnetic field lines inside the stator iron are not 
drawn.) 
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4.5 Magnetomotive Force (mmf) 

The magnetomotive force (mmf) is defined to be § = H • d£, that is, the 
integral of H around a closed curve. Of course, by Ampere’s law, 

9 = ^ H • d£ = ^enclosed • 

Instead of the path used in Figure 4.16, consider applying Ampere’s law to 
the path 1—2— 3— 4—1 in Figure 4.19 . 



FIGURE 4.19. Sinusoidally wound stator phase. 


Now H = 0 on the paths 2—3 and 4—1. By symmetry, H(0 — n) = — H(0) 
and, as dl = d£(— f) on the path 1—2 while dJ£ = dir on the path 3—4, it 
follows that J 3 4 H * d£ = jf H • dl and so 


O A 
-V = 


/ /» 4 /*4 

H-d£ = 2/ H*d£ = 2/ (jff(fl)r)- 
J 3 J 3 


(dir) 


= 2 H{0)g. 


In Figure 4.19 the path is traversed in the clockwise direction in contrast 
to the path in Figure 4.16 which is traversed in the counterclockwise direc- 
tion. Consequently, in the application of Ampere’s law, the current is now 
considered positive if it is into the page rather than out of the page. The 
enclosed current for the path 1—2— 3— 4—1 is therefore 


^enclosed — I ^Sai, Af<?/2) sin($ )(i$ — ^Sa-^S COs($). 

Je-it 
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Ampere’s law H ■ di = Wiosed then gives 


= j'A -di= i Sa N s cos(d) 


or 

3(0) = 2 H(9)g = i Sa Ns cos(0). 

The interpretation is that the mmf 3(0) = isa^s cos (0) which is produced 
by the current is “dropped” across the air gap in the amount of 3i(0) = 
H(6)g across each of the two diametrically opposite sides of the air gap. 
Then one works with the mmf 3 and refers to an “mmf wave” 3i(0) = 
H(9)g set up in the air gap, and so on (see, e.g., Refs. [5] [19] [21] [24] [26] [58]). 
In contrast, a different emphasis (but with the same results) has been 
taken here. Specifically, Ampere’s law is used to find H in the air gap by 
computing the mmf and using H = 0 in the iron. Then B in the air gap 
is found simply from B = p 0 H. In other words, the mmf is only used as a 
device to compute the magnetic induction field B in the air gap. After this 
is accomplished, the B field is used exclusively because it is the quantity 
that produces forces on currents and voltages in coil loops, that is, it is 
directly related to the physical phenomena. This is perhaps better said in 
the following quotation from Melvin Schwartz, a 1988 Noble Laureate in 
Physics: 5 

... we must interject a small bit of philosophy. It is customary to call B 
the magnetic induction and H the magnetic field strength. We reject this 
custom inasmuch as B is the truly fundamental field and H is a subsidiary 
artifact. We shall call B the magnetic field and leave the reader to deal 
with H as he pleases. 


Remark 

In this and the previous sections, only the radial component (i.e., in the r 
direction) of B in the air gap was found. However, Figures 3.2-3. 5 indicate 
that one would expect that an azimuthal component (i.e., in the 0 direction) 
of B would also be present in the air gap. This is indeed the case and it 
is derived in (the optional) Section 4.6. Only the radial component of B 
contributes to the machine torque and produces emfs in the windings of the 
machine, which is the reason that one need only consider this component 
to derive the mathematical models of AC machines. 


5 See M. Schwartz [35], page 156. 
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4.6 Flux Linkage 

The notion of flux <j> = f s B ■ dS is defined for a surface whose boundary is 
a simple closed curve. After computing the flux, Faraday’s law £ = —d<p/dt 
is then used to compute the induced emf (voltage) in the loop. However, 
phase windings are usually comprised of many windings which are also 
distributed and one wants to compute the total emf induced in the phase 
winding. It has been found that the notion of flux linkage can be used to 
do this in a convenient fashion. 

To show how flux linkage is used in AC machines, consider Figure 4.20 
which shows three loops wound on the inside surface of a stator iron. That 
is, a single piece of wire is wound around the inside surface where one loop 
is placed in a slot at 0 = 7r/3 (the other side of the loop is in the slot at 
0 = 7r/3 — 7r) then a second loop is wound at 0 = it / 2 with its other side 
at 6 — 37r/2) and finally a third loop is wound at 9 = 27r/3 (with its other 
side at 0 = 57t/3). The flux surface for each loop is taken to coincide with 
the loop itself as shown in Figure 4.20(b). As this figure shows, the first 
loop/surface is the path from a to 6, the second loop/surface is the path 
from c to d and the third loop is the path from e to / = a'. One end of 
the wire is labeled a and the other a ! and the objective here is to calculate 
the total emf £ a _ a , induced in the wire by the rotating permanent magnet 
rotor. 


6=ji!2 


& = 2jt!3 
\ 


Jill 



Positive directiorvoP^N 

- 1 ^|M 

'»» 
*« • 
• • • 
•« • 
•• • 


•• • 

l /*• 

travel around each \ \ 


loop ] J 

ISss 


FIGURE 4.20. (a) Distributed winding for stator phase a with a permanent 
magnet rotor, (b) The flux surfaces for each stator loop. 
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As before, if the current in the stator winding is positive, the symbol 
© means that it is coming out of the page and the symbol 0 means that 
it is going into the page. Here it is assumed that the permanent magnet 
produces a radial magnetic field in the air gap given by 

Br(0 - Or) = £ max — cos(6» - 0 R )i 
r 

where tr is the radius of the rotor, (r, 0) are the polar coordinates of an 
arbitrary location in the air gap and Or is the rotor angle defined by the 
center line (magnetic axis) of the rotor’s north pole [see Figure 4.20(a)]. 
This rotor magnet produces a flux in each loop and, for any given rotor 
position Or , this flux is different in the loop at 0 = 7 t/ 3, the loop at 7r/2, 
and the loop at 27r/3. Further, if the rotor is moving, then it is producing 
a changing flux in each of the three loops and therefore, by Faraday’s law, 
this changing flux will produce an emf in each of the three loops. Of course, 
at any point in time, the emfs will be different in each of the three loops. 

To compute these emfs, let 

dS = rsdOdzr (4.13) 


where rs is the radius of the inside surface of the stator iron. Note that with 
this choice of dS, the positive direction of travel around the loop coincides 
with the positive direction chosen for the current in that loop [see Figure 
4.20(b)]. On the inside surface of the rotor, r = rs so that the flux in the 
loop whose sides are in the slots at 0 = 7 t /3 and 0 — 7r/3 - 7r is 


^tt/3 


/ 

Loop from 
7r/3 — 7T to 7 t/3 


B R -dS 


n 0=n/3 

= 7r/3 — 7T 
/'9=tt/3 

h tr / 

J Q— 7r/3 — 7r 


6 m ax— cos(0 - 0 R )r- (: r s d6dzr ) 

rs 

Bmax COS {0 - 0 R )d0 


Z\r R B m&% sin(0 - 0 R )d0 


6>=tt/3 
0—7t /3 — 7T 


2£i r fl S max sin(7r/3 - 0 R ). 


Then the emf induced in this loop by the magnetic field of the permanent 
magnet is 

£tt /3 = — = ^ir R B m&x u> R cos(e R - tt/3) 

where c or = d0R/dt. If £^3 > 0, this emf will force current to go in the 
positive direction of travel around the loop which coincides with the positive 
direction of current in that loop. 
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Again using the outward normal so that dS is still given by equation 
(4.13) as before, the flux in the loop between — tt/ 2 to n/2 is 

<f > n /2 = J B R -dS = 2tir R B ma , x sin(7r/2 - 6 R ) 

Loop from 
— 7r/2 to 7r/2 

and the induced emf in the loop is 

i n /2 = = 2^irfijS m axWfiCOs(6» fl - 7r/2). 

If £^12 > 0, it will force current to go in the positive direction of travel 
around the loop which also coincides with the positive direction of current 
in that loop. 

Finally, with dS given by (4.13) once more, 

^ 2^/3 = J Bj? ' = 2 ^ir#i? max sin(27r/3 — Or) 

Loop from 
27r/3— 7r to 27 t/3 

and 

^ 2 tt /3 = = 2e 1 r R B m&x u R cos(0 R - 2tt/3). 

Again, if £ 27r /3 > 0? it will force current to go in the positive direction of 
travel around the loop coinciding with the positive direction of current in 
that loop. 

All three loops are connected in series to make up the phase winding 
and the sign convention for positive travel around each loop was chosen to 
coincide with the positive direction of current in the phase as illustrated 
in Figure 4.20(b). That is, the induced emfs in the loops are all in series 
in the phase winding and, as they all have the same sign convention, they 
can be added up to obtain the total emf in the phase winding. As a result, 
the total voltage induced in the phase is 

ia—a' = &r/3 + &r/2 + W 3 = ^l r R B m^R COS {8 R - 7r/3) 

+2£ir R B miX uj R cos(9 R - it/ 2) + 2£ir R B max u R cos(9 R - 27r/3) 

= (l + V3) 2l\ r R B mAX w R sin (9 R ) . 

However, consider 

£a— a/ ^7r/3 "F £ 71-/2 "F S27t/3 

— __ ( , d(f) 7T / 2 ^2^/3 ^ 

\ dt dt dt ) 

= _l X 

dt a ~ a ' 
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where 

Ao-a' — <t> ,r/3 + ^tt/ 2 + ^27r/3 

= 2 £ir R B m&x sin(7r/3 - 0 r) + 2tir R B m ax sin(7r/2 - 0 R ) 

+2£ 1 r RJ B max sin(27r/3 - 0 r) 

= (l + V5) 2£\r R B max COS (0fi) 

is defined as the total flux linkage in phase a— a'. Then the total induced 
emf £ a _ 0 , in the phase a— a' is 

Ca-a' = = (i + Vcf) 2£\r R B m&x uj R sin (0 r) . 

The point here is that one can first sum the fluxes in all the loops of a phase 
winding (i.e., compute the flux linkage), and then apply Faraday’s law to 
the resulting flux linkage to obtain the total emf in the phase winding. 
However, as done above, care must be taken to ensure that the flux in each 
loop is computed in a consistent fashion so that the resulting emfs all have 
the same sign convention and therefore add up to give the total emf in the 
phase winding. 


4.7 Azimuthal Magnetic Field in the Air Gap* 

It was shown above that the radial magnetic field B s a at a point (r, 0) in 
the air gap due to the current is a in phase a is given by (tr ~ £ 2 /2) 

Bsaiisa, r, 0) = ~~^-isa cos(0)r (4.14) 

2gr 

where r is a unit vector in the radial direction and g is the radial length 
of the air gap. However, there has to be a component of the magnetic field 
in the 6 direction (azimuthal component) as is now shown by applying 
Ampere’s law to the curve 1^2— 3— 4—1 shown in Figure 4.21. By Ampere’s 
law, 


f H Sa -d£ = J*H Sa -d£ = j\-isa)^Y Si 


sin {0)d0 


1 - 2 - 3 - 4-1 


as sides 2—3, 3—4, and 4—1 are inside the magnetic material 6 where H = 0 
and side 1—2 is in the air gap just along the inside surface of the stator. Note 


6 Remember that the cross-sectional area of the windings is modeleded as being in- 
finitesimal. 
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that for closed curve 1-2— 3-4-1 with 0 < 6\ < 0 2 < 7r, the minus sign is 
used with the current (i.e., -is a ). This is because the path 1-2-3-4-1 
is traversed in the clockwise direction so that Ampere’s law assumes that 
positive current is into the page ((g)) while is a > 0 means the current is out 
of the page (©). 



FIGURE 4.21. Closed curves for determining the azimuthal component Bs a e of 
the magnetic field produced by is a in the air gap using Ampere’s law. 


With r$ = tr + g , on the path 1-2 the differential line element is d£ = 
rsdOO so that the integral f* H s a * devaluates to 

/ ( HsaeQ ) * ( r s d00 ) = - [ isa^f- si n(0)d0 
Je x Je 1 2 

for 0 < 9 1 < 0 < $2 < 7T. This must hold for any 0i,0 2 which implies that 


N s 

Hsae(isa,r s ,6) = isasin(^) 

2 r s 


for 0 < 9 < 7T. For tt < 9\ < 9 < 0 2 < 27 r, the turns density is (Ns/ 2) |sin(0)| 
— (Ns/2)sin(6). However, for this range of 0, is a > 0 means that the cur- 
rent is into the page so that a similar argument shows that 


N s 

Hsa$(isa,rs,0) = -- — isaSm(O) 

zr s 


for 7r < 6 < 27t. Combining, 


Bsae(isa,rs,6) = - 


Mo Ns 
2 r s 


isa sin(0) 
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for 0 < 0 < 27 r. This is the tangential magnetic field at the inside surface 
of the stator (i.e., at r = rs )■ To compute the azimuthal component of 
Bsae at the surface of the rotor, that is, Bs a e{isa^R^), Ampere’s law is 
applied to the closed path a—b—c—d—a in Figure 4.21. Specifically, 

(f H Sa ' d£ = f Hsa ■ dl= f Hsae(iscn 0)t R^O = 0 

J J a J 6$ 

a-b-c-d-a 

as the path does not enclose any current. (The sides b—c,c—d and d—a are 
inside the magnetic material of the rotor where H = 0 and the path a—b 
is just on the surface of the rotor in the air gap.) As 6*3 , 64 are arbitrary, it 
follows that 


Hsae{isa,rR,9) = 0 

Bsa$(isa,rR,0) = 0 . 

The azimuthal component of the magnetic field in the air gap at the surface 
of both the stator and rotor has now been found. To find B5 inside the air 
gap, let the tangential (azimuthal) component of B s be of the form 

Bsae(isa,rs,0)0 = -a(r) — i Sa sin(6>)0 (4.15) 

2rs 

where 


a(r s ) = 1 

a{rR) = 0 (4-16) 


as a(r) must satisfy (9.75) in order for (4.15) to hold at the rotor and stator 
surfaces. 

Before the expression for a(r) is derived, it is first shown that the radial 
component of Bs a given in (4.14) must be modified to account for the 
azimuthal magnetic field. To see this, recall that Gauss’s equation requires 
that the divergence of B be identically zero. With B = B r r -h BqO 4- B z z, 
the divergence in cylindrical coordinates is given by 




0. 


Consider B $ a of the form 


Bsa = Bsar r + Bs a $ & 

= B S ar r - a(r) ~^-- i Sa sin(0)0. 
2 r s 

Taking the divergence of this expression results in 
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■^{rBsar) = a(r)^^i Sa cos(0). 
Integrating with respect to r, one obtains 

rBsar = cos (6) [ Oi{r')dr' + f(0) 

2 ^ S Jtr 

where f(0 ) is a “constant of integration”. Taking it to be 


f(0) = ^~^- isaCos(e) 
2# 


gives 


/w 


WrNs 

2gr 


isa cos (0) 


which is the original expression for the radial component of B,s a given in 
(4.14). Thus, the radial component of B s a is now given by 


Bsar — 


Mo r R N s ■ cos (0) 


*9 


^ Sa 


1 + 


rsr R J rR 


[ a(r')dr f 
Jr R 


At the rotor surface, this expression for Bs a r is the same as that given by 
(4.14) with r = r R . Consequently, the torque on the rotor will not change 
due to this change in the radial component of B. It is shown below that 
0 < ot{r f )dr f < g/2 for small air gaps so that the change in the radial 
component is bounded by 

g 2 

2 r s r R << 1 

so that it is indeed a small effect. 

Summarizing, 


B Sa 


l + S-f a(r')dr')r 

2 9 r V r s r R J rR ) 

- ,J ‘° r * Ns — — a{r)isa sin {6)0 

2 9 t s Tr 


(4.17) 


with 


ot(rs) = 1 
ot(r R ) = 0. 

Figure 4.22 indicates the distribution of the azimuthal magnetic field with 
iga > 0- Note that the field strength decreases as one moves along the 
radial direction from the stator side of the air gap to the rotor side. It also 
decreases as one moves in the 9 direction from ±7r/2 to 0 or n. 
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FIGURE 4.22. Distribution of azimuthal magnetic field Bs a eO in the air gap. 


Determination of a(r) 

To determine a(r) for vr < r < rs, Ampere’s law in differential form 
V x H — Jf re e is used. In the air gap, there are no currents soVxH-O, nor 
is there any magnetic material so that B = fi Q H. Consequently, Ampere’s 
law in the air gap is simply 


VxB-O. 


In cylindrical coordinates, this becomes 


VxB = 



= 0 . 







By the assumed cylindrical symmetry, Bs a z = 0 and Bs a r,Bs a e do n ot 
depend on the coordinate z, so that one need only satisfy the z component 
of V x B = 0, that is, 


-^(rBsae) = 


dBsar 
" 80 


This becomes 


9 d 
r S TR dr 


(ra(r) j sin(0) = 


-lSa~ 


sin(0) 


IT 


rsTR J rR 


f a(r')dr' 
Jr a 
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Canceling terms and expanding, this reduces to 


9 d 
rsr R dr 


(ra(r) ^ 


o da 
ra + r — 
dr 



rsrR J rR 


f a(r')dr f 
Jr R 


1 rsrR [ 
r g r 

[ T a ( r ')dr'. 
9 Jr R 


Differentiating this last expression with respect to r and rearranging, the 
differential equation 


da 


da 


a + r— + 2 r— 4- r 
dr dr 


d 2 a 


is obtained, or 

d 2 a 3 da _ ^ 

dr 2 r dr 

Solving this differential equation for da /dr results in 

_ Cl6 “ fr R ( 3 / r '} dr ' — Cl e _3in ^ r / rR ^ 
dr 1 

and therefore r 

a(r) = ci I e' zx < r ' lTR )dr' + c 2 . (4.18) 

Jr R 

The condition a{rR) — 0 forces C 2 = 0 and a(r§) = 1 requires that 

1 _ 1 
Cl = r rs ~ a* 

J r R 

This approximation follows from the assumption of a small air gap as 

h i(r/rn) « ln(l) = 0 for r R < r < rs (4-19) 


so that 


f rS e~ 3ln ( r ^ rR ) dr ^ f 
Jr R J r, 


rs 

rR 


1 dr = rs - rR = g. 


Substitution of ci = 1/g, c 2 = 0 into (4.18) and invoking the approximation 
(4.19) gives 


a(r) 


1 

9 

1 

9 



e -31n(r '/r R ) dr l 

1 dr' 


r -r R 


9 


In other words, a(r) is approximately a linear function of r in the air gap. 
Such a linear dependence is pointed out by C. B. Gray [5]. 
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4-7.1 Electric Field E Sa 

The axial electric field produced by the magnetic field Bs a is now com- 
puted. Recall that the magnetic field is given by 


^ Afi /2 N s . cos (6) 

— lSa 

4 g r 


1 + ' 


rsr R J rR 


[ a(r')dr' 

Jr R 


Ns g 


■a(r)isa sin (0)0. 


4 g r s r R 

The electric field induced by this changing magnetic field is found by solving 

9 B Sa 


V x E Sa = 


dt 


(4.20) 


In cylindrical coordinates, the curl of E is given by 

1 9E Z dE e \. , fdEr dE z \ R , 1 ( d 


V x E = | - 

r o6 


dz y 


,+ l ^- ^ 1*^1 


dE, 


r V dr 


d9 


r 'z. 


By the usual symmetry assumptions 


dE Sa e Q dEsar _ q 


(4.21) 


dz ’ dz 

and, as the z component of B^ a is zero (i.e., B$ a z = 0), it follows that 

(4.22) 


d / jp s __ dEsar _ « 
dr ( rEsae ^ d6 ~ °' 


Then (4.20) reduces to 


„ ^ IdEsaz- dEsazz dB Sar ^ d BsaOZ 

V x E Sa = — — r — 6 = r te—O. 


(4-23) 


r d6 dr dt dt 

The simplest solution is one of the form 

E Sa = Esaz%, 

that is, where E$ a r = Es a e = 0 so that the conditions (4.21) and (4.22) 
are automatically satisfied. 

Solving equation (4.23), one obtains 

E Sa = E Saz z = — sin(g) (l + — f a(r')dr ,S \ z 

2 g dt \ r s r R J TR ) 

~ ^ rNs dis -E S in(e) ( 1 + z 

t \ 2 r s r R J 


2 g 


dt 


Mo r R N sdi S a . 

-sm(0)z. 


2 9 


dt 
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1.2 The Magnetic and Electric Fields B $ 0J Es a , Es & 

The magnetic and electric fields due to the current in phase b are found 
from their corresponding expressions for phase a by simply replacing 0 by 
0 — 7t/2. 

In summary, given two sinusoidally distributed stator windings a and 
b wound 90 degrees apart, the magnetic and electric fields in the air gap 
produced by the phase currents isa,isb in the phase a and 6, respectively, 
are given by 


B Sa = 


Vo^Ns. cos(0) ( g f 

— tSa 1 + / a(r )dr 

4 g r V r s r R J rR 

Mo^2 N s g 


&{r)is a sin (6)8 


E,Sa = EsazZ = - 


4 g r s r R 

Mo t rNs disa 


2 g dt 


sin(0) ( 1 


rsrR J rR 


(4.24) 

J a{r')dr'\ z 


and 


B.S6 = 


Mo r R N s . sm(0) ( ^ , 

— 7> l sb 1 + 

2 g r 


rsr R J rR 


f <x(r')dr' 
Jr* 


+ dd[R^s _ 9 a ( r )i Sb cos (0)8 


E sb = EsbzZ 


2 g r s r R 

Mo r fl^s disb 


2 g dt 


cos (0) ( 1 + 


rsr R J rR 


(4.25) 

f a{r')dr'\ z. 

Jr R J 


With isa{t) = Is cos (wst), isb(t) = Is sin (wst) and a = 0, the expressions 
(4.24) and (4.25) simplify to 


BsM,t) = 1 cos (fl - u s t)r 

zg r 

(4.26) 

E s(0, t) = cos(0 _ u s t)z. 

2 g 


Remark 

Note that at r = r Ri the expressions for the electric and magnetic fields 
given by (4.24) and (4.25) reduce to their approximate values (i.e., taking 
a = 0). Consequently, the induced emfs in the rotor loops are not affected 
by neglecting the azimuthal magnetic fields. 
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Problems 

Problem 1 A Two-Phase Stator with Single-Loop Windings 

(a) Consider the simple single-loop stator phase shown in Figure J^.23. 
Show that in the air gap, the magnetic intensity H{6) in the radial direction 
satisfies 

N(0\ - I Hl f° r < 9 < ^l 2 

\ #2 f or +?r/2 <9 < 37r/2 

where H\,H 2 are constants and assuming H is constant as a function of r 
across the air gap . (Hint: Apply Ampere's law to the path a—b—c—d—a to 
show that H(8) = Hi for —n/2 < 9 < n/2, etc.). 

(b) Applying Ampere's law to the path 1—2— 3—4—1 in Figure 4.23(a) 
along with a symmetry argument to show that H 2 = —Hi. 



FIGURE 4.23. Single-loop stator phase, (a) Paths for Ampere’s law. (b) Flux 
surface in the air gap. The closed flux surface completely contains the rotor. 

(c) Alternatively , rather than using Ampere’s law as in part (b), use 
Gauss’s law applied to the surface shown in Figure f.23(b) to obtain H 2 = 
-Hi. 

(d) Give an explicit expression for B in the air gap as a function of 9 
in terms of the current i in the winding and the air gap length g. Recall 
that B = /i 0 H in the air gap. This is said to be a uniformly distributed 
magnetic field in 9. 

(e) Show that by multiplying the answer for B in part (d) by r R /r results 
in the magnetic field satisfying Gauss’s law for closed surfaces in the air 
gap as in Figure 4.12. 

(f) Consider a simple two-phase machine as in Figure 4-%4- 
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a 



FIGURE 4.24. Simple two-phase machine. 


Let the phase currents i $ a , isb be periodic with period T as given in Figure 
4-25. Show that the magnetic axis of the stator’s magnetic field can assume 
only four angular positions. What are they? In particular , plot the radial 
air-gap magnetic field for 0 < 6 < 2tt at t = 0, T/4, T/2, and 3T/4. 


Sa 


T T 3T 
4 2 4 


/ + 
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. T 12 J 


/ + 
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_L 

4 T 

□ 


-I + 


T 

4 


FIGURE 4.25. Periodic square- wave currents. 


(g) Repeat part (f) where the phase currents isafisb are again periodic 
with period T with their waveforms as given in Figure 4-26. Show that the 
magnetic axis of the stator’s magnetic field can assume only four angular 
positions . What are they? In particular , plot the radial air-gap magnetic 
field for 0 < 6 < 2tt at t - T/8, 3 T/8, 5 T/8, and 7 T/S. 
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FIGURE 4.26. Periodic square-wave phase currents. 

Problem 2 Fourier Series Expansion 

Consider the function F'(6 f ) shown in Figure f.21. 



FIGURE 4.27. F'(O') versus 9'. 


(a) Show that the Fourier series expansion of this function is 

F'{6') = x I cos ^ Sin(fc0,) ' (4 ‘ 27) 

(b) With respect to the angle 9 = O' — n /2, show that (4-27) becomes 

F(0) = F'(9 + 7r/2) = ^ x EHi j 3,5,... ir i^cos(fc0 / 1 )sin(fc(0 + 7r/2)). 

(c) Use the result of part (b) to show that the Fourier series expansion of 
the function in Figure 4-28 zs 

A 00 1 

m = - E — (Fi cos (k9[) + F 2 cos(A:^2) + ^3 cos(/c#3)j . 
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I— ► 2 



FIGURE 4.28. F{6),F'{9'). 


(d) Show that 

S in W + ,/2) = {_^“) 


for k = 6m — 1 where m = 1,2,... 
for k = 6m + 1 where m— 1,2, ... 


Problem 3 Two-Level Approximate Sinusoidal Winding 

Apply the results of problem 2 ( with = 0 or # 3 = tt/2) to derive the 

Fourier expansion given in equation (4.3). 


Problem 4 Three-Level Approximate Sinusoidal Winding 

Consider the approximate sinusoidal winding of Figure 4-29(a) in which 
a single phase is wound such that there is one loop at n/6 , two loops at 
7r/3, three loops at ir/2, two loops at 2^/2*, and one loop at 57r/6. 


ji/ 2 jij 2 



(a) (b) 


FIGURE 4.29. Approximately sinusoidally wound two-phase stator. 
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(a) Find the enclosed current i enclosed between 0 and 9 for 0 < 9 < 2n. 

(b) Assuming H is constant across the air gap and the windings/loops 
have an infinitesimal cross section , show that a straightforward application 
of Ampere’s law gives i?s a (0) = Hs a { 0 ) — i enclosed^) 1 9- Use conservation 
of flux to find Hs a ( 0)- Show that Bs a {&) — Ho Hs a {®) is given by the plot 
in Figure 4.11. 

(c) With Bsa{r,9) = Ho( r R/ r )Hsa{6) as given in Figure 4-1 1, use the 
results of problem 2 to show that the Fourier series expansion of Bs a (v> 9) 
in 9 is 


r> / isa 4 r R 

Bsay ->9) — Ho 

g it r 

°° 1 /3 \ 

x T ( 2 cos ^) + ^ cos (^ 7r /^) + cos(/c7r/3) j sin (k(9 + 7r/2) (4.28) 

(d) Let b k be the coefficient of sin(k(9 +- ir/2) in the Fourier expansion of 
Bsa{r,9)/ i n aquation (4-28) and let a k be the coefficient of 
sin (k(9 A- 7r/2) in the Fourier expansion of Bs a {9)/ (Hoisa/g) in equation 
(4-8). With a max = max {a/J,6 max = max {6/-}, plot the relative 

harmonic content afc/a max andbk/b m3L: x as a function ofk fork = 1,2, ..., 15 
on separate figures. Note that a max = ai,6 max = b\; that is, the maximum 
is achieved at the fundamental for both expansions. Compute bx/a\. 

(e) Finally, plot a k /a max - b k /b majX for k = 1, 2,3, . . . , 15. What is the 
value of this difference for k = 5, 7, 11, 13? What is this difference for k = 
3,9,15? 

Comments: Note the reduction in relative harmonic content is only for 
the triplen harmonics. Also, the fact that b\ = 2a\ means that, for the 
same phase current, the number of turns in this (three-level) approximate 
sinusoidal winding results in doubling the strength of the magnetic field in 
the air gap compared to the approximate sinusoidal winding with only two 
levels. 

(f) Consider using the winding of Figure 4-29(a) in a two-phase machine 
as shown in Figure 4-29(b). Use the solution of part (c) to write down the 
expression for the radial magnetic field m the air gap due to the current 
isb in stator phase b. 

Problem 5 Gauss’s Law 

Show that the expression [see equation (4-8)} 

S / n\ d / n\~ ^R ( ^ Sa ienclosed{9 ) 

Bs a (r,0) = B Sa (r,9) r = p 0 — 

T \ 9 9 

for the magnetic field due to the current in an approximate sinusoidal wind- 
ing satisfies B • dS = 0 for the flux surface given in Figure 4-12 . 
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Problem 6 Three-Phase Stator and Spatial Harmonics 

Figure 4 *30 (a) shows a machine with both a three-phase stator and a 
three-phase rotor . Figure 4- 30(b) gives more detail of stator phase V ~ 1 
where it is shown that one side of a loop is wound at n / 3 (the other side 
at two loop sides are wound at n / 2 (the other two sides at 37r/ 2 ), 

and, finally, one side of a loop is wound at 27t/3 (the other side at bix/Z). 



FIGURE 4.30. (a) Three-phase stator and rotor, (b) Three-phase stator with an 
iron core rotor. Windings shown for stator phase a only. 

With the assumptions that the conductors have an infinitesimal cross 
section, the iron has infinite permeability (i.e., H = 0 in the iron), and the 
air gap is small, Ampere’s law was used to show that the radial magnetic 
field in the air gap produced by the current isi in phase f —1 is given by 
[see equation (4-3)] 


B Sl (isi , 0) = Mo Z -~ 1 x 

a t r « ■ * 


(l+cos(^)) 


9 n 


k= 1,3,5,... 


k 


sin(fc(0 + |)) 


Let B Sl (isi,r, 6 ) = {r R /r) B Sl (i S i,9) and similarly for B S 2 (is 2 ,r, 6 ) and 
Bs 3 (is 3 ,r, 6 ) so that 


y k= 1,3,5,... 

Z 52 4 (l -f- cos(-^p)) . / , 2 tt 7t.\ 

Bs 2 (i S 2,r,6) = noY --x E k sm^k(9 + —)j 

47T 7F\ \ 


(l+cos(tf)) 


(<=(» + fl) 


Bs,ds = E a +< ^(‘? ) ) si „( t(9 

y fc=l,3,5,... 
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(a) With the currents balanced , i.e., isi + is 2 4- is 3 = 0 7 show that in the 
Fourier expansion of the total radial magnetic field 

B s — Bs x 4- Bs 2 4 B 53 

the triplen harmonics are zero. (The triplen harmonics are the harmonic 
terms of order k with k - 3m, m = 1, 2 , ... ) 

(b) Explain why the phase winding of Figure 4.3(b) is really more suited 
for a three-phase machine rather than a two phase machine. What about 
the winding of Figure 4 -29 ( see problem 4 )? 

(c) Let 

isi = Iscos(u;st),is 2 = Is™s{ust ~ 27t/3),zs3 = Iscos{oj s t ~ 47r/3) 

in the above expressions for the magnetic fields. Show that the 5 th harmonic 
component of B 5 given by 

B S 5 (r, 6 ,t) = B 5 l 5 (i si ,r,0) + Bs 2 5 (z 5 2 ,^^) 4 B 53 5 (z 53 ,r, 6 >) 

is a rotating magnetic field in the clockwise (negative) direction at angular 
speed — a?s/5. (Here B 5 l5 is the k — h term in the above Fourier series 
expansion o/Bs i; etc.) 

(d) Repeat part (c) for the 7th harmonic Bsr(r,0, t) 0 /B 5 . What direc- 
tion does it rotate? At what angular speed? 

Problem 7 Self-Inductance of a Distributed Winding 

Consider the stator phase winding shown in Figure 4-3 (b) and redrawn 
in Figure 4-31. The radial magnetic field due to the current in the phase is 
shown in Figure 4-70. 

(a) Using flux surfaces similar to those of Figure 4-%0, compute the total 
flux linkage in the stator phase winding due to the current in the phase. 

(b) What is the self -inductance of the stator phase? 


nil 



FIGURE 4.31. Computation of the self-inductance of a distributed winding. 
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Problem 8 Flux Linkage 

Figure 4-32 shows a motor with a permanent magnet rotor which has a 
single stator phase wound as in Figure 4-3(b). Let the magnetic field in the 
air gap due to the permanent magnet rotor be given by 

B r {6 - e R ) = B max — cos (0 - 0 R ) r. 
r 

(a) Compute the flux in each loop and the total flux linkage in the stator 
phase . 

(b) Find an expression for the emf induced in the stator phase by the PM 
rotor. 


ji!2 



FIGURE 4.32. A motor with a PM rotor and a single rotor phase. 

Problem 9 A Two-Phase Machine [4] 

Consider a machine with two stator phases wound as shown in Figure 
4-33. That is , phase a has one turn at 7r/4 (with its other side at /4), 
two turns at 57t/12 (with the other sides at 17 tt/ 12), and so on. Let the 
current in phase a be denoted as is a and the current in phase b be denoted 
as isb * 

(a) Compute the radial magnetic field Bs a in the air gap due to the 
current is a in phase a. Express it as a Fourier series . 

(b) Compute the flux linkage in phase a due to Bs a . 

(c) Compute the flux linkage in phase b due to B 5 a . 

(d) Compute the Fourier series expansion of the expression for the mag- 
netic field in part (a). 

(e) Compute the ratio of the fundamental of the magnetic field given in 
part (d) to the fundamental of the magnetic field whose Fourier series is 
given in equation (4-3) for the winding of Figure 4-7- Also, compute the 
ratio of the 3rd harmonic to the 1st harmonic for the magnetic field given 
in part (d) and then compare it to the corresponding ratio for the magnetic 
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field of equation (4-3)- Is the winding of Figure 4-33 or the winding of 
Figure 4-1 better suited for a two phase machine? Explain. 



FIGURE 4.33. Stator phases for a single pole pair two-phase machine. 


Problem 10 Uniformly Distributed Winding 

Consider a machine with a three-phase stator and a rotor of soft iron as 
shown in Figure 4-34 • There are three sets of windings which are uniformly 
wound on the inside surface of the stator. By uniformly wound, it is meant 
that the number of turns between 6 and 9+dO is constant independent of the 
angle 6. Phase 1 with current isi has its turns uniformly wound between 
7 t /3 and 27t/3 on one side of the stator f s inside surface and between 47 r /3 
and 57r/3 on the other side of the stator. Similarly, phase 2 with current 
i $2 has its turns uniformly wound between n and 47r/3, and between 0 and 
7 t /3. Phase 3 with current isz has its turns uniformly wound between 2 tt/ 3 
and 7r, and between 57 r /3 and 2n. 

Let the turns density for stator phase 1 be given by 


N S i(0) = { 


N s 

7t/3 

N s 

7t/3 

0 


for 

for 

elsewhere. 


-<*<- 
A < 0 < k 

3 - - 3 


The total number of windings (turns or loops) making up phase 1 is then 


L 


2?r/3 Nq 

~d0 = N S . 

tt/ 3 7r /3 


Compute the radial magnetic field B51 in the air gap produced by the 
current isi in phase 1. 
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FIGURE 4.34. Uniformly distributed windings. 


Problem 11 Modifying Ampere’s Law to Account for a r 0 /r Dependence 
This problem considers how Ampere ’s law changes when Hs a is assumed 
to have a factor of the form vq / r so that conservation of flux holds. Specif- 
ically, in Ampere’s law as given by equation (4.9), replace Hs a {isa,9) by 

H S a(isa,r,0) 4 (ro/r)H 3a (isa,9) (4-29) 

to obtain 

/*r=rs r-r—rs 

/ H Sa (i Sa ,r, 0)r • (drr) + / H Sa (is a , r, 9) r ■ (-drr) 

J r~r fi J r=rji 

= _^a cos{ 0 ) + ^a. (4.30) 

(a) Show that for the expression 

H Sa{isa,r,9) = is a cos{9)r 

2 g r 

to still work out the same way as before, that is, for (4-30) to reduce to 

N s N s 

H S a(isa,r o ,0)g - H Sa (isa, r 0 , 0)g = -is a — cos(0) +i Sa 

then ro must be chosen such that J^Z^ r 0 /rdr = g. 

(b) Show that there is an ro with r R < r 0 < rs such that J^Z^ r 0 /rdr = 
g holds. 

(c) Show that (4-30) holds approximately with Hs a given by (4-29) if 
ro = r R (or r 0 = rs) and g « r R . 
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Problem 12 Three-Phase, Four-Pole, 36-Slot Stator 

Consider a three-phase, four-pole, 36-slot stator as shown in Figure 4.35. 
The figure illustrates the slots in which the wire making up phase 1 is wound 
with the (angular) location of the windings as indicated in the figure. Denote 
the current in this phase as isi- 

(a) Assuming that the cross-sectional area of the slots is infinitesimal, 
compute the radial magnetic field Bsi in the air gap produced by i si and 
plot it as a function of 6. 

(b) Compute the Fourier series expansion of the radial air-gap magnetic 
field Bsi found in part (a). 



FIGURE 4.35. A three-phase, four-pole, 36-slot stator. Only the winding of stator 
phase 1 is shown. 
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Problem 13 Three-Phase Six- Pole Permanent Magnet Machine 

Figure 4.36 shows a three-phase, six-pole machine with a permanent mag- 
net rotor. Take Or = 0 for the rotor in the position as drawn. Let the 
magnetic field in the air gap due to the permanent magnet rotor be given 
by 

B r{t,0) = COS (n p (0 - 0 

where n p is the number of pole pairs that in this case is n v ~ 3. Phase 1 of 
the stator consists of connecting the three single-loop windings a\ — a[,a 2 — <4, 
and <23 — <4 i n series as shown. Each winding encloses a cylindrical- shaped 
surface spanning 7r/3 radians (or 60 ° ). 

(a) Compute the flux linkage Xsi in the phase winding 1 due to the 
magnetic field of the rotor as a function of the rotor position 6 r . 

(b) Compute the induced voltage in the phase winding 1 due to the mag- 
netic field of the rotor as a function of the rotor position Or and the rotor 
speed ojr. 



FIGURE 4.36. A three-phase, six-pole permanent magnet machine. 
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Problem 14 Flux Linkage in a Phase Winding with Short-Pitched Turns 
Figure J^.37 shows a motor with a PM rotor and a single stator phase 
whose turns are short-pitched . By “ short-pitched ” is meant that each turn 
does not span 180° degrees, but rather less than 180° such as in this problem 
where they span only 150°. The first loop has axial sides a\ and a[, the 
second loop has axial sides a 2 and a' 2 , and so on. Let the magnetic field in 
the air gap due to the permanent magnet rotor be given by 


B r{9 - 0 R ) = B max — cos{0 - 0 R )r . 
r 

In order to illustrate the windings of a short-pitched phase, Figure f.38 
shows the slots of a cylindrical rotor iron core being wound with four short- 
pitched turns. The short-pitched windings of the stator phase of Figure 4-37 
are wound similarly. 

(a) Compute the flux in each loop using a surface normal for whose 
direction is chosen so that the positive direction of travel around the surface 
coincides with the direction of positive current flow as given in Figure 4 . 37. 

(b) Compute the flux linkage in the stator phase produced the rotor’s 
magnetic field. 

(c) Using Faraday’s law, compute the induced emf in the stator phase 
due to the rotor’s magnetic field. 

(d) How do the answers to parts (a), (b), and (c) compare to the corre- 
sponding values for the full-pitch wound stator of problem 8? 

jr/2 



FIGURE 4.37. A short-pitched stator winding. 
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(C) (d) 

FIGURE 4.38. Illustration of winding a distributed rotor phase with short-pitched 
windings, (a) First loop with axial sides a\ and a[. (b) Second loop with axial 
sides a ,2 and a 2 . (c) Third loop with axial sides a 3 and a 3 . (d) Fourth loop with 
axial sides a 4 and a A . 







4. Rotating Magnetic Fields 291 


Problem 15 Self-Inductance of a Short-Pitched Phase Winding 

Figure 4-39 shows a single stator phase with short-pitched windings (see 
problem 14 for an explanation of short-pitched windings). 

(a) Explain why the radial magnetic field is identical to that drawn in 
Figure 4-10. 

(b ) Compute the flux in each loop due to the current in that loop and then 
the total flux linkage. To ensure that the induced emfs in each loop have 
the same sign conventions , choose a flux surface normal whose positive 
direction of travel around the surface coincides with the positive direction 
of current. 

(c) What is the self-inductance of the stator phase? How does it compare 
with the self-inductance of the stator phase in problem 1? 


G=Jt!2 



FIGURE 4.39. Self-inductance for a distributed phase winding with fractional 
pitch turns. 

Problem 16 “Long-Pitched” Phase Winding 

Consider Figure 4-39 where now each winding loop spans In r/6 radians 
(21Q°) rather than bn/6 radians (150°) as in Figure 4-38. 

(a) Explain why the radial magnetic field is identical to that drawn in 
Figure 4-10. 

(b) Compute the flux in each loop due to the current in that loop and 
then the total flux linkage. To ensure that the induced emfs in each loop 
have the same sign conventions, choose a flux surface normal whose positive 
direction of travel around the surface coincides with the positive direction of 
current. Without any computation, use Gauss’s law for B to show the result 
must be the same as part (b) of problem 15. Consequently, the inductance 
of this winding must be the same as that given in part (c) of problem 15. 
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Problem 17 Divergence of the Magnetic Field 

Recall that the divergence of a vector field W (r, 6 , z) in cylindrical coor- 
dinates is given by 

r3r r 36 dz 

where W = lF r r -F 4- Also, recall that the divergence theorem 
says that 




V • W dV 


where S is the closed surface that encloses the volume V . 
With 

-d o a\~ .. r R (^iSa ienclosed(9 ) 

&Sa = £>Sa{r,V) T — fi Q 


in the air gap of an approximately sinusoidally wound stator phase, show 
that V • B sa = 0. 

Problem 18 Azimuthal Magnetic Field 

Use the expression (4-24) for the radial magnetic field to explicitly show 
that 

j) Bs a * dS = 0 

for the closed surface shown in Figure 4-40 with vr < r\ < r 2 < rs- 



FIGURE 4.40. Gauss’s law in the air gap with a nonzero azimuthal magnetic 
field. 


5 


The Physics of AC Machines 

The goal here is to present the operation of both the induction and syn- 
chronous machines using basic concepts in physics. In particular, Faraday’s 
law of induction and the Lorentz force/ magnetic force law will be used to 
analyze the physical basis of operation of these machines [34]. 


5.1 Rotating Magnetic Field 

Assuming ideal magnetic material, that is, H = 0 in the iron, and that the 
stator phases are sinusoidally wound, Ampere’s law (f H ♦ dt = i en ciosed) 
was used to show that the magnetic field Bs a at any point (r, 0) in the air 
gap due to the current is a in phase a is given by 

B S a(tSa,r,0) = /X °/-- S ISa COs(fl)f ■ 

4 gr 

Here r is a unit vector in the radial direction, tr = £ 2/2 is the radius 
of the rotor and g is the radial length of the air gap. The magnetic field 
distribution of B$ a is illustrated in Figure 5.1. 



FIGURE 5.1. Radial air-gap magnetic field due to phase current is a in a sinu- 
soidally wound stator. 

Similarly, the magnetic field B 55 at the point (r, 6) in the air gap due to 
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the current isb in phase b is given by 


Rsb(isb,r,0) 


s 

Agr 

Agr 


isbcos(0 - 7r/2)r 
fs6sin(0)r. 


The magnetic field distribution of Bgf, is illustrated in Figure 5.2. 



FIGURE 5.2. Radial air-gap magnetic field due to phase current isb in a sinu- 
soidally wound stator. 


The total magnetic field in the air gap due to the current in both stator 
phases is then 

Bs(isa, isb, r, 6) = Bs Q (is a , r, 0) + B S b{isb, r, 6) 


~ ^°4g^ S (* So cos W + i Sb sin(0))r. 

With isa(t ) = Is cos(ust), isb(t) = Issm(u>st), (5.1) simplifies to 
M o^NsIs 


Bq = 


Agr 

Agr 


(cos(a 1 st) cos (6) + sin(u;st) sin(0))r 
cos (0 — u>st) r 


(5.1) 


Ho^NsIs 

Agr 


cos (6 — 6s(t))r 


(5.2) 


where 6s(t) = oust. This is a rotating magnetic field rotating at the elec- 
trical frequency ous and is illustrated in Figure 5.3. The center line of this 
rotating magnetic field is referred to as its magnetic axis and is located at 
6s{t) = oust. 


(c) (D s t=jr! 2 


(d) co s t = 3jt/4 


FIGURE 5.3. Sinusoidally distributed rotating radial magnetic field in the air 
gap. (For convenience, the magnetic field lines are not drawn in the stator iron.) 
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5.2 The Physics of the Induction Machine 

In this section, a simple two-phase induction motor is analyzed in order to 
understand the elementary Physics which characterizes its operation . 

The stator consists of two sinusoidally wound phases 90° apart as de- 
scribed in the previous section. Figure 5.4 shows a loop wound around the 
surface of the rotor iron denoted as phase a (or simply loop a) and its two 
axial sides as a and a', respectively. 



FIGURE 5.4. A single rotor loop and the chosen positive direction of current. 


Similarly, a second loop is wound around the rotor iron 90° from (and 
electrically isolated from) loop a and is denoted as phase b or simply, loop 
b . This results in the simple two phase machine illustrated in Figure 5.5. 



FIGURE 5.5. Basic motor with two single-loop rotor phases a and b. 
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As above, Os{t) = u)st denotes the angular position of the magnetic 
axis of the rotating magnetic field produced by the stator currents, 9n(t) 
denotes the angular position of the rotor defined as the normal to rotor 
loop a [see Figure 5.4(a) or 5.5(a)] and (r, 9) denotes the polar coordinates 
of an arbitrary point in the air gap. In the remainder of this chapter, it 
will assumed that the rotor is turning at constant angular speed ujr with 
9n(t) = cunt. 


5.2.1 Induced Emfs in the Rotor Loops 

The rotating magnetic field B s produces a changing flux in the rotor loops 
so that an electromotive force (emf) is induced in each rotor loop according 
to Faraday’s law. To compute the induced emf in rotor phase a, consider 
a flux surface for rotor loop a consisting of a half-cylinder lying in the air 
gap whose boundary is the rotor loop itself. This is illustrated in Figure 
5.6 where only rotor loop a is shown for clarity. 


Flux surface 



FIGURE 5.6. (a) Flux surface for the rotor winding, (b) Surface element dS and 
direction of positive travel around the flux surface. (For clarity, only rotor loop 
a is shown.) 


With dS = (£ 2 /2)d9dzr, the direction of positive travel is indicated in 
Figure 5.6(b), and it is the same as the direction chosen for positive current 
flow in the loop. The flux \n a in rotor loop a due to the stator magnetic 
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field Bs is calculated as follows: 


A Ha 


B s -dS 


-i 

s 

rz=£i rd R {t)+ 7T 

j Z— 0 J 6 R (t)—TT / 


r z=t, f e R ( t )+*/ 2 

f6R{t)-n/2 


& lM^ si n(M 5 (t))l SBW+ * /2 
4# 


4# r r=e 2 /2 

O+tt/2 

6 , K(i)-7r/2 


cos(0 - #s(t))r* ((^ 2 / 2 )d^G? 2 :r) 




By Faraday’s law, the induced electromotive force or emf in rotor loop a 
is given by 


_ dX Ra 
dt 

= ( Us _ a) R )sin((a;g - oj R )tJ (5.3) 


where ujr = dO R /dt . The current i Ra in phase a is then found by solving 


Lr 


dlRg 

dt 


= -RfliRa + f>Ra 


where Lr and Rr are, respectively, the inductance and resistance of the 
rotor phases. Neglecting the inductance 1 (i.e., set Lr = 0), the current in 
phase a produced by the emf is then 


iRa{t) = £>Rcl/Rr- 


(5.4) 


1 See problem 2 for the analysis when Lr > 0. 
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FIGURE 5.7. Induced rotor current i Ra produced by £ Ra . (Rotor loop b is not 
shown for clarity.) 


Similarly, the flux A Rb , the induced emf and the current i Rb in rotor 
loop b are computed. The flux X Rb in rotor loop b due to Bs is given by 


A Rb 


B 5 -dS 


/ 

Cl 


VoWsIs, 


Agr 


~=e 2 / 2 cos (0 - 9s(t)) f • ((e 2 /2)dzd0t) 


tCCCik S i n (g _ e s (t)) 

4g 

VohhNsIs 


fw 


2 g 


sin (0 s (t) -0 R (t)). 


The induced emf in rotor loop b is then 

d\ Rb 


€m(t) — 


dt 


= y^(ws - <*>r) cos^ujs-Ur)^ 


2 9 

where ur = d0 R /dt. Again, neglecting the inductance of rotor phase 6, this 
emf produces a current i Rb in rotor loop b given by 


iRb(t) = €nb(t)/RR- 


(5.5) 


5.2.2 Magnetic Forces and Torques on the Rotor 

The rotating magnetic field Bs produced by the stator currents produces a 
magnetic force on the rotor currents it induced. The magnetic force on the 
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rotor and the resulting torque are now computed. Recall that the magnetic 
force law is simply F magne ti c = ^xB, where £ ~ \ £ \ is the length of the 
conductor in the magnetic field, and £ points in the direction of positive 
current flow. Thus, the magnitude of the force is Fmagnetic = i£B± where 
B± is the magnetic field strength perpendicular to the conductor. The 
magnetic force law is now applied to side a of rotor loop a, which is located 
at 6 = Or + 7 t /2 [see Figure 5.8(a)]. To do so, recall the symbol © means 
that if iRa > 0, the current is coming out of the page so £ = £iz on side a, 
and compute 


F side— a — f Ra£ ^ 

= iflcAz X M °^ S ~ \r=e 2 /2 COS ( 6 ~ °s) |0=0„ +w /2 f 
= iRa ^\ ~ S sin (9s — 0r)6. 

2g 



FIGURE 5.8. The torque r^a on rotor loop a due to iR a and Bs. 

The torque produced by this force is then 

T side— a = ^xF side— a 

= (£ 2 / 2 )? x iR a — ^ S - sin (9s~Or)0 

Similarly, the magnetic force law is applied to side a' of rotor loop a, which 
is located at Or - n/2. Recalling the symbol © means that if i Ra > 0, the 
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current is going into the page so that t — ~£\z for side a'; it follows that 

F side— a' = ^Ra£ x Bg 

= iRa{-£ iz) X / “ I C ° s (0 - 9 s)\ 0 =e R-n/2* 
4gr r= * 2 / 2 

- HotiNsh . r/l n ^ 

= iRa sm ( e s - 0 R )0. 

The torque produced by this force on side a' is then 

T side — a’ — (^2/2)rxF 5 ide — a' 

l iR a sin 


/d 0 £i£ 2 N s Is . . ( ( v V 

J: 


% 

T side— a- 

The total torque f Ra = r Ra z on rotor phase a is simply 

T Ra T~ side— a T T side— a ’ ^ ^ ^i?a • (5.6) 

Recall that 

*RoW =^Ra(t)/ R R = -T(o;s - UJ R ) sin ((w s -u> R )t) . 

Using this expression, the total torque on rotor phase a may be rewritten 
as 


T Ra 


f ^2Nsh \ 2 1 

V 2 g ) R r 

Similarly, for rotor phase b 


— (cj s -UR)sm 2 ((uJs-uj R )t). (5.7) 


F S ide-b = iRb^ x B5 

= iRbt- lZ X - 
_ _• Mo hNs]s 


X 0 lr=£ 2 /2 COS (0 ^s)|e=e R +7 r r 


= -lRb'-^Z cos (0 S - 0 fi )0 

*9 

and, as in the case of loop a, F sidc -&' = f side - b . It then follows that the 
total torque on rotor phase b is 


T side — b T Tside—b' 

~ ^ T side — b 

li 0 £i£ 2 NsIs . 

— — cos 

2 9 


([us-u R )t^ 
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Further, as 

iRb(t) = €Rb{t)/RR = - (u s ~ u R )cos((uJs-UR)t^ /Rr 

the torque on rotor loop b may be rewritten as 

r R b = ^ -^-(cus -(UH)cos 2 ^(o; s -a;H)i) - (5.8) 

Combining equations (5.7) and (5.8), the total torque tr is given by 

(HohhNsIsV 1 / \ rc m 

t R = r Ra + r Rb = I - — \ — (cu^-a;#). (5.9) 

For a constant angular frequency vs and a constant angular rotor speed 
ujr , the torque is constant. 

5.2,3 Slip Speed 

The stator currents are given by isa(t) = Iscos(vst), isb{t) — Issin(vst) 
and, neglecting the inductance of the rotor phases, equation (5.9) shows 
that the torque on the rotor is proportional to the difference between the 
angular speed vs of the rotating stator magnetic field and the rotor speed 
ujr, that is, 

tr = (— tr ~) 

This difference is called the slip speed uj s u p , that is, 

Wslip = vs - ujr. 

In particular, if the slip speed is zero, there is no torque. The reason is 
simply that if the slip speed is zero, then the rotating stator magnetic field 
and the rotor are rotating at the same angular rate with the result that 
the fluxes in the rotor loops are constant As the rate of change of these 
fluxes is zero, Faraday’s law tells us that neither voltages nor currents are 
induced in the rotor and, without rotor currents, there can be no magnetic 
force/torque on the rotor. In order to produce torque in an induction ma- 
chine, the rotor shaft and the stator’s magnetic field do not rotate together 
at the same rate, that is, they are not synchronized. It is for this reason 
that the induction motor is referred to as an asynchronous machine. 


5.3 The Physics of the Synchronous Machine 

In this section, the physics of the synchronous motor is described where 
both the salient and nonsalient machines are considered. A salient rotor is 
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one in which the rotor is not cylindrically shaped so that air gap does not 
have a uniform thickness. A nonsalient machine is one which is not salient 
meaning it does have a cylindrical rotor with a uniform or constant air-gap 
thickness. 

5. 3 A Two-Phase Synchronous Motor with a Sinusoidally 

Wound Rotor 

A synchronous machine with a sinusoidally wound rotor (also referred to 
as a nonsalient machine) is considered first. The rotor consists of a single 
sinusoidally wound phase of wire while the stator is constructed identically 
to that of the induction motor as illustrated in Figure 5.9. The rotor con- 
struction, torque production and energy conversion for this synchronous 
machine is now described. 

Sinusoidally Wound Rotor 

Consider a synchronous machine where the stator consists of two sinu- 
soidally wound phases which are 90° apart as shown in Figure 5.9(a). Let 
the rotor consist of a cylindrical core of iron on which a single phase with 
a sinusoidal turns density has been wound as illustrated in Figure 5.9(b). 
That is, the turns density of the single-phase rotor winding is given by 

N rf (6 - Or) = |sin(0 - Or ) | 

where Np is the total number of windings in the phase. 



Sinusoidally 



FIGURE 5.9. Single-phase sinusoidally wound rotor. 

The single-phase winding on the rotor is usually referred to as the field 
winding and hence the subscript U F” . The radial magnetic field in the air- 
gap due to the rotor current ip in the sinusoidally wound rotor is (see 
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problem 7) 

B« = B R r = CO s(0 _ 0 R )r (5.10) 

Agr 

For this machine to operate as a synchronous machine, the rotor must be 
carrying a constant current , that is, ip = If with If constant. Again, the 
subscript “F” is used to denote the rotor current as the field current where 
the term “field” refers to the current being constant. The rotor position is 
taken to be aligned with the magnetic axis of the rotor as shown in Figure 
5.9. Furthermore, as the rotor current is constant, the rotor can be viewed 
simply as a magnet that rotates at angular speed our = dOn/dt. Figure 
5.10 illustrates the radial magnetic field in air gap produced by a constant 
current If in a sinusoidally wound rotor phase. 




(a)a) R t=0 (b)co R t=jr/4 





(c)cD R t=JiI2 (d) o> R t = 3jt/4 

FIGURE 5.10. Magnetic field lines produced by a sinusoidally distributed rotor 
winding carrying a constant current If = If- (The stator windings are not drawn 
for clarity.) 
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To describe the Physics of this machine, consider the motor to be in 
steady-state operation. By this it is meant that the stator magnetic field 
B 5 and the rotor are rotating at the same angular speed (i.e., ujr = u)s)> 
which is the origin of the term synchronous . As shown below, with the 
magnetic axis of B s given by 0s(i) = wst, the rotor position in steady 
state is written as 9n(t) = ust — <5, where 5 > 0 is a constant angle whose 
value will be shown to depend on how much load (i.e., external torque, 
friction, etc.) there is on the motor. 


Magnetic Forces /Torques 

The magnetic field in the air-gap due to the stator currents is given by 

B s (i Sa , isb, r, 6) = ^ - 2 - Ns ( i Sa cos (0) + i S b sin(0))f . (5.11) 

4 gr 


With the rotor field current ip(t) — Ir constant, the magnetic field in the 
air gap due to this constant rotor current is 


4 gr 


(5.12) 


where Or is the rotor position which is aligned with the magnetic axis of 
the rotor. 

The same procedure used to compute the torque produced by the induc- 
tion motor could also be used. That is, one uses the expression (5.11) for 
B$ to compute the torque this magnetic field produces on the current in 
the sinusoidally wound rotor phase. This is explored in problem 9. How- 
ever, a different approach is taken here that will also work in the case of 
both a permanent magnet rotor and a salient rotor (see problem 8) . 

By Newton’s third law, the magnetic forces on the rotor currents pro- 
duced by the rotating stator magnetic field is the negative of the forces on 
the stator currents produced by rotor’s magnetic field. The approach here 
is to compute the torque ts exerted on the currents in the sinusoidally 
wound stator phases by the rotor’s magnetic field. Then the rotor torque 
tr is found by tr — — T5. 

To proceed, consider Figure 5.11 where at any position 9 on the sta- 
tor, the number of axial sides of stator phase a between 6 and 9 + d9 is 
(Ns/2) |sin(0)|d0. Thus, the total amount of current in the axial sides of 
stator phase a between 9 and 9+d9 is is a (Ns/ 2) |sin (9)\d9. Using the mag- 
netic force law, the incremental force dFs a on the currents in the windings 
of stator phase a between 9 and 9 -f- d9 is given by 



isa(t)~~ |sin(0)| d9(+Z\2,) x B R 
isa{t)^Y |sin(0)| d6{—i\i) x B fi 


0 < 9 < 7T 


7 T <9 < 27T. 
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0+d0 



FIGURE 5.11. Computation of force/ torque on stator phase a due to the rotor’s 
magnetic field. Stator phase 6 is not shown for clarity. 


As sin(0) is positive in the interval 0 < 6 < n and |sin(0)| = — sin (0) 
in the interval n < 6 < 2tt, the incremental force for 0 < 0 < 2tt may be 
rewritten compactly as 


dF S a = (isa(t)^Y sm(6)do'j (£].z) x B R 

= (isait)^- M8)<V) {tit) X <=08 (9 - 6 R )t 

= — §. — — -isa(t) sin (9) cos (9 — 9 R )d9i x r 

8 gr s 

Hot&NsNplF . t ±\ . //)N tn „ 

= iSa\t) sm(9) cos(9 - 9 R )d90 


where r R = £2/2+5 is the inside radius of the stator. Then, the incremental 
torque on these windings of phase a is given by 

dr Sa = (r s r) * df Sa 

= rsrx ^0^1 ^2 NsNfIf s j n (5) C os(# _ 9 R )d9j9 

— — — isa (t) sin(^) cos(# - 0 R )d(&. 

85 
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The total torque on stator phase a is then 

TSa(isa, Or) = [ — ^~^^~ isa(t) sin(0) cos(0 - 9 R )d,0i 

Jo °9 

= “ ° tA 1f rIr is.{t ) £ sto(») ( M (0 costal 

+ sin (0)sin(0fl)^ dBi 

Mo^i^2 N S N F I F . . f 2?r . 

= q *s a (£)sm(0tf) / sur(0)d0z 

Jo 

fh^i^NsNplF • /jlX • /a n- 

= ^ zSa(csm(0 H )z. 


Similarly, with iVsfc(0)d0 — (Ns/2) \sin(9 — 7r/2)\d0 the number of axial 
sides oft he windings of stator phase b between 6 and Q+dO, the incremental 
force dF sb on the current in these windings for 0 < 6 < 2ir is given by 2 


dF S b = (isb(t)^Y sin (# “ K/2)d6^j (iii) x 

= (isbit)^- sin(0 - ir/2)do) (hz) x ^ | r=rs cos(6» - Or) 

— i Sb (t) sin(0 - 7r/2) cos(0 - 9R)d9z x r 

= cos(0) cos{6 _ eR)de ~ e 


Thus, the incremental torque on phase b of the stator is given by 


df Sb = ( r s r ) x dF Sb 

= (*\sr) x H l Q- 1 . NfIf i Sb (t) cos(0) co s(0 - 0 R )d0^j 6 

— _ i Sh ^ cos(0) cos (9 - 0 R )d0z. 

°9 


2 Note that (Ns/2) |sin(0 — 7r/2)| = (As/2) sin(0 — 7 t/ 2) for 7 t/2 < 0 < Stt/2 and 
(As/2) |sin(0 - 7r/2)| = —(Ns/2) sin (0 - 7 t/ 2) for -7r/2 < 0 < 7 t/2. 
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The total torque on stator phase b is then 

p27T 


TSbiisb^R.) = 

JO 


/zoIi^-Ws-Nf If .. 
o 8 9 

Mo^i CiN s N f I f . ^ 




i S b(t) cos (9) cos (9 — 9n)d6z 
isb(t) J cos (0) (cos(9)cos(9 R ) 


+ 


si n(9) sm(9 R )jd9z 


{x^ 2 N s N f If . f ^ in \ f 2n 2/mj/i* 

= — % sb{t)cos(9 R ) / cos' (9)d9z 

Jo 

we&NsNplF . / ^ ^ 

= H o *SfeW cos((9 fi )z. 

og 

The total torque exerted on the stator by the rotor is then 


TS = TSa + 

= s i n ( 0 fi ) _ i S 6 (f) cos( 0 ft )) z. 

°g 


Consequently, = - fs is the torque exerted on the rotor by the stator 
and is given by 


tr = 


Mp 7rl 1 i 2 Afe TVy /p 
8^ 


( ^Sa(^) sin(6>H) + isbit) cos ( 0 fl )) z. 


Define 


^R max — 

V. A 

^airgap — 


Hq^NfIf , Mo NrIf 

4gr lr =* 2/2 “ 2 5 

2Tc{i 2 /2)iig = 7lZi% 


where 5^ m ax is the maximum values of the rotor’s magnetic field at the 
surface of the rotor 3 and 14 irgap is the volume of the air gap (assuming g 
is small). The torque is now rewritten as 


N s 

T R = ^airgap^R max ^ (^^So(^) sin^jj) -f~ COs(0#)) 

and the dynamic equation describing the motion of the rotor is then 
du)R TV s 

J ~ ~ ^airgap-^R max ^ ( ^Sa{^) si n($#) -f- 25 &(£) COS($#)) Tp,. 

To obtain an expression for this torque in steady state, set 


isa(t) = Iscos(ujst) = /scos(^s)^Sd(0 = /5sin(o;s<) = Issm(9 s ) 


3 See equation (5.12). 
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where 0s{t) — u$t so that 


tr = 


NqIq 

I'airgap Br max - ~ (cos (9s) sin (Or) - sin(<? s ) cos (Or)) 


= V a 


Br r 


airgap-'-'Kmax 


NsIs ' (a a \ 
— A — sin {6 S -Or) 


K 


airgap 


Br max Bs max 
2r, 0 


si n{0 S - Or ). 


Here 


Bs max 


_A 


Mo 

Agr 


_ ttoNsIs 

r = e ^ 2 ~ —*T 


is the maximum value of the rotating stator magnetic field at the surface 
of the rotor [see equation (5.2)]. With 


6 s (t) = u s t 

0 R (t) = uj R t - 5 , 


it follows that 

sin (^5 - Or) = sin(u)st ~ (uj rI - 6)) = sin ((cjs - u) R )t + 5)). 

Thus, the only way to obtain constant torque is with the stator’s magnetic 
field and the rotor rotating at the same constant angular speed (i.e., ujs = 
ur). In other words, the stator’s rotating magnetic field B 5 and the rotor 
must be rotating synchronously . In this case, the expression for the torque 
simplifies to 

t r Br max b s max • / c\ /r -i o\ 

TR - V; irga p — Sin ( 6 ). ( 5 . 13 ) 

This last expression leads to a simple picture for the synchronous motor. 
That is, the stator currents set up a rotating “stator magnet” which pulls 
along the “rotor magnet” (see Figure II. 10). The torque on the “rotor 
magnet” is proportional to the maximum value of the magnetic field of the 
rotating “stator magnet” , the maximum value of the magnetic field of the 
“rotor magnet” , and the sine of the angle between them. 


5.3.2 Emfs and Energy Conversion 

The flux linkage in stator phase a due to the rotor’s magnetic field B r is 
now found in order to compute the induced emf in this phase. Recall that 
for 0 < 0 < 7 r, the number of turns (loops) in stator phase a between 0 and 
0-\-d0 is (Ns/2) sin (6)d6. As the cross-sectional area of the wire is assumed 
negligible, the flux through each of these loops/turns is the same. 
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FIGURE 5.12. Computation of the flux in a turn of stator phase a located between 
9 and 9 -f- dO. All the loops between 9 and 9 + d9 have the same flux as the 
cross-sectional area of the wire is assumed infinitesimal. The normal for the flux 
surface is taken to be n = r . Stator phase b is not shown for clarity. 


Denoting the flux in each stator turn/loop between 9 and 9 + d9 by 
(f> Sa (0), this flux is computed as 


Me) ± 


/ 


dS 


A single loop of stator 
phase a at the angle 6 


pv =V rz—ti 

J 6' =0 — n J z= 0 

L 


( Mo Nf^If 

=o V 4 9 r s 


cos (O' — Oft(t))T j • (rsdO'dz r) 


cos{e , _ eR{t))de , 


^1^2 Mo N F I F 
2 2 g 

WiBr 

max sin(0 - 0 R ) 


(sin(0 - Or) - sin(# - w - 0 R )) 


(5.14) 


where fi Rmax = (fi 0 N F I F ) /(2g). 

As there are (Ns /2)sin(0) d6 turns/loops of stator phase a between 6 
and 0 + d6 each containing the flux d> Sa ($), the total flux linkage A s a in all 
the windings making up stator phase a due to the rotor’s magnetic field is 
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given by 


/‘ 6>=7r Nq 

A Sa(0ft) = / <t>Sa(9)^f & ™(. 6 ) d6 

Je = o z 


/' 7r TV o 

= J (. x t 2 B R max sin( 6 » - sin( 0 )d 0 

= M2B Rmax ^Y J sin( 6 >) sin (0 - 0 fl )d 0 
TVc 7T 

= ^1 R max 2 ^ COs( 0 ft) 

Nq 

= 7 r^l^ 23 B Rmax— COs( 0 fl ) 

45 

= V'airgapSfimax— CO s(^h) (5.15) 

where V^rgap — ntihg- Similarly, denote by <£ Si ,( 0 ) the flux in wind- 
ings/turns of stator phase 6 between 0 and 0 +d 0 due to the rotor’s magnetic 
field. It follows that 


4 > Sb ( 0 ) = 


Bp • dS 


A single loop of stator 
phase b at the angle 6 


r 8'=9 r z=£ i 


H 0 N f £ 2 If 


Je'=0—x Jz = o V 4 gr s 

= tihO&lZ sm(0-9„) 

2 g 

= Sin(6> - 0fl). 


cos( 0 ' - 0 a (£))r j • (rsd 0 'dzr) 


The total flux linkage in stator phase b is then 


/• 0 = 3 ir /2 7 V„ 

As 6 ( 0 r) = / <Psb(^)~^~ s i n (^ _ n/ 2 )d 6 

J 8 = 7 r }2 Z 

/•37t/2 

= / hhB Rm ^ sin(0 - 0/*)-^- sin(0 - 7r/2)t/<9 

Jtt/2 Z 

TVq /‘ 37r/2 

= -hhB Rma x— cos( 0 ) sin (0 - 0 /*)d 0 

Z J tt/2 

= -^i^^maxy (-“ sin(0 H )) 


= -hhBiu 


TVs 

~ ^airgap-^Z? max Sin(0/j). 


(5.17) 


The quantities Asa and Asa denote the flux linkages in the stator phases 
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due to the rotor’s magnetic field. 4 By Faraday’s law, the emf’s induced in 
the stator phases due to the rotor’s magnetic field (i.e., the back emfs in 
the stator phases) are then 

dXsa/dt = +T4irgap5fima^sin(0*)^ 

(5.18) 

d^Sb/ dt — ~~ V’airgap Br max COS (Or ) ^ * 

As the normal n = r was chosen for the flux surface to compute (5.14) and 
therefore for all the loops in (5.15), the induced emf £ Sa in phase a has the 
same sign convention as that chosen for the phase current is a * Similarly, 
the induced emf £ Sb in phase b has the same sign convention as the phase 
current i$b- 

The electrical power absorbed by the emfs £s<n£sb 


€sa — ~ 

£s6 = 


-^elec — ^Sa{i)^Sai^) 

N s 

= ^airgap^/?max~j (^5a(^) sin(^j^) — isb{^) COS(0/j))cl7.r 


4 9 

N s Is 

f'airgap Br max - ( cos(u>st)sin(dfi ) - sm(iost)cos(0 R ))u) R 


49 


= K 


1 

2^o 


airgap^/i max^S max 0 ^/?sin(9/{ ^ 5 !) 


v h 


airgap 


B S max ^Hmax^HSin^CU/j - Us)t 
Uirgap^R sin($) 


2Mo 

B S max Br max 


2 Mo 


where the motor is now assumed to be in steady state so that 6s = ust, 
6 r = ujRt — S with us = u?r. By the torque equation (5.13), the mechanical 
power produced is 


Fmech — T R^R 


Bs max Brt 
2^ 


'Uirgap 


sin(< 5 )wR 


so that 


F*e\ec T ^mech 


— 0 . 


That is, the electrical power absorbed in the stator phases reappears as the 
mechanical power of the motor. 


4 Note that as Uirga P B* max ^ = Irfi/as* N s N R /8g)I F , 
these flux linkages may also be written in the form \scl(Qr) = MIp cos (0#), ^sb(&R) = 
MIpsin(0ft) where, M = ( y ti>Qit£\Z‘iNsN n/Sg) is called the coefficient of mutual induc- 
tance. 
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5.3.3 Synchronous Motor with a Salient Rotor 

To actually produce a rotor winding for a machine that is sinusoidally 
wound is more expensive than other types of windings. In the case of the 
synchronous motor, one can eliminate the need for a sinusoidally wound 
rotor. Recall that in the above analysis of the synchronous machine, the 
important fact was that the magnetic field of the rotor was sinusoidally 
distributed in 9 — Op. It is now shown that by putting a uniformly wound 
coil on the rotor and shaping the pole faces of the rotor appropriately, a 
sinusoidally distributed magnetic field in the air gap can be produced. 



FIGURE 5.13. Synchronous motor with a salient rotor. 


To do so, consider Figure 5.13 where the rotor iron is now wrapped with 
a standard coil with Np turns and the pole faces have been shaped so that 
the air gap is no longer uniform, but instead given by 


9{e ~ 6r) - "cos(/- 6 R ) = 5oSec( * - 6 *) ( 5 - 19 ) 


where g 0 is the minimum air-gap distance. (Obviously, this can only be 
done approximately as cos (8-6 R ) = 0 for 9 = 0 r ±tt/2.) To determine the 
magnetic field Br in the air gap due to the rotor, Ampere’s law is applied 
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to the path 1 -2-3-4- 1 above to obtain 5 

2 4 

J H • d£ + Ju -d£ = N F i F (5.20) 

1 3 

where the standard assumption that H = 0 in the magnetic material has 
been used. As 

rip—f +drr for path 1—2 
[ — dvr for path 3—4 

equation (5.20) reduces to (H — H r r) 

Hr(9)g(9 - 0 R ) - H r (0 + 7 T)g(0 - 0 R ) = N F i F . (5.21) 

By symmetry, the radial component must satisfy H r {0) = —H r {6 ± 7 r) so 
that (5.21) becomes 


2 H r (0)g(0-0 R ) = N F i F . 


Finally, 


H r (0) 


N F i F 


N F i F 


COS (0 - 0r). 


2 g(0 - 0 R ) 2g 0 

Finally, this is multiplied by both /x 0 and r R /r (to satisfy conservation of 
flux in the air gap) to obtain 


2#o r 

By shaping the pole faces of the rotor according to equation (5.19), it 
was found this salient rotor produced the same magnetic field in the air 
gap as a sinusoidally wound rotor. However, as one moves away from the 
(salient) rotors’ magnetic axis, the air gap is no longer small so that the 
assumptions about the magnetic field due to the rotor current being con- 
stant and radially directed across the air gap are less valid. On the other 
hand, with either a salient or sinusoidally wound rotor, the magnetic field 
strength of the rotor is quite weak as one moves away from the magnetic 
axis so that these portions do not contribute significantly to the torque. 
(The same can be said of the strength of the stator’s magnetic field as one 
moves away from its magnetic axis.) As the angle between the stator’s and 
rotor’s magnetic axis is usually small, the region where the assumptions 


5 Only those paths that do not go through the field coil are being considered. At those 
angles 6 corresponding to going through the field coil, it will turn out that the B field 
due to the current in the coil is weak and can be neglected. 

As before, it is assumed that the stator windings have an infinitesimal cross section 
so that f H • d£ — 0 across the winding because di = 0. 
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are violated do not contribute significantly to the torque lending credence 
to the above analysis. 

Remark With r R — ^ 2 /2, the expression for B 5 in (5.11) can be written 
as 


Bs(isa,isb,r,9) = ^ Q '^ S (is a cos(0) + i s <>sin(0))r. 


and was derived assuming a uniform air gap. If a salient rotor as in Figure 
5.13 is used, then this assumption no longer holds. However, to a reasonable 
approximation, one can use (5.11) with g = g\ > go, that is, some average 
value g\ of the air gap length. Further, as the rotor no longer has a circular 
cross section, one can take r R — rs~ gi as an average radius of the rotor. 


5.3.4 Armature and Field Windings 

Recall that the rotor of a DC motor was referred to as the armature wind- 
ing. This terminology is used to indicate that the current in this winding 
is alternating current (AC) as every half-turn the commutator and brushes 
reverse the direction of the current in any given rotor loop. For a syn- 
chronous or induction motor, the stator windings carry AC current (in 
normal operation) so the stator windings are referred to as the armature 
(see Woodson and Melcher [20], page 121 ). Further, recall that the stator 
winding of a separately excited DC motor is called the field winding and 
this terminology is used to indicate that it normally carries a DC current to 
establish a constant magnetic field in the air gap that produces torque on 
the current in the rotor windings. Similarly, on a wound rotor synchronous 
machine, the rotor winding is called the field winding because it normally 
operates with a DC current to establish a constant magnetic field in the air 
gap. (This magnetic field is constant for someone rotating with the rotor.) 


5.4 Microscopic Viewpoint of AC Machines* 

The microscopic viewpoint of the Physics of AC machines is described in 
this section. This is analogous to the microscopic viewpoint of DC ma- 
chines given in Chapter 1 . The analysis is first done from the point of view 
of a stationary coordinate system and then from the point of view of a 
coordinate system rotating with the stator’s magnetic field. 
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5-4-1 Rotating Axial Electric Field Due to the Stator 

Currents 

Recall from equation (5.2) that the rotating magnetic field in the air gap 
produced by the stator currents is 


B s(r,0,t) = 


Bsr(r, 0,t)r 

Nsls , n 

cos {6 — ust) r. 


(5.22) 




This axially directed rotating electric field E is illustrated in Figure 
5.15. For 0s-7r / 2 < 9 < 9s + 7r/2, the electric field is into the page (<8)) 
while for 9s + 7r/2 < 9 < 9s + 37r/2, the electric field is out of the page 
(©)* 
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FIGURE 5.15. Rotating axial electric field E$ = Es z (6,t ) z induced by the ro- 
tating magnetic field Bs = Bs r {9,t)r. 


5.4- 2 Induction Machine in the Stationary Coordinate System 

Consider the setup of Figure 5.16. 



FIGURE 5.16. Simple induction motor with two single-loop rotor phases. 


The axial electric field E# produces a force on charge carriers in the rotor 
loops. However, the total force on a charge carrier in a rotor loop is due to 
both the electric and magnetic fields as given by the Lorentz expression 

F = qE s + <7 v x B 5 


318 


5. The Physics of AC Machines 


where 

B s (r, 9, t ) = B Sr (r, 6, t) r = (no^NsIs/^gr) cos(i 9 - u s t)r 

(5.24) 

E s(9, t) - E Sz (6 , t) z = — Us C os(0 - u s t)i. 

45 

To compute vxB 5 , let be the (drift) speed of the charge carriers 
(which make up the current) along rotor loop a. The speed v dra being 
positive means that the current is positive; that is, coming out of the page 

0 on side a and into the page 0 on side o! . Then, with v t ~ (^ 2 / 2 ) 0 ;^, 
the speed of the charge carriers in the 0 direction, the total velocity of the 
charge carriers along the axial sides of rotor loop a is 

^ _ f -\-VdraZ + v t 0 for side a 
1 —VdraZ T v t 0 for side a'. 

The magnetic force per unit charge on the charge carriers on the axial sides 
of rotor loop a is given by 

v x B s = 

f +VdraBsr{£ 2 / 2 , Or -f 7 t/ 2 , t)Q - v t B Sr {^ 2 / 2, Or + 7 r/ 2 , t ) z for side a 

1 -v dra Bsr(h/2iQR ~ tt/2 ,t)0 - v t Bsr(£ 2 /2,0R - 7 t/ 2 , t)z for side a'. 

Using equation (5.24), it follows that for side a 

B S r(£ 2 / 2 , Or + ?r/ 2 , t ) r = Mo ^ 7 - cos(0 H + tt/ 2 - uj s t)r 

= fX ° I ^ sI ~ sin (u s t - 0 R )v. 

2 9 

Similarly, on side a ' 

Bsr((2/2,9 R -ir/2,t)r = — eos( 6 > fl - tt /2 - a;gf)r 

2 5 

= - Mo ^ s/s s in(wsi - 

With vt = {(-i/tyuR and 6 a = ui R t, the magnetic force per unit charge in 
rotor loop a may now be written as 

vxB s = 

j Vdra g8 ^ /s - sin (cost - - cufl s j n for side a 

\ Wra ^ a , 2 g /s si + iu R ^ 2 4g s/s sin(a;gt - (Uflf)z for side a'. 

(5.25) 
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Next, the electric field Es in rotor loop a is given by 

Es 

Using (5.24) and d R (t) = w/jt, this becomes for side a 


f Esz(9r + tt/2, t) z for side a 
\ Esz(0r - 7r/2, t) z for side a'. 


Es = *WS*S US COS (Wflt + 7 r /2 — cj st) z 
45 

Mo^-Ns/s 


and for side a' 


Es = 


4p 

Ho^NsIs 

4$ 

Mo ^Nsls 


ws sin(wst - w^fyz 


(5.26) 


4^ 


Ws COS (Wftt — 7 t /2 — Wst) Z 

ws sin(wsf — Wfit) z. 


(5.27) 


The total force per unit charge F /q = Es + vxBs on side a is then 

- . Ho^NsIs . / . , Mo Ns Is 

Fside a/q = T WS Sin(w S t - Wfif)z + V dra - 


45 


25 


x sin(wsf — 0 JRt)d—ujji s i n ( Ws t — u> R t)z (5.28) 


45 


and for side a ' it is given by 


- Mo^2 Ns Is . , ± , Ho^sls 

Fside a'/9 = 3 ws sin(wst - Wfit) z + v dra - 


4M 


2 <? 


x sin(wst — Wftt )0+wj{ — sin(wst — oj R t)z. (5.29) 

4p 

These last two expressions simplify to 

Fside a/? = V dra ^7^- S in (( W S “ Wfl)t)0 

2fif 

+ - w fl ) sin ((ws - w R )*)z (5.30) 

4 3 


and 


Fside a'/9 = v dra ^ N s ls sin ((ws - u R )t)e 


2g 

MpfyiVs/s 

43 


(ws - Wft) sin ((ws - w/i)t)z. (5.31) 


The component in 0 direction (tangential to the rotor motion) is what 
produces the torque. With N the number of charge carriers per unit volume 
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in the conductor of rotor phase a, S the cross-sectional area of the loop, it 
follows that qNSi\ is the total number of charge carriers on each axial side 
of the loop. Therefore, the total tangential magnetic force on these charge 
carriers is 

f- e = qNSiiv dra ~~-sm{{Lo s -bJ R )t)e. 

2 9 

Recalling that iR a = QNSvdra is the rotor current and computing the 
torque according to (£ 2 /2)r x F^, the total torque on rotor loop a is 


TRa 


TRa* 

((*2/2)? X F d ) + ((*2/2)? X F d ) 

\ /side— a \ /& 


ZifiJi —~ S sin((u;s - w R )t) (* 2 /2)r x 9 
2 9 

. l^o^^NsIs . /, 

iRa 7, sm((ws - Wft ijz. 

2 9 


(5.32) 


To evaluate the torque, the current iR a must be computed. The current 
in the rotor loop is produced by the total emf in the loop. Note that the 
electric field Es = Er z z induced by the stator’s rotating magnetic field is 
pushing charge out of side a and into side a', and it is being opposed by 
the axial magnetic force (vxBs) 2 z as equation (5.28) shows. For example, 
on side a, the electric field 


. fi 0 £2NsIs . ft 

EszZ = t u s sin - UR)t)z 

4 g 

is opposed by the z component of the magnetic force per unit charge 

fi 0 £ 2 N s Is 


(vxBs)zZ 


4 9 


-uj R sin((ujs ~ u R )t) z. 


It follows by (5.30) and (5.31) that the total axial or z component of the 
force per unit charge is 


(F/g), = l 


Mo 


{u s ~ u R ) sin((o;s - u R )t) z side a 


Mo tihls, , . (( , (5 - 33) 

4 ~g (^5 — ur) sm( (u/s — UR)t) z side a . 


Thus electromotive force or emf in the rotor loop is simply the integral of 
the force per unit charge around the loop, that is, 


= 


f (F /q) • M 

rotor loop a 


/ 


(E5 4- VXB5) • 1 


rotor loop a 
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where 



+dzz, 
- dzz 


for side a 
for side a ' . 


As d£ is aligned with =hz, only the axial component (F /q) z given in equa- 
tion (5.33) contributes to the emf. 

Evaluating the line integral, the induced emf in rotor phase a is given by 


£ Ra = M °^ 1 2 2 j VS/S " WR ) Shl (( WS ~ ( 5 ‘ 34 ) 

which is the same as in the macroscopic case. Neglecting the rotor induc- 
tance so that ijia — ^Ra/^Ri torque on rotor loop a is 

TRa = -T ^l^N S Is ^ ^ s . n 2 . (5.35) 

A similar analysis shows that 

TRb = -T ( ^Ws ) ( ws _ WR ) cos 2 ((w s - (5.36) 


Rotor Torque Computed from Microscopic Point of View 

Adding equations (5.35) and (5.36), the total torque on the rotor is 

, f fj, () £i£2NsIs\ 2 1 ( \ 

T = T »“ + T “ = ( 2g ) Rr Ws ~ 

which is the same expression as that computed in the macroscopic case. 


Electromechanical Energy Conversion 

Define the voltage in rotor loop a produced by the stator electric field Es 
as 


V Ra = j) E s -d£ = u s sin({u)s - vr)^ - (5.37) 

rotor loop a 


For example, if the rotor was locked so that ujr — 0 in (5.37), then this 
would be the total emf in the rotor loop as can be seen by setting ujr — 0 
in (5.34). However, due to the rotor’s motion (ujr ^ 0), there is an axial 
(z component) magnetic force per unit charge. Define the “back emf’ £ Ra 
as the integral of the axial magnetic force per unit charge around the rotor 
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loop, that is, 

Ci? a = f (vxB s) x .di 

rotor loop a 

= j sin (oj s t - URtjzJ ■ (d£ z) 

+ J sin (cj s t - URt)ij ■ (-dCz) 

= _^l^^£ u , R sin((w 5 -u R )t). (5.38) 

2 9 

In summary, the total emf ^ Ra in rotor loop a may be written as 
£,Ra — (Es + VXBs) * di = VRa + Cfla 

rotor loop a 

= ~ (a ) S - u j r ) sin ((u s - u R )t) (5.39) 

2 3 

where V Ra is the voltage produced in the rotor loop by the induced electric 
field Eg and Q Ra is the back emf produced by the axial magnetic force 
per unit charge vxBs. By direct substitution using equations (5.32) and 
(5.38), it is easy to see that 


T Ra^R + iRa^Ra = 


Here r Ra u) R is the mechanical power produced on rotor loop a while iR a ^R a 
is the electrical power absorbed by the back emf. That is, if r Ra uj R > 0 so 
that mechanical power is being produced, then iRa^Ra < 0 is the electrical 
power being absorbed by back emf in rotor loop a. Another interesting 
point is that 


iRaVRa 


is the total electrical power into rotor loop a from the stator, that is, 


iRaVRa = iRa^Ra ~ ^Ra^Ra = ^Ra^Ra + T Ra^R* 


In other words, the total power iR a VRa into rotor loop a is converted into 
the electrical power iR a ^R a (ultimately dissipated as heat in the rotor resis- 
tance) and into the mechanical power r Ra cu R (= —iRaCRa)- Similar remarks 
hold for rotor loop b. 
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5-4-3 Faraday’s Law and the Integral of the Force per Unit 

Charge 

In this subsection, it is shown that Faraday’s law gives the same emf as 
integrating the force per unit charge around the loop, that is, 

^B-dsj=^(E + vxB)-df! (5.40) 

In equation (5.3), £ Ra was computed using t; Ra = (^ j B • ds) while 

in equation (5.39), it was computed using = j> c (Es + v x Bs) • dl and 
both methods gave the same result. The objective here is to show that this 
is true in general. 

To show that (5.40) is true in general, let 5 be a surface whose boundary 
is the closed loop C in a region of space with an electric field E and a 
magnetic field B. The line integral of the force per unit charge gives 


£ (E + v x B) • dJt = j> (v x E) • dS + (v x b) • dl 


where Stokes theorem 

E ■ <£= f (vxE) dS 

and Faraday’s law in differential form 

dB 


VxE-- 


dt 


were used [35] [36]. Using the fact that 

/,(-?)"- u 


B - dS 


and the vector identity 


(v x B j • dl = — B ■ |v x df | 


this reduces to 

j (E + v x B) • d£ 


= -m£ SdS+ £3 x6 ) jr 
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Now v is the velocity of the charge carriers in the loop C and note that if 
the loop itself is not moving, then v is in the same direction as di so that 
v x dt = 0. In general, with 7 the angle between v and di, 

| v x di |= vsin(7 )d£ =- v±di 

where v± = usin (7) is the velocity component perpendicular to di. The 
quantity [ vxdi | represents a change in the flux surface as is now explained. 

To fix ideas, consider a single loop on the rotor of a motor as shown in 
Figure 5.17. 



FIGURE 5.17. (a) Flux surface on a moving loop with side a at 9. (b) Loop 
rotates with side a going from 9 to 9 + d9. 


Consider that in the time dt , side a of the loop rotates from 6 = Q R + 7v/2 
to 0 + dQ = Or -P 7t/2 + d0 R (with side a! going from 9 - n to 0 + dO — 7r, 
d6/dt = ojr). With B denoting the magnetic field produced by the stator 
currents, the quantity 


dt 


(p B - Tv x di\ = dt f B r (r R , 0 , 

Jc ' ' j side a 

■L 


t ) r • ( -^ojr8 x d£z 




+ dt I B T (r R , 6 - 7r, t)r ■ I — u R d x (~dt)Z 

side at ' ^ 


= [ B r (r R ,0,t)r- (ojjidt^Mr 
J side a V ^ 


+ 


/ 

Jside a' 


B r {rR,9 - 7r,t)f * -u R dt—d£r 


A 


= [ ( B r (r R ,6,t)^-u> R dt\ M + f (-B r (r R ,e-n,t)^LJ R dt\de 

J side 0 V ^ / «/side a' V ^ / 

= B r (r R , d, t)t^dB - B r (r R , 6- tt, t)£i^-d6 
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where dO = uj R dt was used in the last line. Then B r (r Rl 6, t)£i(£2/2)d6 is 
the additional flux due to the surface area change as side a moved from 0 
to 0 + d6 while -B r (r R ,0 - ir, t)£\ (£2/2)d0 is the decrease in flux due to 
the surface area change as side a' moved from 0 — 7r to 0 + d9 — n. That is, 
the quantity 

dtf (vx B - B r {r R ,6,t)^d9-B r {r R ,e-n,t)i^d6 (5.42) 

is the change in flux d(f> in the rotor loop due to the rotation of the loop 
through the angle dO. In more detail, 


4>(0, t) 4 j B • dS = 



B r (r R ,e\t)(£ 2 /2)d0' 


so that 


d<j> 

dt 


d<j>{6 , t) t) dO 

dt + d6 dt 

MM , A ( [ 6 f (l 

dt do yJe^Jo 


B r (r R ,e',t)(e 2 /2)de' 


d0 

dt 


u 


B-dS + 


B t {tr, 0, t)£i j - B r (r/t, 6 - ir, t)t j 


l V \ d6 
2 ) dt 


where the Liebniz rule for differentiation was used. Consequently, by com- 
parison with (5.42), it follows that 



d<t>(9 , t) d9 
d9 dt 


is the rate of change of flux due to the motion of the loop while 


d_ 

dt 



-dS = 


d<t>(9, t) 
dt 


is the rate of change of flux due to the time- varying magnetic field B. By 
Faraday’s law, the induced voltage in the loop is given by 


_ d(j) __ d<t>(0,t) 

dt dt 


d<f>(0, t) dO 
dO dt 




B 


-l 


(E + v x B )-d£ 


where (5.41) was used. 
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5.4* 4 Induction Machine in the Synchronous Coordinate 
System 

Up to this point, the electric and magnetic fields have been viewed from 
the reference frame of the stator. Often in electric machine theory, concepts 
are discussed from the point of view of a rotating reference frame such as 
that of the stator’s rotating magnetic field which rotates at angular speed 
cos or that of the rotor which rotates at angular speed c or. It turns out 
that the electric and magnetic fields change from one moving coordinate 
system to another. To understand the changes, the microscopic viewpoint 
is repeated in a coordinate system that rotates with the rotating magnetic 
field produced by the stator currents. (Problem 17 considers the microscopic 
point of view in the rotor coordinate system.) 

Figure 5.18 shows the rotating stator magnetic field B 5 . The observer is 
face down and rotates with the stator magnetic field. 



FIGURE 5.18. An observer in the synchronous coordinate system that rotates 
with B s. The rotating magnetic field produced by the stator currents has angular 
speed us while the rotor has angular speed ujr. 


In any given reference/coordinate system, the Lorentz force on a charge 
carrier is given by 

F = q -h vxB^ 

where E and B are the electric and magnetic fields measured in the partic- 
ular reference/coordinate system and v is the velocity of the charge carrier 
as measured in the same coordinate system. 

Recall that, in the coordinate system fixed to stator, the electric and 
magnetic fields in the air gap of the motor produced by the stator currents 
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are 

E s {0,t) = E Sz (0, t ) z = cos (fl - uj s t ) z 

(5.43) 

B s (r, 6 , t) = B Sr (r, 0, t) f = — cos(0 - ws*)r 

and the velocity of the charge carriers in the axial sides of rotor loop a is 

- __ T u dra z + side a 

l -VdraZ + V t 0 side a ' 


where v t = (£ 2 /^)^r- 

Consider a jump into a coordinate system moving (rotating) with the 
magnetic field B 5 , that is, a coordinate system that rotates at angular 
speed uJs • This referred to as the synchronous coordinate coordinate sys- 
tem and is denoted here as the primed (') coordinate system. How do the 
above electric and magnetic fields transform (change) when one goes to the 
rotating (primed) coordinate system? Consider Figure 5.19 depicting two 
coordinate systems in which the primed (') coordinate system has velocity 
v' — v'y with respect to the unprimed coordinate system. According to 
the Special Theory of Relativity [35] [36], the fields transform according to 

Ej|=E|| = B|| 

E' x = 7 (El + v'xBj B' x = 7 (Bi + ( v'/c 2 ) x E x ) 

where 7 = l/^/l — (v'/c) 2 , c is the speed of light, v' = |v'|, E|| and B|| are, 
respectively, the electric and magnetic fields parallel to the motion (i.e., in 
the y direction in Figure 5.19) and finally, Ex and Bx are, respectively, 
the electric and magnetic fields perpendicular to the motion (i.e., in an x-z 
plane of Figure 5.19). Similar comments apply to E'j, Bjj, E^ , and B'^. 

z z* 

I l-v 



FIGURE 5.19. Two coordinate systems moving with respect to one another. 
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For the application to electric machines where (v r /c) 2 <C 1, it follows 
that 7 = 1 can be used as an excellent approximation and the above trans- 
formation reduces to 


Em = Ell 


E', = Ex + v / x Bj 



(5.44) 


Returning to the induction motor and the rotating coordinate system of 
the stator magnetic field, the coordinate transformation from the stationary 
coordinate system (unprimed) to the rotating coordinate system (primed) 
of the rotating stator magnetic field is 


' x’ ‘ 


cos(ujst) sin (cast) 0 


X 

y’ 

= 

— sm(ujst) cos (ujst) 0 


y 

. z> . 


° 0 1 


z 


In cylindrical coordinates, the transformation is simply 

/ „ 
r = r 

0' — 6 — cost 


Remark Note that a stationary point (r',6 f ) in this rotating coordinate 
system has velocity v = r'ujsO in the (original unprimed) stator coordi- 
nate system. Note also that in this rotating coordinate system, the rotor’s 
angular speed cj' r is given by oj' r = —(ujs — ojr) < 0. This is simply a 
consequence of the fact that the coordinate system rotating with the stator 
magnetic field is rotating faster than the rotor. 


The first step is to find the electric and magnetic fields in this rotating 
coordinate system. For the induction motor, the fields perpendicular and 
parallel to the motion are given by 

Ex = E 5 
E|, = 0 

B = Bs 
B n = 0 

where Es and B s are given in (5.43). At the surface of the rotor, the new 
coordinate system has velocity v' = (£ 2 /2)u;s£ with respect to the original 
coordinate system so that the electric and magnetic fields in the rotating 
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coordinate system are given by 

= Es -b v' x B 5 — Esz{6, t)z-\-(£ 2 / 2 )cJs& x Bs r r 
= UJ S cos (6 - L0 S t)z-(e 2 /2)ujs j 2} cos (° - u st)Z 

= 0 


B's = B' Sr {r',e')T = V s{r=r ,' e=gl ^ 


os (0')f. 

4 gr f 


The fact that the axial electric field in the rotating coordinate system is zero 
could have been anticipated. That is, to an observer in the rotating coordi- 
nate system, the magnetic field is given by B ' 5 = {iiqZzNsIs /^Q r') cos{Q f )r 
which is static in time. Faraday’s law V x E^ = — 3B f s /dt — 0 then gives 
E' 5 = 0 as the solution. 

In the rotating coordinate system, the Lorentz force on the charge carriers 
in rotor loop a is 


F' - q(E> f s + v^xB^) — gv^ a xB^ 

where, with uj' r = — (a ; 5 — cjjj), 

_ f (^ 2 / 2)(j' R 0+VdraZ side a 
VjRa \ (^ 2/2 )cjj' R 0-v dra Z side a' 

is the total velocity of the charge carriers in the axial sides of rotor loop a 
with respect to the rotating coordinate system. 



FIGURE 5.20. In the synchronous coordinate system, the rotor has angular speed 
u / R 0 — — (us ~~ wr)0- Rotor loop b is not drawn for clarity. 
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Then, with B' 5 = B s = Bs r r , 9 f — Or + 7r/2 - u;s£ = w f R t -h 7r/2 on side 
a of the rotor and O' — Or — n/2 — cogt — — 7r/2 on side a' of the rotor, 

VKa X ®S “ 

f +^raB S r(^/2,a;^ + 7r/2)0-(V2)^: RB 5r (£ 2 /2,w' R « + 7r/2)z side a 
\ -VdraBsriti/ 2, - tt/ 2)0 - (4/2)u/ fi 5sr (V 2 , - tt/2)z side a'. 

Substituting in the expressions 

Bsr (€ 2 / 2 , u/ fl t + tt/ 2) = cos(w' fl t + tt/ 2) = - sin(u/ H i) 

S Sr (4/2,^-7r/2) = i®cos(^-./2) = + ^sin(^) 
results in 

Fsidea/<? = 4 X Bs 

= -Vdra ^hr' ~ sin(w' R i)0 + (^ 2 / 2 ) w h^~ sin(w' H f)z 
2g ^9 


■B'side a//? 


v'fiaXB's 


-%a M °^ S - sin(w' H t)0 - (V2V' /°r* sin ^ s ^- 
2g Zg 


With a/ H = — (u/s - wr), it is seen that the force per unit charge F'/q = 
v^xB's in this coordinate system equals that obtained in the original 
coordinates system given in (5.30). This is as it must be since the forces 
in the two coordinate systems must be equal by the principle of relativity 
(both Newton’s and Einstein’s). 

The total torque on rotor loop a is then 

f' Ra = 2{ q NSe 1 )(-v dra )^^M^Rtm/2){T xfl) 

= ~r.R a — — 2 y sin(w R t)z 

where i Ra = qNSv dr a ■ Note that, as u' R = -(us - w fi ), we may rewrite 
this 85 „ „ Ar , 

r'fia = iRa ** 01 ^ 8 - Sin (N - 0,*)i) 

which is the same expression as in (5.6) and (5.32). 

Of course, there is a similar expression for the torque on rotor loop b 
given by 


THb 


_ iRb ^o ^Ns-[s cos ^> Rt ^ = i Rb ^ y ^ sIs cos{[u s - 


2g 
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It has been shown that the axial magnetic force per unit charge is given by 

, Nsls . 


(4xb' s ) 2 = 


+ ur 


-uj 


R 4 g 

, Mo P-iNs Is 
4ff 


sin(o;^t)z for side a 

sin(cj' H t)z for side a ' 


and, as the electric field = 0 , this is also the total axial force per unit 
charge (F /q) z . As a result, with 


dt 


dzz for side a 
—dzz for side o! 


the emf induced in rotor loop a is simply 


= y (F /q)z • dl= eiu' R - °~^ S - S - sin (u' R t) 


rotor loop a 

(a; s - sin((a>g - u> R )t). (5.45) 

2 g 


Similarly, 


c/ f S / / 

£>Rb ~ U R ^ COS (u; R t) 

2 9 

= -(w 5 - lo r )^^^^cos((ujs - u R )t). (5.46) 

2# 

Then, with 

i-Ra = ZrJRr (5-47) 

iRb = d Rb /R r (5.48) 

the total torque on the rotor in the primed coordinate system is given by 
T> = r' Rn + r' Rh = 


\ 2 g ) R R 


J_ (frAMillY 
Rr V 


(u>s — UJ R ). 


2 9 J 

This is the same as the expression (5.9) derived in the stationary coordinate 
system. 

Electromechanical Energy Conversion 

It has been shown that, to the observer in Figure 5.20 in the rotating 
coordinate system, the torque is given by 


T = —OJ 


f IMA^ N sIs \ 2 1 
V 2 9 J R r 


>0 
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However, to this same observer, the angular speed of the rotor is 

u/' R = -(u>s - UJ R ) < 0 
so that power delivered to the rotor is 

, / , ,2/>(/l hNsIsV 1 _ 

r „ S = -(„ S - WR ) ^ j jj— < 0. 

That is, in the rotating coordinate system of the stator magnetic field 
(Figure 5.20), the tangential velocity of the rotor loop is in the —0 direction 
while the above torque is pushing the rotor in the +6 direction. The torque 
is slowing the rotor down from the point of view of the observer in the 
rotating coordinate system of Figure 5.20 and thus taking out mechanical 
power! Where is this mechanical power going? From the point of view of 
someone in the rotating coordinate system, this mechanical energy is being 
converted into electrical power in the rotor. That is, the electric power 
produced is 

• r< , ■ r< < N S Is\ 2 1 

iRaZRa + lRb£.Rb = ( W S ~ Wr) I ~ — 1 ^ 

which is easily verified by substitution of the expressions (5.45), (5.46), 
(5.47), and (5.48) for the emfs and currents. In summary, to someone in 
the rotating coordinate system, the induction machine looks like a generator 
rather than a motor. 


Magnetic Force and Work 

Recall, in the rotating coordinate system of Figure 5.20, the electric field 
— 0 so that the magnetic force per unit charge on the axial sides of the 
rotor is then • 

F7 Q - ^'s + v Ra x = v' Ra x B' s 

where 

(£ 2 / 2 W R 0 +VdraZ side a 
(£ 2 /‘2‘W R 0-VdraZ Side a'. 


Explicitly, 


' -I 

Ra — S 

li 0 NsJs 


— Vdra — ^ ~ sin {u)' R t)0 4- u)' R ^- 2 -^ s - s sin(w#t)z side a 

4 g 

. ( t f -j i 

— - Vdra— s m(u) R t)0 - u) R - - - sm^ijz side a . 

^9 4 g 


The power per unit charge done by the (purely) magnetic force F' 
Q^Ra * B's) is then 


(F'/(?) • v' Ra — (y Ra x B' g ) • v' fla = 0 
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as it must, since the magnetic force on a moving charge is always orthogonal 
to the velocity of the charge and thus cannot change the energy of the 
charge carriers. How is the energy transfer in the rotating coordinate system 
accomplished from mechanical to electrical? Consider another observer in 
the rotating coordinate system as shown in Figure 5.21(a). 


Observer 




(b) 


FIGURE 5.21. (a) View by an observer in the synchronous coordinate system, 
(b) The magnetic force on the rotor loop from the observer’s point of view. 


The observer is still rotating with the stator magnetic field at angular 
speed ids ■ The magnetic force opposes the rotor angular velocity and pro- 
duces the current in the rotor as seen in Figure 5.21(b). From the point of 
view of the rotating coordinate system, the magnetic force is the mecha- 
nism which converts the mechanical (kinetic) energy into electrical energy 
while not adding any energy (i.e., doing any work). In more detail, the 
power delivered by the magnetic force on the two sides of rotor loop a is 

2{qNSt l )f • v' fia = 2(qNSe 1 )(v' Ra x B' s ) • v' Ra 

= 2(qNS£i ) sin(u/ fl t)z^ 

• ((£ 2 /2)u/ fl 0+Udraz) 

= 2 (-gATSWa- 9 - " ! 5 - sin(u/**)0) • ((V 2)J R e) 

+ 2 (c/ R S in(a/ H i)z) • (qNSC iV dr aZ ) 
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Rearranging the right hand side of this last equations gives 
2(qNSe 1 )F f • v' Ro = - sin(w' R £)j lo ' r 6 - 6 

+ (u , R ti ° il ^ SlS sin ( w fi*)) i Ra z • z. (5.49) 

However 

F' • VRa = < 7 (v' Ra X B' s ) • v' Ra = 0 

as the magnetic force on a charged particle is always perpendicular to its 
velocity. The coefficient of 0 9 in (5.49) is r f Ra oj' R - the mechanical power, 
while the coefficient of z • z is ^R a iR a - the electrical power in rotor loop a. 
As these terms are equal in magnitude, but opposite in sign, it is seen that 
the magnetic force just converts the mechanical energy to electrical energy, 
but does not add any energy. 

5-4-5 Synchronous Machine 

The microscopic viewpoint of the synchronous machine is explored in prob- 
lems 18 and 19 at the end of the chapter. 


5.5 Steady-State Analysis of a Squirrel Cage 
Induction Motor* 

Consider the two-loop induction motor of Figure 5.22 where, as before, 
Os(t) ~ ust denotes the angular position of the magnetic axis of the rotat- 
ing magnetic field produced by the stator currents, 0n(t) ~ u R t denotes 
the angular position of the rotor defined as the magnetic axis of rotor loop 
a (the magnetic axis of rotor loop b is at 6 R (t) -f 7 t/2), and 0 denotes an 
arbitrary angular position in the air gap. 

In order to obtain more torque, additional pairs of loops (each pair 7t/2 
apart) are placed around the complete periphery of the rotor. For ex- 
ample, Figure 5.23 shows a cross section of a rotor with six rotor loops 
ai — a' 1? a 2 — a' 2 , a 3 — a§, bi — b[, b 2 —b' 2l and b^—b' 3) which are considered 
as the three pairs of rotor loops {ai~ a[,bi~b[}, {a 2 ~a f 2 , an d 
{<23 — ^,63 — 63 }. In general, the zth rotor loop pair is located by the cen- 
ter line (magnetic axis) of its rotor loop a which is 0 ^ = 0* + f^for 
im 1, ..., N r , where Nr is the number of pairs of rotor loops . 6 Phase a of 


6 Each loop has four sides. The term rotor bar refers to the sides of a loop which go 
along the length of the rotor. The other two sides of the loop are referred to as the end 
turns. Consequently, there are two rotor bars per loop and so each pair of loops has four 
rotor bars. With Nr the number of pairs of loops , there are then 4N# rotor bars around 
the periphery of the rotor. 
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the first rotor loop pair (i = 1) is arbitrarily chosen to be the one whose 
magnetic axis is used to reference the rotor position Or . The induced emfs, 
the currents, and the resulting torque in each pair of loops are now com- 
puted, and then the total torque is found by summing the torques on each 
rotor loop pair. 



FIGURE 5.22. Induction motor with two single-loop rotor phases a and b. 



FIGURE 5.23. Rotor with six rotor loops a\ — a[, a2 — o>2, 03 — ^3, 61 — b[, 62 — 62? 
and 63 — 63 considered as three pairs of loops {ai — a' 1; 6i — 6'i}, {02 — «2? 62 — 62}, 
and {&3 — (23,63 — 63}. In this figure, there are Nr = 3 pairs of rotor loops and Or 
is chosen to coincide with the magnetic axis of rotor loop a\— a\. 
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5. 5. 1 Rotor Fluxes, Emfs, and Currents 


The flux Afio, in phase a of the zth rotor loop pair due to the stator 

/ 7T Z — 1 

magnetic field Bs is calculated as ( 0 Ri = 8r + 


2 Nr 


X R( 


:a< - / 


B s -dS 


- / 

Je R . 


e * i+7r/2 Uo^NsIs 


t /2 4 § r 


r=e 2 / 2 cos ( e - °s)r- {ii(i 2 /2)d6r) 


^2NsIs_ sin{e _ es) 


45 


0R i +'x/'2 

@ Ri 7r/2 


. n 7T i — 1 

COS 0 S - [Oft + - 


(5.50) 


2 g ""V' V" ' 2 n 

By Faraday’s law, the induced electromotive force ( emf ) in phase a of zth 
rotor loop pair is given by 

d UfflflFz Nsfls . 

dt 


, _ d A fiai 

dt 


2g 


-cos(0 s - 0 Rl ) 


UoWtNsIs 
2 5 


(w s - w ft )sin (<9s - ( + 77 


V 


7T i — 1 


2 n 


(5.51) 


where oj r — dO R /dt . 

Similarly, the flux in phase b of the zth rotor loop pair is 
A Rb, = J Bg • dS = sin (fl g *- (d R + * 1 


s bi 


25 


2 Nr 


and the corresponding induced emf t; Rb . is 


£ Rbi ~ ~ 


d\m j _ P0W2N si s , 


dt 


2 9 


(uj s - Wfl) COS + 77 


7T Z — 1 


2 N r 


(5.52) 

where — dO R /dt. Assuming each rotor loop has an inductance L R and 
resistance R r , the equations describing the current dynamics are 

Lr dt' + RR^Rai = £>Ra t i 

, HqZi^NsIs, \ ’ (f \ j. *i-l\ 

£>Ra % = — z TT S “ Sm \ ^ ~ 2 "a^ - J 


2 9 


and 

L R—jr~ + R R^Rbi = ^Rbii 


dt 


t Rbi = - li ° tlt ^ sIs (us - wr) cos((cj s - W H )t 


7T Z — 1 


2 lV fl 
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A system of the form 


L— -f j Ri — Acos(u;t + (p) 
at 

with R/L > 0 is a stable linear time-invariant system so that its steady- 
state solution is given by 

i ss {t) = |G(jw)| Acos (cot + ^ + ZG(jto)) where G(jco) = — -A—- . 

So, for i = 1 ,...,Nr, the steady-state solutions for the currents in the i th 
rotor loop pair are given by 


tRaSSi = 


(us—ur) 




y/(u> S -UR) 2 L* R + lP R 


25 


■ 1/ \ j. ni ~ l , I -1 ({us-Ur)Lr 

x sin (w s htan ' 


tRbSS, = “ 


2 Nr 

(ws - Ur) fJ-o^ ihNsIs 
2 9 


Rr 


(5.53) 


^(co s -co ft ) 2 4 + ^ 
x «*(<<*, - ^)< - § ^ + tan- 1 ( ( “ S ~ fl 7 )L ' 1 ) ) ■ 


5.5.2 Rotor Torque 

As previously explained, the rotating magnetic field produced by the stator 
currents produces a magnetic force on the rotor currents it^ induced. The 
magnetic force law is simply F magnetic ~ i£x B, where t =| i \ is the length 
of the conductor in the magnetic field, and i points in the direction of 
positive current flow. Recalling that O means that if iR ai > 0, the current 
is coming out of the page, it follows that i = ^iz on side a* and i = — 
on side a-. Along with the fact that Bs(r, = — Bs(r,0), it was shown 

that the force on each side of the loop is equal (i.e., F a , = F a /). Applying 
the magnetic force law to loop a* of the ith. rotor loop pair, the torque is 
computed as 

r ai = 2rxF ai = 2{t 2 /2)i xF ai 

where 


F at = iRa X Bs 

Mo ^Nsh i 


= iz X 

= IRa 


4gr 

Mo^i Nsls ■ 


'=e 2 /2 cos (Q ^s)| e=e R . 


+w / 2 


25 


sin(5s - O Ri )0. 
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The torque is then 


NsIs . 


i Rai sm{0 s -9 Ri )2 


Similarly, 


where 


r bi = 2rxF 6i = 2(^ 2 /2)fxF 6 


i Rbi i x Bs 

„ - „ Ho^NsIs i x 

Wi* x — — — | r= * 2/2 cos(0 - 0s)|* = „ Hi+ , 

(J-O^lNsIs , a a 
~ l R b , ^ COS S ~ )^' 


The torque f bi becomes 


tio^NsIs . 


i Rbi cos (9s-0 Rl )2 


Letting 


(ug - o; R ) 

^us-URYVi + m, 2 g 


in (5.53) and substituting (5.53) into equation (5.54), the total torque on 
loop a l — a- of the zth rotor loop pair becomes 


HohhNsIs . -A w ttz-I^ 

= — i RaSSi sin^g - a , R )t - - — J 

NsIs T . (, w iri — \ _ 1 f (u>s - u r )L r 

= ~ g + ( Tr 

Similarly, the total torque on loop 6* — 6' of the ith rotor loop pair is 


HoCihNsIs . (, w 7TZ-1^ 

2^ ZH6SSi C0S (( W 5 - <*>*)« - 2 IV^J 

ll Q t\hN S I S T ( , 7T f - 1 

/*cosf ( Ws - u;*)f - + tan 


(^5 “ Ur)L R 


X COS ( (cos - wh)£ - 


7T i — 1 


Using the trigonometric identity sin(x) si n(y) + cos(a;) cos(y) = cos(ar — y) 
to combine the above results, the total torque tr^ on the zth rotor loop pair 
is given by 
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M(A^2 NsIs t ( l -1 f(us -Ur)Lr\\ 

tr t = T Rai + T Rbi = — Ir cos (tan [ I ) 


25 


Rr )) 


This can be put in a more illuminating form by noting that 

1 


cos 




(ujs — Ur)Lr 

Rr 


+ 1 


and substituting back the expression (5.55) for I R , the torque can be written 
as 


T Ri 


Mo WlMl lR cos ^ tan -i ) 

( NsIs X* (^s - Vr) 1 

' 2g ' x/i^s -ur) 2 L 2 r + R 2 r ^ -U>r)Lr 


(a oW^Vi- 

V 2 g ) L r 


{u s - c 0r)L r 


(uj s 


Rr 

u) R )L r ^ + 1 


Rr 

2 


( f*o t&NsIs Y 1 1 
V 2# y Lh2 5/s p + s p /5 


2 

+ 1 


where 


5 a u s ~ 
ws 


and s p = 


Rr 

wsLr 


The quantity S = — — — - is the normalized slip. 1 It is straightforward 
ujs 

to show that S ^ s j S has a maximum value of 1 for S = s p and a min- 
imum value of —1 for S = —s p so that the torque achieves its maximum 
(minimum) at S ~ s p (S = — s p ). 

This derivation shows that, in steady state, each pair of rotor loops has 
the same torque on it. Consequently, the total torque on the N R pairs of 


7 Later the quantity S p = will be defined as the pull out slip so that s p = 

UJ ^l R — vSp where a is the so-called leakage parameter (also defined later). For the 
reader familiar with the torque-slip curve of an induction motor, the quantity s p rather 
than the pull out slip S p occurs because impressed currents are used here rather than 
impressed voltages (see problem 25 of Chapter 7). 
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loops is 


V Nr / Wi ejNsis V 2 

TR ^ TRl 2 L r \ 2 g ) S/s p + s p /S 

2 

Tp S/s p + s p /S 

where 

a Nr f f^ihNsIs V 

Tp 2 L r \ 2 g ) • 

For |5| 5 P , this reduces to 

Tfi W fc (tL) S ~ Wfl) 

. A N r f uMNsIs V 
Rr\ 2 5 ) ■ 

The analysis was done assuming that each rotor loop was electrically iso- 
lated from any other rotor loop. The most common rotor for an induction 
motor is the squirrel cage rotor shown in Figure 5.24. It is simply a set of 
conducting bars around the periphery of the rotor iron that are connected 
to conducting end rings at each end. This is in contrast to the rotor of 
Figure 5.5 where loop a- a' is electrically isolated from loop b—b f . 



FIGURE 5.24. Squirrel cage rotor. 

However, assuming the emf drop across each rotor bar remains the same 
as in the case when the rotor loops are electrically isolated, the above 
analysis still applies. 8 That is, consider the squirrel cage to be made up of 
loops consisting of two rotor bars that are on diametrically opposite sides 


8 This argument is perhaps more convincing from the microscopic point of view. It is 
shown in an optional section of this chapter that the rotating magnetic field Bs(r, 9 , t) = 
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of the rotor. The flux in each loop depends on the rotor position so that the 
induced emf in each rotor loop is different. In particular, as one goes from 
one rotor bar to the next, the emf drop across their lengths are different 
even though they are connected in parallel. This can be visualized as shown 
in Figure 5.25 which shows the induced emfs £ fc / , £ a , , £ a2 , £ 03 , £, bl , 

£ 62 , £b 3 ? £ai> ia' 3 m eac ^ rotor bar being in series with the resistance 
Rr/2 of each rotor bar. 



FIGURE 5.25. Equivalent circuit of a squirrel cage rotor. The rotor bars are 
annotated as in Figure 5.23. Each bar has resistance Rr/2 so that the total 
resistance in a loop consisting of diametrically opposite bars is Rr. 

For example, in the two rotor bars , o! x (which are on diametrically 
opposite sides of the rotor), the voltage in the rotor loop made up from 

B r (r, 0, t)r = cos(0 — cust)r in the air gap produced by the stator currents 

induces an axial electric field in the air gap (according to V x E$ = — d'Bs/dt) given by 
Es(0,t) = E z (6,t) z = Mq ^ 2 4 ^ sJ ^ 00 S cos(fl — wst) z (see Figure 5.15). The voltage drop 

across the zth rotor bar produced by this electric field is then Jq 1 ^Es( 0, t)|^ ^ ^ d£ 

where (p i = ^ One then argues that, as this depends only on the stator quantities, 
this voltage drop is the same whether or not the rotor bars are electrically connected 
(shorted) at their ends. The total emf in each bar is this voltage drop plus the back emf 

fif 1 ( v x B 5 ( 0 , t ) j ) * dt in each rotor bar (jv| = v — trus). 

\ '8=9R+<PiJ 



342 


5. The Physics of AC Machines 


these two sides is 9 = 2£ ai and this loop has resistance Rr. This 

emf £ Rai = £ — £ a i = 2£ ai equals the emf given in equation (5.51) with 

i = 1. Note from Figure 5.23 that the rotor angle 6r locates the rotor bar 
b[ as is also indicated in Figure 5.25. 


5.5.3 Rotor Magnetic Field 

As equation (5.53) shows, the current in the rotor bars of the squirrel cage 
rotor differs from bar to bar (loop to loop) while the current in each phase 
of a sinusoidally wound rotor loop is the same. Of course, in the squirrel 
cage rotor, it is arbitrary what is called a phase a loop and what is called 
a phase b loop. It is more convenient to speak of a current distribution on 
the surface of the rotor (i.e., in the rotor bars). With ip i = f the ith 
rotor bar is located at 6n(t) + ^ = o;#£ + Combining the expressions 
(5.53) above for the rotor currents, the steady-state current distribution in 
the 4Nr rotor bars distributed around the periphery of the rotor can be 
found. Specifically, with Ir given by (5.55), the two equations (5.53) are 
combined to show that the rotor current in the i th bar at 0R(t) + ( -p l is 10 

iftss(t, <Pi) = lRsm^9 s (t) - ( 0 R (t ) + (fi) + tan~ 1 ^ 

0R(t) + Vi = + for i — 1,...,4 Nr (5.56) 

0 S {t) = Ust. 



Applying Ampere’s law j) H R-di = ^enclosed to the closed curve 1—2— 3— 4—1 

in Figure 5.26, the radial magnetic field Br(0) in the air gap due to this 
rotor current distribution can be found. To do so, first note that for Nr 
large, the discrete angles locating the individual rotor bars can 

be approximated by a continuous angle with a continuous current distri- 
bution irss ( t , < p ). Specifically, the incremental angle from one rotor bar to 
the next is dip = j so that the enclosed current may be written as 


^> z =0~0 R+Tl 


^enclosed (^) ~~ 


<Pi=0~OR 

r(p=&-8n+7r 


v-VR-T-a rtAT / — 

E i RSs{t, l Pi) = — ^ I E 


'i)d<p 


2 Nr r 

7T J v= 


<p=9—9rt 


i-RSs(t,<p)dip 


9 By symmetry, diametrically opposite sides of the rotor have emfs which are opposite 
in sign, but equal in magnitude. 

3 As i ~ 1 , ..., 4Ar, the angles go from v? x = 0 to <P 4Nr = f = 2 ?r - f 77 ^. 


10 L 
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FIGURE 5.26. Path for Ampere’s law to compute B# in the air gap. 


where the summation has been approximated by the integral. Ampere’s 
law gives 

2-W — ^enclosed ($) 


or 


Hr(0) = 


^enclosed ($) 

~^9 


The expression (5.56) is substituted for iRss(t,<p) to evaluate Enclosed (#) 
as 


2 Nr 

^enclosed ($) = / ^RSs[}f)d^p 

'K J ip— 6— 6 pi 


= (t) ~ (0n(t) + <p) + tan x ( ^ 5 

= ^ N R I R cos (8 s (t) -9 + tan" 1 ( ( ^ S ~^ h)Lr )) . 


<P=0 — 0 Ft+ 7T 
<P=0-0r 


The radial magnetic field due to the rotor currents is then 


t) = B r (9 , t) f 
= Mo 

_ 4 Mo N r Ir 

7r 2 g 


cos(e - (tf s (t) + 
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where 


T a {ws ur) Uphh Nsls 

R ~ y/iws-WH^Ll + Rj, 2 g 

A , -1 f( u S - Ur)Lr\ 

= tan — y 

In chapter 8, it will be shown that the steady-state rotor currents in a 
sinusoidally wound rotor induction motor will produce a rotating magnetic 
field given by 

t) = cQs{e _ {ust + ))f 

The only difference in the form of these expressions is the factor of 4/7T. 
However, the values of the rotor current /^ w0U8d and the phase angle y>R vound 
are in general different as they depend on the T jRwound , RR wound which have 
different values in a squirrel cage rotor. 


5,5.4 Comparison with a Sinusoidally Wound Rotor 

It is quite interesting to note that in the squirrel cage rotor, the effective 
rotor time constant is still Lr/Rr , that is, the time constant due to just 
a single loop. (By “effective” is meant that this is the ratio that appears 
in the expression for the quantity s p = Rr/ (utsLr) used in the above 
expression for the steady-state torque.) A small value for the time constant 
Tr = Lr/Rr is usually desired since the value of s p is then large, making 
r « k (00 s ~ wr) f or a large range of slip speeds. Assuming ideal magnetic 
material and a small air gap, it is straightforward to show that Lr = 
7r/z 0 ^i^2/(4<?) for each loop of the rotor. Consequently, the time constant is 
Tr = Lr/Rr = tv 11^1^2 / {^Rr) where Rr is the resistance of the single 
loop. 

This is in contrast to a sinusoidally wound rotor induction motor (dis- 
cussed in a later chapter) where the rotor loops of each phase are con- 
nected in series resulting in Tn wound = itppli ^2^/(8#) (Nr is the to- 
tal number of loops in a sinusoidally wound rotor phase) and #K wound is 
the sum of the resistances of each loop in the rotor (^H WOU nd ~ NrRi 
with Ri the resistance in each loop). The time constant is then TR wourid = 
L tf wound /#tf wound = 7T/jL 0 eie 2 N R /(SgR 1 )). The ratio of these two time con- 
stants is T Rwourid /T Rsquirrel = Nr/ 2 showing that for a squirrel cage rotor 
with the same number of loops as the wound rotor, the effective time con- 
stant can be significantly smaller. 

To compare the torque of the two motors, consider the steady-state 
torque produced by a sinusoidally wound two-phase induction motor. It 
is shown in Chapter 7 (or see Chapter 10 of [1]) that the expression for this 
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torque is given by (|/ s | = I s /V 2, |/ fl | = /ft wound /v 7 ^) 11 


T wound rotor — 


= MIm 


M- 


juj s M 


With S p = 

o-w 5 L fiwoun 


— and s v = aS , 


Rr/ S + jusLn 

RjR woun 


Is 


II 


P u s LR„ ouni 
( jqjsMS 


this becomes 


Twound rotor — 2 ■V ^ 


Rr 


crSp 


l-^rl+ iS 


(J Sri 


o Sr, 


> • 


Rearranging, this becomes 


( j^sMR R 


wound rotor “ 




i + H 

Sr> 


1 + ( S / s p ) 


lJ M ^sMS/Rn^ 

2 1 + (S/sp) 2 

1 -m 2 /| 2 


Finally, using 

M — 

it follows that 

wound rotor 


4 L r s s p /S + S/s p ' 


Hq-kP-i^NsNr _ / ttNr\ ( \ 


89 






1 (*Nr Y 2 ( Hjt&NsIs } 


V 4 J 


J s p /S + S/s p 


— OH Nr ( ^i^NsIs ^ 


2 L r 


J s p / S 4- S / s p 


N R / 7T \ ^ 

In form , this differs from the squirrel cage case by the factor J 


However, also note that s p — 
the squirrel cage rotor. 


A ^flwound 


^5^H wound 


has a different value than that of 


11 The magnitude of the currents are written in the (nonstandard) form |I 5 | = Is/V 2, 
\l R \ = f-Rwound /v^2 so that /s,/H wound are peak values (rather than rms values) to 
facilitate a comparison with the squirrel cage rotor torque. 
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Problems 

Problem 1 Solutions to Linear Time-Invariant Systems 
Consider the linear time-invariant system specified by 

d 3 y d 2 y dy . d 2 u . du , 

~d£ + a2 dF + ai di + aoy = b2 ^ + bl ^ + b ° u • (5 ' 5T) 

The transfer function G(s) of this system is 

nt \ _ _ & 2« 2 + M + b 0 

tRS) — - — "”o « . 

a(s) s 6 4 a 2 s z 4* ai$ 4- ao 

fa) SViow; that if 

u(t) = Uoe juJt = C/o (cos(a;f) 4 j sin (cat)) 

then 

y p (t) = U 0 \G(joj)\e^ t+ZG ^y> 

is a (particular) solution to the differential equation (5.57). 

(b) Show that if 

u(t) = Re {t/ 0 e ja; *} = tr 0 cos(cjt), 

then 

V P (t) = U 0 |G(jw)l cos(a;£ 4 ZG(jca)) 

a particular solution to the differential equation (5.57). 

(c) Let 

a(s) = s 3 4 a 2 s 2 + ais + a 0 = (s - Pi)(s - P 2 ){s - pz) 

so that puP 2 , P 3 are the poles ofG(s). To simplify the discussion, assume 
the pi are distinct. 

With u(t) ~ 0 and arbitrary initial conditions p(0),y'(0),y"(0), show 
that the solution to (5.57) has the form y(t) = Aie Plt 4- A 2 e P2t 4 A 3 e Pzt . 

Next , show that the complete solution to the differential equation (5.57) 
with arbitrary initial conditions y(0), y'(0), y"( 0) and input u(t) — Uo cos(c ot) 
is 

y(t) = U 0 \G(jcj )\ cos (cut 4 ZG{ju)) 4 4 A 2 e P2t 4 A 3 e Pst 

where the Ai are the unique solution to 

■ 3/(0) 1 r y p { 0) 1 1 1 1 1 r Ax ' 

y’i 0 ) = y'p( 0 ) + Pi P 2 P3 A 2 . 

. y"( 0) J L y'p( °) J L pi p 2 2 p§ J L 4* _ 

(d) Show that the steady-state solution of the differential equation (5.57) 
equals y p (t) if and only if Re {pj} < 0 for i = 1, 2, 3. 

(e) Show that the steady-state solution to dy/dt 4 ay ~ u(t) with a > 

0 and u(t) = Uocos(uJot) is yss(t) = Uo \G(jw)\ cos(ujt 4 ZG(joo)) with 
G(s) = l/(s4 a). 
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The Physics of the Induction Machine 

Problem 2 Torque Versus Slip for the Induction Motor 

The expressions for the rotor currents in equations (5.4) and (5.5) were 
found neglecting the rotor loop inductance. Assuming the rotor speed is con- 
stant and the currents are in sinusoidal steady-state, find an expression for 
these currents when the rotor loops have resistance Rr and an inductance 
Lr. Modify the corresponding expression for the torque given in (5.9) to 
show that it now has the form 


( IjoWiNsIs V 1 2 

V 2# / 2Lr S/sp + Sp/S 

where S = — — — - is the normalized slip and s p = — — p— . The pull-out 
UJ S wsLr 

A L£r 

slip is defined by S p = — — s p /o where a is the so-called leakage 

oujsTr 

factor (see Chapter 6). 

Finally, sketch the torque as a function of the normalized slip S = (ujs - 
ujr)/uj S - 


Problem 3 Induction Motor under Load 

In problem 2 it is shown that the torque produced by a two-phase induction 
motor with two rotor loops n/2 radians apart and nonzero rotor inductance 
Lr is given by 


/ Wi *2N s Is \ 2 1 2 2 

V 2 g ) 2 L R Sp/S + S/sp Tp s p /S + S/s p 


(5.58) 


where 


S = 


s p 


UJS - Ur 
UJS 

( HotitiNsIs V 1 
V 2 g ) 2 Lr 

Rr 
ujsLr 


A plot of t/t p versus S/s p is given in Figure 5.27. A typical rotor for an 
induction motor has more than two loops on it. The squirrel cage rotor for 
an induction motor is shown in Figure 5.28 with a cross-sectional view of 
the rotor given in Figure 5.28(b). This shows a rotor consisting of 6 rotor 
loops (12 sides) that can be viewed as three sets of 2 rotor loops. Each set 
consists of two rotor loops n/2 radians apart. 
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FIGURE 5.27. Normalized torque versus normalized slip. 




FIGURE 5.28. (a) Squirrel cage rotor for an induction motor, (b) Cross-sectional 
view. 

(a) With the rotor of Figure 5.28(b), explain why the expression (5.58) 
for the steady-state torque needs to be multiplied by three to obtain the 
torque of the motor in Figure 5.28(b). 

(b) Suppose the induction motor has a load on it and is producing the 
torque r T that is, it is operating at the point ( S r /s p , r r /r p ) shown in Figure 
5.27. Next, suppose an additional load is put on the motor so that the total 
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load torque tl now satisfies r r < tl < r p . After the additional load is put 
on the motor: 

Will the speed increase or decrease? 

Will the normalized slip increase or decrease? 

Will the motor torque increase to handle the increased load? 

(c) Repeat part (b), but with the motor initially operating at (S r 2 /s p , t T 2 /t p ). 

(d) Suppose the induction motor is turned off (no currents applied to the 
stator phases) so that ljr = 0, but it has a load torque tl = r r on it (the 
same r T as in Figure 5.27). Suppose further that s p = 0.2 and that currents 
of frequency ujs are now applied to the stator phases. Just after applying 
the stator currents , answer the following: 

What is the value of S/s p ? 

Mark on Figure 5.27 the operating point of the motor. 

Can the motor start with the load torque tl = r r on it? Explain. 

Problem 4 Torque 

In developing the expression (5.6) for the torque on a rotor loop of an 
induction motor, why wasn’t the magnetic force on the two semicircular 
ends of the rotor loop considered (see Figure 5.8)? 

Problem 5 Simple Induction Machine with Three-Phases 
Figure 5.29 shows a three phase stator with a rotor iron core. 



FIGURE 5.29. Three-phase stator. Currents are only shown for phase 1. 

Phase 1 is identical to phase a. in a two phase stator. The magnetic field 
in the air gap due to the current isi in phase 1 is then 

B S i(isi,r,6) = Mo f 2 — i si cos(0)r. 

Agr 
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Phase 2 is wound the same way as phase 1 except that is rotated 2 tc/ 3 
radians with respect to phase 1. The third phase is also wound the same 
way as phases 1 and 2, but rotated another 2n/3 radians with respect to 
phase 2. The magnetic field in the air gap due to the current is 2 in phase 
2 is then 

&S 2 (is 2 ,r, 0) = — Y^- is 2 cos (9 - 2tt/3)t 
A gr 

and the magnetic field in the air gap due to the current is 3 in phase 3 is 
then 

Bs 3 (*S 3 , r, 6) = IJ '°^ 2Ns is 3 cos(6 - An/3)r . 

Agr 

Let the currents be given by 

isi = Is cos (w s t) 

is 2 = Is cos(cu st - 2tt/3) 

is 3 = Iscos(oj s t - 47r/3). 

(a) Show that the total magnetic in the air gap may be written as 

B s = B 51 + B S2 + B 53 = ^ 2NsIs I cos(0 - Lj s t)r. 

4 gr l 

(b) Is this a sinusoidally distributed magnetic field? 

(c) With two rotor loops n/2 radians apart , what changes (if any) are 
required to analyze this three-phase induction machine compared to the two- 
phase induction machine in this chapter? 

Problem 6 A PM-Generator/Induction-Motor Machine (motivated by [27]) 
In this problem , a rather strange type of machine is analyzed. Figure 5. 30 
shows a permanent magnet rotating inside a hollowed out core of soft iron. 
(This setup is the reverse of that for the DC motor in Chapter 1, where the 
rotating part is made of soft iron and the external stationary part is soft 
iron.) By properly designing the permanent magnet, it can be assumed that 
the magnetic field in the air gap is given by 

B s = Bsr = Bsmax— COS {8 - e s )r (5.59) 

r 

where 6 is an arbitrary angular location in the air gap and Os locates the 
north end (magnetic axis) of the permanent magnet as shown in Figure 5.30 
(The subscript “S” is used because this magnetic field will take the place 
of the stator magnetic field discussed in the text.). Figures 5.30(b)— (d) 
illustrate the radial magnetic field due to the permanent magnet as it rotates 
from 0 to 7r/2 to n. 
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FIGURE 5.30. A permanent magnet rotating inside a hollowed out core of soft 
iron. 

The next part of the construction is to put a conducting loop in the air 
gap . This is illustrated in Figure 5.31(a) , which shows a half- cylindrical- 
shaped loop placed in the air gap. 



FIGURE 5.31. (a) Loop in the air gap which rotates about the axle independent 
of the rotating permanent magnet, (b) Illustrating how the loop is mechanically 
supported so that it can rotate independent of the permanent magnet. 

However, this loop is not attached to the permanent magnet ; rather , it 
rotates independently of the permanent magnet on the same axle. Figure 
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5.31(b) illustrates how the loop is mechanically supported so that it can 
rotate on the axle independent of the permanent magnet. This loop is re- 
ferred to as rotor loop a— a! ( or rotor phase a ) and its position is located by 
the angle Or which is fixed to the loop half way between sides a and o! as 
shown in Figure 5.31(b). To complete the description of the construction of 
this motor, a second rotor loop is added to the system as shown in Figure 
5.32. This loop is denoted rotor loop b—b f (or rotor phase b) and is rotated 
90° with respect to loop a—a!. As shown in Figure 5.32(b), a brace is put 
between the two loops so that they are rigidly held 90° apart. The brace 
and axle are non conducting so that the two loops are electrically isolated. 
The pair of loops rotate together on the axle independent of the permanent 
magnet. This completes the construction of the machine. 



FIGURE 5.32. Two cylindrical rotor loops mechanically held together 90° apart, 
which rotate together on the axle independently of the rotating permanent mag- 
net. 


(a) Let 0s(t) = u)st so that the permanent magnet is rotating with con- 
stant angular speed cos by some external mechanical force . Consequently, 
a rotating radially directed magnetic field is setup in the air gap of the 
machine. Compute the fluxes in the two rotor loops due to the rotating 
magnetic field B 5 . 

(b ) With Rr the resistance of a rotor loop and Lr the inductance of the 
rotor loop, compute the sinusoidal steady-state currents iR a ss an d iRbSS 
in the two rotor loops. Assume the rotor has constant angular velocity ujr 
where 0 < ujr < u>s- 

(c) Compute the torques t R a and tr & on the two rotor loops due to the 
magnetic field B 5 acting on the current in the rotor sides a, a! , b , b ' in terms 

of iRa^RbJu^Bsmax^S andojR. 

(d) Substitute the expressions for the currents from part (b) into the 
expressions for the torques in part (c) and show that the resulting expression 
has the same form as that derived in problem 2. 
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Synchronous Machines 

Problem 7 Magnetic Field of a Sinusoidally Wound Rotor 

Using Ampere’s law , derive the expression given in equation (5.10) for 
the radial magnetic field in the air gap due to the current in the rotor 
windings. Assume ideal magnetic material and , that the rotor and stator 
windings have cross-sectional areas that are infinitesimal. 

Problem 8 Mathematical Model of a PM Synchronous Motor 

Consider a two phase permanent magnet synchronous motor. This ts 
constructed like the wound rotor in Figure 5.33, but the rotor is replaced by 
a permanent magnet as shown. Let the magnetic field due to the permanent 
magnet rotor be given by 

Bfi = B R {r,d) r = B Rmax — cos(0 - 0 R )r 

r 

and derive the mathematical model of the PM synchronous motor. 



FIGURE 5.33. Two-phase permanent magnet synchronous motor. 


Problem 9 Synchronous Motor with a Sinusoidally Wound Rotor 

Consider a synchronous motor with a sinusoidally wound rotor as in 
Figure 5.9. An analytical expression for the torque produced by this motor 
was derived in the text. However, this expression can also be derived by 
considering the magnetic force due to the stator magnetic field Bs acting on 
the currents in the rotor windings. This problem outlines such an approach. 

(a) Using the magnetic force law, show that the incremental magnetic 
force dFR due to 'Bs acting on the rotor current in the windings of the 
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rotor between 6 and 6 + dO is given by 


6r < 0 < Or + 7T 


dFi 


If^y I sin(0 - 9 R )\d9(+£iz) x B s 
Nf 

I F —\sin(6 - 0 R )\d6(-£iz) xB s 9 R + n < 9 < 9 R + 2n 


or, more simply , for Or < 0 < Or + 2tt 
Nf 

dF r = Ip~j- sin(^ — OR)dO(+£iz) x Bs 

= sin(0 - 0 R )d0(+Z iz) x / A ° . J ^ S / 5 C os(0 — 0s)r 

2 2 g 

= sin(<? _ eR) cQs{e _ ds)M 

(b) Integrate the incremental torque df R 


dr R = (£>/2)r x dF R 


^ANsN f I s I f Md _ cQs(d _ 6s)dei 
89 


over the rotor windings to obtain the total torque tr on the rotor . 

(c) Assume the motor is in steady-state with Os = oast, Or = ujRt — 5 
and cos — wr. With 

a , Mo N f If 

4 gr r=< ’ 2/2 2 g 

= 2n(e 2 /2)£i g = -Kt\l 2 g 
a hp^NsIs | _ Mo Nsls 

4 gr ' T=e > /2 ~ 2 g 

show that the answer to part (b) reduces to the expression given in (5.13). 


Br max 
Vairgap 
Bs max 


Problem 10 Synchronous Motor with a Salient Rotor 

Consider a synchronous machine with two sinusoidally wound stator 
phases and a salient rotor as in Figure 5.13 of Section 5.3.3. Let is a — 
Is cos(cJst), isb — is sin(a;s£) be the stator currents and ip{t) = I F = 
constant so that the magnetic fields in the air gap are 


^ Mo NsIs^r ( 

B s = — — — cos(0 - 6>s r 

291 r 

- = toNrlrrj, 

2g 0 r 

where Os(t) = u)st denotes angular position of the magnetic axis of the 
stator magnetic field and 0 r{1) = lorI — 6 denotes the angular position of 
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the rotor which is taken to coincide with the rotor's magnetic axis. Here g\ 
is the average air gap length (g\ > go) and , as the rotor's cross section is 
not circular , let vr — r s — gi (see the remark in Section 5.3.3). 

(a) Compute the torque rs on the stator phases due to the rotor's mag- 
netic field B^ acting on the stator currents isa,isb • Use this to find tr. 
Is there anything that has to be done different here than in the sinusoidally 
wound rotor case? Explain why or why not. 

(b) Compute the induced emf's £ Sa and in the stator phases due to 
the rotor's magnetic field B^. Is there anything that has to be done different 
here than in the sinusoidally-wound rotor case? Explain why or why not. 

(c) Compute the power absorbed in the stator by these induced emf’s and 
show it equals the negative of the mechanical power produced by the motor. 
Is there anything that has to be done different here than in the sinusoidally 
wound rotor case? Explain why or why not. 

(d) Is it possible (in a nice analytic fashion) to find the motor's torque 
directly by computing the torque on the rotor due to the magnetic field 
acting on the rotor current? Explain why or why not 


Problem 11 Emf in the Rotor Winding of a Synchronous Machine 

Consider a synchronous motor with a sinusoidally wound rotor as in 
Figure 5.9. This problem outlines how to derive an expression for the flux 
and induced emf in the rotor winding produced by the stator magnetic field. 

(a) Compute the flux linkage Xr in the rotor loops due to the stator 
magnetic field Bs; that is, with 

B s(isa,isb,r,9) = - °f ) S (*Sa cos(0) + i 5t> sin(0))r 

compute 

X r = J Bs • dS. 

All loops of 
the rotor 

(b) Compute the emf induced in the windings, that is, 

c _ dX « 

€ R dt ' 


(c) Let isa(t ) = Iscos(Lj s t), isb(t) — Issm{u} S t), 0 S = ust, Or - u R t - 8 
with ojs = ojr and show that in this case 


Zr = ~ 


OXr 

dt 


= 0 . 


Explain why. 
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Microscopic Viewpoint of Electric Machines 

Problem 12 Linear Motor in a Coordinate System Attached to the Bar 


y' 



FIGURE 5.34. Linear DC machine. The primed coordinate system is attached to 
the sliding bar and moves at velocity v m x with respect to the unprimed coordinate 
system attached to the rails. 

In chapter 1, the linear DC machine was analyzed from the microscopic 
point of view in a stationary coordinate system of the rails. In the stationary 
coordinate system , B = — Bz, E = 0 (B > 0 and E denotes the electric field 
in the air surrounding the linear motor; there is another electric field E s in 
the wire setup by the source voltage Vs). In this coordinate system , the bar 
moves in the +x direction with a constant speed Vm and each charge q in 
the sliding bar has total velocity v q = v m x — v d y where v d is the drift speed. 
Consider the primed {') coordinate system shown in Figure 5.34 which is 
attached to the sliding bar. Redo the analysis from the point of view of this 
coordinate system. Specifically , 

(a) Compute the electric E' and magnetic B' fields in the ref erence frame 
of the moving bar using the transformation (5.44)- 

(b ) Find the velocity v' q of the charge carriers in the sliding bar. 

(c) Find the magnetic force per unit charge v f q x B' on the charge carriers 
in sliding bar. 

(d) Compute the Lorentz force per unit charge F '/q = E' -p x B' on 
charge carriers in the sliding bar due to the external electric and magnetic 
fields. What part of this force is canceled out by Es ? What is the resulting 
total force on the sliding bar? 

(e) In this coordinate system, what is the u back electric field” and u back 
emf” ? Show that conservation of energy holds; that is, the energy absorbed 
by the back emf reappears as mechanical power out. 

(f) In the coordinate system of the sliding bar, what is the flux in the loop 
of the linear motor. Use Faraday's law to compute the emf £ bar induced in 
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loop of the linear motor. Neglecting the inductance, compute the current as 
i b — £ bar /R where R is the resistance of the bar . What is the net force on 
the bar in this coordinate system? 

Problem 13 Linear Motor in a Coordinate System with Velocity v c < v m 
Repeat problem 12 for the case where the coordinate system is moving at 
speed v c , where v c < v m - 

Problem 14 Linear Motor in a Coordinate System with Velocity v c > v m 
Repeat problem 12 for the case where the coordinate system is moving at 
speed v c , where v c > 

Problem 15 Stator Electric Field 

In the derivation of the stator electric field Es(0, t) in the air gap due to 
the rotating stator magnetic field, the “constant of integration” was set to 
zero so that Es(0,'£) is given by equation (5.23) 

E s (0,f) — Esz{0,t)z = fi °^ 2 ^ sIs tj s cos(0 - oj s t)i. 

4 9 

Note that E s(9,t) is a maximum at 0 — cast, a minimum at 9 = cast -I- tc 
and zero at 0 — cast ±tc/2. Similarly , the stator magnetic field 

B s (r, 0, t) — IM) ( Ns[s - cos (6 - u s t ) f 
4 gr 

is a maximum at 6 = cast, a minimum at 9 = cast + tc and zero at 6 = 
cast ± 7r/2. 

(a) Consider a locked rotor , that is, the rotor is constrained so that it 
cannot move. Show that the induced emf in a rotor loop is zero at a time 
t when one side of the loop is located at 9 = cast + tc j 2 (so the other side 
of the loop is located at 9 = cast — tc/2), that is, when the flux through the 
loop is maximum or minimum (see Figure 5.15). 

(b) With the rotor locked (i.e., cor — 0), the induced emf is equal to 

$Ra = VRa " f E S • dl 

rotor loop a 


Use this to explain why the stator electric field E s(9,t) must be zero for 
9 = cast ± 7r/2, or equivalently, why must the “constant of integration” be 
zero (see Figure 5.15). 

Problem 16 Induction Motor in the Synchronous Coordinate System 
Rederive the emf (f Ra — — d\ , Ra /dt given in equation (5.45) by computing 
the flux X' Ra in rotor loop a due to the stator magnetic field W s . That is, 
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show that 

x' Ra = f B’ s ds= f°~ “ Rt+7T/2 I cos(d')vMe 2 /2)djO'T 

^ JQ’=— 7r/2 \ 9 T r=i< 2 f t l 

HqZi^NsIs , , ^ 

= J-g cos (- w i? 0 - 

Problem IT Induction Motor in the Rotor Coordinate System 

Consider the simple induction motor analyzed in the text . That is, a 
machine whose stator consists of two sinusoidally wound phases 90° apart 
and whose rotor consists of two electrically isolated loops also 90° apart . 
This problem outlines the Physics of the motor from a coordinate system 
attached to the rotor of the motor ; that is, it rotates at an angular speed ujr 
with respect to the stator. Denote this rotor coordinate system as the primed 
(') coordinate system and, in this coordinate system, do the following: 

(a) Compute the electric and magnetic fields in the mr gap from 
the electric and magnetic fields E s and B 5 in the stator coordinate system. 

(b ) Find the velocity v' Ha of the charge carriers on the axial sides of rotor 
phase/loop a (note that in this coordinate system uofi = D). 

(c) Find the magnetic force per unit charge \ f Ra x B^ on the charge 
carriers in the axial sides of rotor phase a. 

(d) Compute the torque r' Ha on the rotor loop. 

(e) Compute the emf C' Ra induced in rotor loop a by computing the rate 
of change of the flux in the loop. Neglecting the rotor inductance, compute 
the current as in a = C f R a /^R- 

(f) Compute the voltage V Ra = § E ' s *d£ in rotor loop a produced 

rotor loop a 

by the axial electric field E 5 . 

(g) Compute the back emf Cm by integrating the axial magnetic force per 
unit charge around rotor loop a. Show that ff Ra ~ V Ra 4- C Ra . 

(h) Find the corresponding quantities v' Rb , v Rb x B' 5? r' Rb , £ Rb , i ^ , V Rb , 
and Cm f or rotor phase b. 

(i) Show that conservation of energy holds in this coordinate system ; that 
is, 

iRaVRa + iRbVRb = (^Ra^Ra + ^Rb^Rb) ~ faflaCrta + i RbC t Rb) 

where -(i Ra C f Ra + = ( r Ra + ^RbWn so that the Power absorbed by 

the back emf is converted into mechanical power. 

Problem 18 Synchronous Machine in the Stationary Coordinate System 
Consider a synchronous motor with a sinusoidally wound rotor to be in 
steady state so ip = If = constant, is a = Is cos(iust)^Sb = is sin(a;s£), 
ujr = ujs, Os — u s t and Or -- cjRt — 5. The stator of this machine is 
identical to that of an induction motor so that the electric and magnetic 
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fields in the air gap due to the stator currents are given by 

Es(0,t) = E S z(6,t)z = ^ls . s cos(0 - u s t)i 

B s (r,9,t) = B Sr ($, t ) r = cos(fl - u s t) f ■ 

The sinusoidally wound rotor phase has a winding density 

(Nf/2) |sin(0 — 0p)| with the constant current If in it so that the rotor 

magnetic field in the air gap is 

b r = cos (0 _ e R )r. 

4 gr 

Redo the Physics of the synchronous motor from the microscopic point of 
view by doing the following: 

(a) Find the velocity vp of the charge carriers on the axial sides of the 
rotor phase (field winding ). 

(b) Find the magnetic force per unit charge VfX Bp on the charge car- 
riers in the axial sides of the rotor phase . 

(c) Find the Lorentz force per unit charge F /q = E p + vp x B p on the 
charge carriers in the axial sides of the rotor phase . 

(d) Compute the emf Vp = j> (P/q) * d£ in the rotor wind- 

All rotor loops 

ings/loops produced by the Lorentz force F fq. Can you explain your an- 
swer? 

(e) Compute the torque rp on the rotor loop using the magnetic force 
per unit charge in the 0 direction. 

(f) Use Faraday's law in differential form V x Ep = -<9Bp/<9£ to find 
E pm the air gap. 

(g) In the macroscopic approach , it was shown in (5.18) that 

^Sa = ~~d\s<z/dt 
€sb = -dXsb/dt. 

Show that the expressions for the emf ’s induced in the stator windings by 
the rotor's magnetic field can also be found by computing 


^Sa 

= t 

E/j • d£ 


All loops of 
stator phase a 


£,Sb 

- / 

E R-dt. 


All loops of 
stator phase b 



Why isn't it necessary to include the magnetic force per unit charge vs a x 
Bp term in the computation of £ )Sa and £ Sb ? (vs a is the velocity of charge 
carriers in the windings of stator phase a.) 
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(h) Show that 


d ( Tsisa ) 
dt 

II 

E s -d£ 


All loops of 
stator phase a 


d (Lsisb) 
dt 

- / 

E s -d£. 


A ll loops of 
stator phase b 



That is, compute the line integrals on the right-hand side and show that 
they are of the form given on the left-hand side with Ls = /Xq g 1 ^ 27r -A/|. (It 
can be shown that L$isa is the flux in stator phase a due to the stator 
magnetic field B s). Why isn't it necessary to include the magnetic force 
per unit charge vsa x Bs term in the computation of the line integrals? 

(i) Given that Lsisa is the flux in stator phase a due to the stator mag- 
netic field Bs and the answers to the previous parts of this problem , show 
that the total voltage/ emf induced in the stator phases may be written as 

f (E fl + E s )-d£ 

All loops of 
stator phase a 

(e# -I- Es^ • di. 

All loops of 
stator phase b 

t, that 'is, 

iSa(t)tsa(t) +isb(t)tsb( t ) = ~TrOJR- 

Problem 19 Synchronous Machine in the Rotor Coordinate System 
Consider a synchronous motor with a sinusoidally wound rotor . With the 
motor in steady state (cjr = cos ), consider a coordinate system attached to 
the rotor so that it is rotating at synchronous speed ; that is, it rotates at the 
angular speed cjr — cos w ilh respect to the stator . Further, let the coordinate 
system be aligned with the rotor so that in cylindrical coordinates , 

r 

0 — uoRt 

z 

where (r, 0 , z ) are the cylindrical coordinates in the stationary coordinate 
system of the stator and (r * , O' ,z') are the cylindrical coordinates in the 
rotating coordinate system of the rotor . This rotor coordinate system is 
referred to as the primed (') coordinate system; in this coordinate system, 
do the following: 



d (A Sa + Lsisa) 
dt 


d (A sb + Lsisb ) 
dt 


(j) Show that power is conserved 
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(a) Compute the electric and magnetic fields in the air gap from 
the electric and magnetic fields Es,Bs in the stator coordinate system. 

(b ) Compute the electric E' H and magnetic B' H fields in the air gap from 
the electric and magnetic fields Er,B# in the stator coordinate system. 

(c) Find the velocity of the charge carriers on the axial sides of the 
(field) rotor windings (note that in this coordinate system u' R = 0). 

(d) Find the magnetic force per unit charge v f F x B' s on the charge car- 
riers in the axial sides of the rotor. 

(e) Compute the torque tr on the rotor loop. 

(f) Compute the back emf £ f Sa induced in stator phase a by computing 
the rate of change of the flux due to B' K in that phase. Similarly, compute 
£' Sb in stator phase b. 

(g) Find the velocity v f Sa of the charge carriers on the axial sides of the 
stator phase a. Note that the stator windings are rotating with angular speed 
-ojr with respect to the rotor. Similarly, find v' Sb . 

(h) Show that the back emf in stator phase a can also be computed as 

i’sa= f fi' R + v' Sa X B' r ) • dt 

rotor loops 

Similarly, find ff Sb . 

(i) Compute the rotor emf Vp = § (e' s 4 -vJrX B ' 5 J • di 

rotor loops x ' 

in the rotor loops produced by the stator fields E 7 5 ,B^. 

(j) Using the 0 component ofw f Sa x B' H , compute the torque rs a exerted 
on the stator by the rotor. Similarly, compute rsb ■ Is r R = — (rs a + rsb)? 

(k) In this coordinate system, u f R = 0 so that no mechanical power is 
being given to the rotor . Show that conservation of energy holds in this 
coordinate system, i.e., isaf!sa^Sbf!sb = ~( T Sa+^SbWs where uj' s = -W 5 . 
From the point of view of this coordinate system, is the machine acting as 
a motor or generator? 

Problem 20 Emfs in Pall-Pitched and Short-Pitched Windings 

Figure 5.35 shows a motor with a permanent magnet rotor which has a 
single stator phase with full-pitched turns, that is, wound with each loop 
spanning 1 r radians / see Figures 4-1 and 4- 3(b) of Chapter A]. Let the mag- 
netic field in the air gap due to the permanent magnet rotor be given by 

B R {0 - e R ) = B max — cos {0 - e R )r. 
r 

(a) Let 0R(t) = ujRt and compute the axial electric field E r = Er z z 
induced in the air gap by the time varying magnetic field. 

(b) Using the expression derived for the axial electric field in part (a) to 
compute the emf induced in the stator phase by the PM rotor. 
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jtI 2 



FIGURE 5.35. A machine with a PM rotor and a single stator phase. 

(c) Suppose that the stator in part (b) now consists of short-pitched turns 
as indicated in Figure 5.36. That is, each turn spans only 150° rather than 
180° as in part (b). (See problem 14 of Chapter 4 for a more detailed 
explanation of short-pitched turns.) 


jt!2 



FIGURE 5.36. A motor with a PM rotor and a single stator phase whose turns 
are short-pitched. 

Without any computation ; explain why the induced emf in this short-pitched 
winding must be the same as in the full-pitched winding of part (b). 
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Mathematical Models of AC 
Machines 


In this chapter, the mathematical models of the induction and synchronous 
machines are derived- The derivations in this chapter will be based on a 
two-phase machine. In Chapter 7 three-phase machines are considered, and 
it is shown there that any balanced three-phase induction or synchronous 
machine has a two-phase equivalent model identical in form to its two-phase 
counterpart. The models derived in this chapter are standard throughout 
the literature and form the basis for deriving control algorithms. 

The symmetric, two-pole (single pole-pair), two-phase machine shown in 
Figure 6.1 is used for the derivations that follow. The stator of this machine 
is constructed with a hollow cylindrical shell of iron wrapped with two sets 
of sinusoidally wound phases, each with a total of Ns turns and 90° apart. 
These stator windings are denoted as phases a and 6, respectively, carrying 
the currents is a and 255, respectively. Stator phase a is connected to a 
voltage source u $ a , while stator phase b is connected to a voltage source 
usb • The resistance of the windings of the two phases are assumed to be 
identical and equal to Rs- 



FIGURE 6.1. Representation of a two-phase sinusoidally wound machine. 

The rotor consists of a cylindrical core of iron with two sinusoidally 
wound phases each with a total of Nr turns and 90° apart. These phases 
are denoted a and b as indicated in Figure 6.1. The currents in the rotor 
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phases are denoted as %R a and iRb, respectively and the resistance of each 
of the rotor phase windings is denoted as Rr. At this point, no assumption 
is made on whether or not the ends of the rotor phases are shorted or 
connected to voltage sources. The rotor is located with respect to the stator 
by the magnetic axis of rotor phase a as shown in Figure 6.1. 

The currents in the phases of the machine establish magnetic fields and 
these magnetic fields in turn produce fluxes in the windings of all four 
of the machine’s phases. In order to obtain a mathematical model of an 
AC machine, an expression for the total flux linkage in each of the stator 
and rotor phases due to the currents isa^Sb^Rai and iRb must be found. 
However, before these flux linkages can be computed, an expression for 
the magnetic field B R(iR a ^Rb^,0) in the air gap produced by the rotor 
currents is required. An expression for the magnetic field Bs(zs 0 , isb , r, 6) in 
the air gap produced by the stator currents was derived in Chapter 4. Also, 
the concept of leakage is explained and the expressions for the magnetic 
fields Bs,B/? are modified to account for it. The modified expressions for 
the magnetic fields B s and B^ are then used to compute the flux linkage 
in each phase of the machine. 


6.1 The Magnetic Field B R (i Ra , im , r, 0 - Or) 

The radial magnetic field B R a established in the air gap by the current iR a 
in the sinusoidally distributed winding of rotor phase a is now computed. 
The winding/turns density of rotor phase a is (Nr/2) |sin(0 — Or) \ so that 
the number of turns between 0 and 6 + d6 is (Nr/2) |sin(0 — 0#)| d6. To 

proceed, Ampere’s law j) H ♦ d£ = ienciosed (with H = 0 in the magnetic 

material) is applied to the closed path 1 -2-3-4- 1 drawn in Figure 6.2 to 
obtain 

f 1 H Ra -d£ + f 3 H Ra ■ dl = f 6 9 i Ra ^ sin(0' - 0 R )d0'. 

J 4 J 2 Jo'=e R z 

Evaluating gives 



HRa(iRa,9R )r 


(d£ r 


)+/ 9 H Ra (iR a ,6)r<(-dtv) 

Je = o 


Nr ( a v . Nr 
cos (# - Or) 4 - l Ra^- 


or 


Nr 

NRa(i'RaiO R )g - H Ra (iRa, 0)g = -iRa—j- 
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It was assumed that H fla is constant across the air gap. Rearranging gives 

Mn Nr 

HRa{iRa,0) = C ° S ^ ~ ^ + ^Ra^Ra, Or) ~ i Ra ~ — ( 6 . 1 ) 



FIGURE 6.2. Use of Ampere’s and Gauss’s laws to determine B Ra in the air gap 
due to ijfia' (Rotor phase b is not shown for clarity.) 

In this equation, both H Ra (i Ra , 0), H Ra (i Ra , 0 R ) are unknown. As in the 
case of the magnetic field produced by the stator currents, conservation of 
flux § s B • dS = 0 is applied to the closed surface 1 which encloses the rotor 
(see the dashed circle in Figure 6.2 around the rotor iron) to show that 
H Ra {iR a ,0 R ) = iR a {N R /2g). Then, 

H R a(iRa,0) :i 

I 
j 

B Ra {iRa,Q) [ 

I 

In applying Ampere’s law, it was assumed that B# a = fi 0 H Ra was con- 
stant across the air gap in the radial direction, that is, B^ a does not de- 
pend on the cylindrical coordinate r. However, as shown in Chapter 4 
for the stator magnetic field, in order that B# a satisfy the conservation 
of flux for the closed flux surface 2 shown in Figure 6.2 whose sides are 
S\ , 52, S3, 53, 54, 55, and Sg, equation (6.2) is modified by setting 

B Ra(iRa,r,0 - Or) — B Ra (i Ra) r,0 - 0 R )r = — - t — — i Ra cos(0 - 0 R )r 

Iq r 

(6.3) 


~^^Ra COS {6 - Or) 


^° NR -iRa COS(0 - 9r). 


(6.2) 


2<? 
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where r R is the rotor radius . 1 * * 

Similarly, the magnetic field established in the air gap by the sinu- 
soidally wound rotor phase b (rotated 90° with respect to rotor phase a) 
carrying the current i Rb is given by 

B m(iRbi r,8 - 0 R ) = B Rb (i Rb) r, 0 - 0 R )r 

= — — i Rb cos(8 - 7t/2 - 0 R )r 

2 9 r 

= — im sin( 6 > - 6 > fl )r . (6.4) 

2 g r 

In summary, the magnetic fields due to the stator and rotor currents are 
B s{isa,isb,r,d) = Bs a (is o ,r,0) + Bsb(isb,r, 6 ) 

= fJ ’° r R Ns 1 (ig a cos(fl) + i S b sin(fl))r (6.5) 
2g r 

and 

Bij(ifl a ,*fl6i^, 6 - 6 r ) = Bfl a (i/ja,7')^ — ^fl) + B«(,(ifi6,r, 0 — 0fl) 

= - (z Ha cos( 6 > - 0 r) + i Rb sin (0 - 6 R ))r, 

Zq r 

( 6 . 6 ) 


respectively. 


6.2 Leakage 

Consider Figure 6.3, which shows a single-phase distributed winding on the 
rotor. It has been assumed up to now that the magnetic field produced by 
the rotor current is radially directed in the air gap so that only the surfaces 
S\ and S 2 in Figure 6.3 have nonzero flux. With this assumption and along 
with the (outward) surface element vectors to the closed surface of Figure 

6.3 given by 

~r R d 0 dzr on S\ 

rsdOdzr on S 2 

drdzO on S 3 

rdOdrz, on S 4 

— drdzO on S 3 

—rdOdrz on Sg, 

1 It is now easy to see that § s B# a • dS — 0 for any closed surface in the air 

gap. Ampere’s law will also continue to hold for g « r R using the approximation 

f e % 9 rR/(r R + e)d£*g. 
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it was shown that conservation of flux • dS = 0 required a 1/r 

dependence by the magnetic field in the air gap (see Chapter 4). That is, 
up to now, it has been assumed that B# - dS = 0 on the surfaces 53, 54, S5, 
and Sq so that the radial magnetic field B# must decrease as 1/r going from 
Si to 52 in order to satisfy conservation of flux. However, in a real machine, 
the slots have finite dimensions, the air gap is of finite size and there are 
end effects at either end of the rotor. As a consequence, the magnetic field 
does have components in the azimuthal 6 direction and axial z direction 
in addition to the radial direction r so that the surfaces 53, 54, 5s, and Sq 
also have nonzero flux. 



FIGURE 6.3. Closed flux surface to illustrate flux leakage. With the assumption 
of no leakage, only the surfaces Si ,52 have nonzero flux. With leakage, all six 
surfaces have nonzero flux through them. 


To see how this affects the radial magnetic field, Figure 6.4 shows an 
enlargement of the cross section of Figure 6.3 from the point of view of the 
observer in Figure 6.3 looking into the page. In Figure 6.4, the lines of the 
magnetic field B# produced by the rotor currents are shown. At the slot 
openings, there is no iron so that in this vicinity the magnetic field tends 
to circle around the rotor winding rather than go across the air gap. Even 
away from the slots, the magnetic field spreads out from the radial direction 
due to the finite length of the air gap and the finite (axial) length of the 
machine. What this all means is that the average radial B# field on the 
surface S 2 actually decreases a little more than 1/r. This now considered 
in more detail. 
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FIGURE 6.4. Cross-sectional view of the flux surface in Figure 6.3. The rotor 
magnetic field Bj* is perpendicular at the surface of the rotor and then spreads 
out in both the azimuthal and axial directions so the flux it produces at the inside 
surface of the stator is less that at the surface of the rotor. 


To simplify the discussion, it is now assumed that there is no spreading 
in axial (z) direction so that f s B R • dS = J Sq B r * dS = 0. Using an 

outward normal, § B# • dS = 0 is computed on the closed surface shown in 
Figures 6.3 and 6.4 to obtain 


B R -dS = f B R -dS+ [ B R • dS + f B R -dS + [ B R - dS = 0. 

J Sl J S-2 J S3 J s$ 

Rearranging, this becomes 

[ B ft • (-ds) = [ B fi • dS + [ B fl • dS + [ B R dS 
JSi V ' Js 2 Js 3 JS b 


or 


f B R (r R , 6 , t) r ■ ( r R d0dzr ) = [ B R (r s , 6 , t)r ■ ( r s d0dzr ) 
J Si J S2 


+ [ B R dS+ [ B R dS. (6.7) 
J S3 J S5 


The surface Si is just at the surface of the rotor and the surface element 
vector — dS = r R d0dzr points in the positive radial direction on the sur- 
face Si. If there was no spreading, then B R {r R ,0,t) r * (r R d9dzr) — 

f S2 B R (r $ , 0, t)r * (rsdQdzr ); that is, if both surfaces use the normal r, then 
the flux through Si equals the flux through S 2 - However, the magnetic field 
does spread out in azimuthal direction and the fluxes through the surfaces 
S 2 , S 3 , and S 5 are then all positive. In this case, the radial B# field on the 
surface S 2 must be less on average than it was when it was assumed- there 
was no flux through the surfaces S 3 and S 5 . This is simply because the flux 
J s B R {r R ,6,t)Y • ( r R d0dzr ) on the left-hand side of (6.7) stays the same 
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whether or not there is spreading 2 and is always equal to the sum of the 
fluxes on the right-hand side of (6.7). 

To model this effect, a parameter k, with 0 < k < 1, is introduced so 
that on the stator side of the air gap, the rotor magnetic field is given by 

iRb, r, 9 - 0 R )| = — ( i Ra cos (0 - 0 R ) + i Rb sin(0 - d R )) r. 

i r=r s rs 

That is, the rotor radial field decreases to nr R /r R (rather than just 
rfi/rs) in going from the surface of the rotor to the inside surface of the 
stator. The parameter k is referred to as a global coupling factor [1]. 

Similarly, on the rotor side of the air gap, the stator magnetic field is 
given by 


&s{isa,isb,r,6) 


= — ( is a cos(0 ) T isb sin(0))r 

~ r R r R 


so that the radial dependence of the stator B 5 field increases from r R /rs 
to only &r R /r R (rather than r R /r R = 1) in going from the inside surface 
of the stator to the surface of the rotor. The above example is not the only 
source of leakage, 3 but all such effects can be modeled for the purposes here 
by a single parameter k. 

In summary, the coupling factor k is included in the expression for B# 
on the stator side of the air gap to account for B R decreasing at a rate 
slightly less than 1 /r (due to leakage) going across the air gap to the stator 
side. Similarly, k is included in the expression for B 5 on the rotor side of 
the air gap to account for leakage effect going across the air gap. 

It may seem rather inconsistent with the development of the mathemat- 
ical model of the machine to now add in this leakage effect. That is, up to 
this point, ideal magnetic materials have been assumed, the air gap length 
has been assumed to be small, and the cross sections of the windings/slots 
have been assumed to be negligible. However, it will be seen shortly that 
this leakage factor will be essential to obtain a realistic model. 


2 As iron is a good magnetic material, B/* is perpendicular at both the surface of the 
rotor iron and the stator iron. 

3 For example, a similar analysis can be done to account for the leakage through S4 
and £>6 * 
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6.3 Flux Linkages in AC Machines 

Expressions for the flux linkages in both the rotor and stator windings are 
now computed. 


6.3.1 Flux Linkages in the Stator Phases 

The computation of the total flux linkage in the sinusoidally wound stator 
phase a is now considered. The flux in stator phase a is due to the magnetic 
fields produced by both the stator currents is a and isb> and the rotor 
currents %R a and im- That is, 


A Sa(iRa , im, iscnisb, Or) 


= j (B s + B fi ) • dS. 

All loops of 
stator phase a 


This computation is carried out in two parts by separately considering the 
flux linkage due to the stator currents and then the flux linkage due to the 
rotor currents. That is, 


Asa(0,0,Z5 a ,^S6,^ J R) — J B s ' dS 

All loops of 
stator phase a 


and 

)<Sa(i'Ra,iRb,0,Q,0R) — J * dS 

All loops of 
stator phase a 


so that 


A Sa(iRa,iRb,iSaiiSbi0R) = As a (0, 0, lSa,isb, Or) + As 0 (Ztfa, ^6,0,0, Or). 


Stator Flux Linkage Produced by the Stator Currents 

Consider a single turn (loop) of stator phase a at the angular position 6 
with 0 < 0 < 7r, that is, one side of the loop is at 0 and the other side is at 
6 — 7r. Choose the flux surface S for this single turn to lie just inside the 
air gap next to the stator surface as shown in Figure 6.5. 
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FIGURE 6.5. Surface to compute the flux in a single turn of stator phase a 
produced by B 5 . 

To compute the flux through the surface, the surface element vector 
dS = rsdO'dzr is chosen. The flux <f>s a (isa,isb,0) m each turn of stator 
phase a at the angular position 9 of the stator is then given by 

fisai^'Scn 9} 

= f [ - ° r ^ Ns — (i Sa cos (#') + isb sin(g / ))r • (r s dd'dzr) 

J9'=e-nJz=o 2 9 r s \ ) 

_ WRhNs f fz 5 0 cos (O') + isb sin(0')) dd' 

J O' =6 — 7T 

= fJ ‘° rRilNs fi Sa sin(0') - i S b cos(d') ) I 

ZQ \ / \Q'—Q — tx 

= tJj ° r ^ Ns . ( i Sa ( s in (0) - sin (6 - n) j - i Sb (cos (9) - cos (8 - 

— (i Sa sin(0) - isb cos (9)^J . (6.8) 

Remark Note that by taking the flux surface normal to be dS = rsd9'dzr , 
the positive direction of travel around the turns of stator phase a at the 
angular position 9 is out of the page on side a and into the page on side 
a'; that is, it is the same direction as positive current flow in stator phase 
a. If —d(f) Sa /dt > 0, then this emf will push current in the same direction 
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as that chosen for the direction of positive current. 

Between the angular positions 6 and 6 -f dO of stator phase a there are 
( Ns/2)sin(6)d6 turns each having the flux (6.8) in them. The flux linkage 
in the turns of phase a between 6 and 0 + dO is then 

dXsa - <t>sa( i s a ,isb,0)(N s /2)sin(e)de 

= (i Sa s in(0) - i S b cos (0)) ^ sin {6)d6. 

9 2 

(6.9) 

To obtain the flux linkage in all the turns of stator phase a, simply integrate 
(6.9) as 0 varies from 0 to 7r, that is, 

Asa(0, 0, isa , Or) = J B S ' dS 

All loops of 
stator phase a 

= [ N s A ^ s j n (0) _ i Sb cos(0) ] ^ sin (0)dO 

Je = o 9 v 12 

- f f isa s j n 2^) _ i Sb cos (#) s in(0) \ dd 

2 9 Jg = o ' 1 

_ MoTR^iAs- Z 

2 g lSa 2 

— Lsisa (6.10) 


where 


r A M0 r ^l TT^S _ /AA^27r jy r2 
Ls — — iV 5 . 

4 9 8 g 

Note that for this two-phase machine, the magnetic field produced by the 
current isb in phase b does not produce any net flux linkage in phase a. 
Similarly, 


^Sb{O,QJsa,isb,0R) = J B s -dS 

All loops of 
stator phase b 

Mo r fl^i 7rAr J ■ 

= — ; j —*Sb 

= Lsisb- 


( 6 . 11 ) 
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Stator Flux Linkage Produced by the Rotor Currents 

The flux linkage in stator phase a due to magnetic field produced by the 
rotor currents is now computed from 


^Sa(iRajRbiO,Q,&R) — J &R-dS. 

All loops of 
stator phase a 


The flux surface of Figure 6.5 is also used for this computation. With 
dS = rsdO'dzr as the surface element vector, the flux < Psai^Ra^Rb , 0 — Or) 
in each turn of stator phase a at the angular position 6 of the stator due 
to the magnetic field B# is 

<i>Sa{^RaARb,0 — Or) = f f ^ ^ (tRa COs(0' - Or) 

Je'=9-n Jz = 0 2 9 r s ' 

+ i Rb sin(0' - 0 r )y - (r s dO'dzY)^ 

= K tJ, ° rR ^ lNR j U Ra cos (6 1 - e R ) + i Rb sin(0' - 6 R )) dO' 

J 6' =9 — 7T 

= K ^° rR ^ lNR (i Ra sm(0 - e R ) -i Rb cos(e - 0 R )). .(6.12) 


Note that the factor k has been included as the rotor’s magnetic field is 
being evaluated on the stator side of the air gap. Between the angular 
positions 9 and 0 4- dO , there are (Nr/ 2) sin(0)d0 turns, each having the 
flux (6.12) in them due to B#. The flux linkage d\s a in the turns of stator 
phase a between 6 and 9 + dO produced by the rotor’s magnetic field is then 


d\sa 


Nq 

4>Sa(iRa, im, 0 - 0 k) — sin (6)dd 
NrNs ( . . , a Q , 

R— 2^ (^JlaSm(0 - e R ) - 


(6.13) 

i Rb cos(0 - 0fi)) sin (0)d9. 


To obtain the total flux linkage due to the rotor’s magnetic field in all the 
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turns of stator phase a, integrate (6.13) as 0 varies from 0 to 7 r to obtain 

^Sa(iRa,iRbi O,O,0fl)= J B R dS 


All loops of 
stator phase a 


nO—TV 

= K 

Je = o 


jj, 0 r RiiNsNfi 


2<? 


(iR a sin(0 - 9r) - iRb cos (9 - Or)) sin (0)d0 


= K 


fj. Q r R £iNsN R . 


2g 

nQ~ 7T 


iRa J (sin(0) cos (Or) - cos (0) sin (Or) ) sin (0)d0 


rtf— 7T i 

iRb / (cos(O)cos(Or) +sm(0)sm(0R))sin(0)d0 
Je = o j 


= n 


rANsNr 

2 9 


J (iR a sin 2 (0)cos(0R) - iRi,sin 2 (0)sin0R)) dO 


= M {iR a cos(0r) - iRbsm(dR)') 
where 


(6.14) 


M = K 


9o' Kr R£i N sNR _ (^NsNr 


*9 


Similarly, 

A Sb(iRa , iRb , , 0, 0, Or) — 


— K- 


/ 


%9 

B R dS 


All loops of 
stator phase 6 


= M^iRaSm(0R) +iRbCos(0R)^J. (6.15) 


Total Flux Linkage in the Stator Phases 

Combining (6.10), (6.11), (6.14), and (6.15), the total flux linkage in each 
of the stator phases is then 


^Sa{iRcn lRb> iSa i isb, Or) 


J (B s + B fl ) • dS 

All loops of 
stator phase a 


= Lsisa + M ^ i Ra cos (Or) — sin (Or^J 

(6.16) 

^Sb(iRa,iRb^iSa,isb,OR) = J (&s + Bfl) • dS 

All loops of 
stator phase b 


Lsisb + M ( i Ra sm(0R) -f i R b cos {0 R fj . 
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6.3.2 Flux Linkages in the Rotor Phases 

The flux linkages in the two sinusoidally wound phases of the rotor are 
computed according to 


A Ra{iRa,iRb , iSaJsb, Or) 


= J (B S + Bft) • dS 

All loops of 
rotor phase a 


A Rb{lRa , iRb, isa,isb, Or) 


= J (Bs + B R )-dS. 

All loops of 
rotor phase b 


Starting with rotor phase a and, as in the case of the stator flux linkages, 
this computation is done in two parts as 


AHa(0,0,i5a,2s6,(9/?) = J B S * dS 

All loops of 
rotor phase a 


and 


^Ra(iRai iRb, 0, 0, Or) — J B r * dS. 

All loops of 
rotor phase a 


The total flux linkage is then 


^Ra{iRa,iRb,iSa,isb,0 r) = Afla(0,0, isaJsb, 0 r) + ^Ra^Ra, iRb, 0, Or). 


Rotor Flux Linkage Produced by the Stator Currents 

The flux in the rotor phase due to the magnetic field established by the 
stator currents is given by 

ARa(O,O,Z5a,i5fc,0/?) = J Bs ' dS. 

All loops of 
rotor phase a 


To do this computation, consider a single turn (loop) of the rotor phase at 
the angular position 0 with 0 < 0 — Or < tt so that one side of the rotor 
loop is at 0 and the other side is at 0 — ir. The flux surface S is chosen to 
lie just inside the air gap as shown in Figure 6.6. 
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direction of 
positive travel dS 



FIGURE 6.6. Surface to compute the flux in a single turn of rotor phase a pro- 
duced by Bs. 


On the flux surface, the surface element vector is chosen as dS = rRdO'dzr. 
The flux <; i>R a (isa^Sb ,Q) l n each turn of rotor phase a at the angular posi- 
tion 0 of the rotor is given by 


4* Rai^Sat 

rd' —6 pz~^\ 


[ [ J_ f isa cos (0') + i Sb s in(0') \ f ■ (■ r R dO'dzr ) 

Je'=e—K Jz=o *9 r R \ / 


-*J ,= o 2 g r R \- ' ' - - - 

,/V^L^j £ J (i Sa cos(ff') + isb sin (O') ) dd' 


fJL 0 r R tiN s (, 

Z T l % 

2 g V 

j± Q r R t x N s (. 


9 G r R hN s 


( / \r =e 

( isa sin(0') - isb cos (6') ) 

\ / \$' = 0 — 7T 

(isa( sin(0) - sin (0 - n)) - i S b(cos(0) - cos (0 -7 r) ^ 
(isa sin(0) - isb cos (6) j . (6. 


Remarks Note that the factor k, has been included as the rotor’s magnetic 
field is being evaluated on the stator side of the air gap. Also, note that by 
taking the flux surface normal to be dS — rRdO'dzr, the positive direction 
of travel around the turns of rotor phase a at the angular position 0 is out 
of the page on side a and into the page on side o!\ that is, it coincides with 
the direction chosen for positive current flow in rotor phase a. 
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Between the angular positions 9 and 9 + dO , there are (Nr/2) sin(0 - 0R)d0 
turns each having the flux (6.17) in them. The flux linkage d\n a in the 
turns of phase a between 6 and 9 + dO produced by the stator’s magnetic 
field is then 

d\R a = (j>R a (isa,isb,9)-^ sin(9 - 9 R )d6 

— K ^o r R^i^sNR _ i Sb cos(O)) sin (0 - 0R)dQ . 

*9 

(6.18) 

To obtain the flux linkage in all the turns of rotor phase a, (6.18) is inte- 
grated between 9 = Or and 0 = Or + 7 r, that is, 


Afla(O,O } 2Sa?is6>0fl) 


/ 


B s -dS 


All loops of 
rotor phase a 


[ e - e * + * wrIxNsNr,. . . /rt nxi/1 

/ « ^ (&Sa sm(ff) - i S b cos(9)) sm(9 - 0 R )dO 

Je=e R z 9 


k ^t 3 £ 1 NsNr [ e=dR+ * ( 

2 5 Je-e n ' 

- isb cos (0 -0 R + 6 r ) sin(0 - d R )) 

_ _l^o r R^l^sNR 
— hi 

25 

n9— 6 r+7T 


i Sa sin(0 ~0 R + e R ) sin(0 - 6 R ) 

dO 


= K 


/ ( isa sin 2 (6 - 6 R ) cos(0 R ) + i Ra cos (6 - 6 R ) sin(0 fl ) sin(5 - 0 R ) 

Je=e R v 

isb cos (6 — 0 R ) cos(0 R ) sin(# — d R ) + i$b sin 2 {0 — 0 R ) sin (0 R )jd0 

H 0 r R eiN s N R /. 7T 7T. . .. ,\ 

- (jSa-^ c°s(0h) + -ZS6 sin(0 fl ) J 


25 


= M(i Sa cos(0 R ) + i S b sin(0 R )J 
where, as before, 


(6.19) 


M A s JJ-f) 7ir RhN s N R _ utfrf itzNsNfj 


45 

Similarly, 

^Rb(O,O,iSa,isb,0Fl) — 


J 


8g 


Bs-dS 


All loops of 
rotor phase b 


M i S a sin(6» H ) + isb cos (0 R ) ) . (6.20) 
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Rotor Flux Linkage Produced by the Rotor Currents 

The flux linkage in the rotor phases due to the magnetic field produced by 
the rotor currents is now computed. Consider a single turn (loop) of rotor 
phase a at the angular position 6 with 0 < 0 - 9r < 7r and the same flux 
surface drawn in Figure 6.6. 

To compute flux through the surface, dS = r^dO'dzr is chosen as the 
surface element vector. The flux 4> Ra (iR a , im, 0 - 9 R ) in each turn of rotor 
phase a at the angular position 0 of the rotor is given by 


<t>Ra{iRcniRbiQ “ &r) 


= J J A (i Ra cos(fl' - 0 R ) + i Rb sin(fl' - 9 r ) )r 

• (r R dO f dzT j 


= tJ, ° ri f lNR j (i Ra cos(6>' _ q r ) + i Rb s in(6' - 0 R ) j dO' 
^ y j 6—8 — 7r 

= fi Ra sin(0' - Or) - iRb cos (O' - Or) 

2 g \ o’=$—n 

= (i Ra (sm{0 - Or) - sin(0 -0 R - tt)) 

2 9 

-i Rb (cos(0 - Or) - cos(<9 -Or- 7 r)) 

= — (i Ra sin(0 - Or) - i Rb cos(0 - 0 R ) ) . 


( 6 . 21 ) 


Remark Again, by taking the flux surface normal to be dS = rndO'dzr, 
the positive direction of travel around the turns of rotor phase a at the 
angular position 9 is out of the page on side a of the rotor phase and into 
the page on side a! of the rotor phase coinciding with the direction chosen 
for positive current flow in rotor phase a. 


Between the angular positions 6 and 9 + dQ , there are {Nr/ 2) si n{0 — 9R)d9 
turns, each having the flux (6.21) in them. The flux linkage in the turns of 
phase a between 9 and 9 4- d9 is then 


d\ Ra 


A 


4>R a (iRa , 9 - 6r)—^~ sin(# - 9 R )d9 

( i Ra s in(0 - 0 R ) - i Rb cos {0 - 0 R )) sin (0 - 0 R )d0. 
lg 

( 6 . 22 ) 


To obtain the flux linkage in all the turns of stator phase a, (6.22) is inte- 
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grated from 6 — 6r to 6 = Or + 7r, that is, 


Afla(*i2a>^fi6»0,0, Or) — 


/ 


Bft-dS 


All loops of 
rotor phase a 


= f M ° r ^f — ^ (ijta sin(0 - e R ) - i Rb cos (0 - 0 r)) sin(6> - 0«)d0 

p9—e R +7T 

/ (zr 0 sin 2 (0 - 0 R ) - Z/J6 cos(0 - 6 r ) sin (9 - Or )) dO 

J9=8 


Mprfl^iV 2 '•*=* R+,r 
2 0 J 9=9 r 

_ 7T 

2g Ra 2 
= L R i Ra 

where 


(6.23) 


A* 


a t*or R £iTrN% _ HqWik m2 




8? 




Note that for this particular two-phase system, the magnetic field produced 
by the current i Rb in rotor phase b does not produce any net flux linkage 
in rotor phase a. Similarly, 


A Rb{iRa , iRb, 0, 0, 0/j) = J Bn * dS = Lfti Rb . (6.24) 

All loops of 
rotor phase b 


Total Flux Linkage in the Rotor Phases 

Combining the expressions (6.19), (6.20), (6.23), and (6.24), the total flux 
in the sinusoidally wound rotor phases due to both the stator and rotor 
magnetic fields is then 


A Ra(iRa , iRb, i Sa , isb, Or) 


a Rb(iRa , iRb , ^Sa, Or) 


J (B S + B fi ) ■ dS 

All loops of 
rotor phase a 


'■Ra + M(isa COS (6 R ) 


_L o i 



J (B s + B fl ) 

All loops of 
rotor phase b 


■d s 


(6.25) 


Afiifib + M ^ 


-i Sa sin(0fi) + i S b cos 
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6.4 Torque Production in AC Machines 

The stator currents establish a radial magnetic field in the air gap. The 
torque produced by this magnetic field on the currents in the sinusoidally 
wound rotor phases is now computed. In order to carry out this computa- 
tion, a more convenient way of representing the stator and rotor magnetic 
fields is now used following Refs. [1] and [2]. 



FIGURE 6.7. Computation of the torque on the current iR a in rotor phase a 
produced by Bs. Rotor phase b not shown for clarity. 

The magnetic field at an arbitrary angle 0 in the air-gap due to the stator 
currents is 

Bsfoa, isb, 0) = (isa(t) cos(0) + i S b(t) sin(0))f. 

Let i s (t) = y/is a {t) + isb(t)> £(<) = tan -1 (isb(t)/is a (t)) so that B 5 may 
be rewritten as 

Bs = ^ 2 J^ s is(t) (coeffl cos(O) -f sin(£)sin(0))r 

= cos (6 - £)r. (6.26) 

4 gr 

Similarly, the magnetic field at the angle 0 in the air gap due to the rotor 
currents is 

im > 0—0r) = R (iRa(t) cos(0 — Or) + iRb(t) sin{0 — Or]^T. 
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Let i R (t) = b {t), C (t) - tan 1 {i R b{t)/i Ra (t)) so that B« may 

be rewritten as 

B h = ^^^-i R (t)(cos(C)cos(0-e R )+ sm(Osm{d-d R )Y 

= ~ cos(0 -0 R - C)r. (6.27) 

4 gr 

The torque tr produced by a two-phase machine is now computed. This 
is done by computing the force on the rotor current loops due to the mag- 
netic field established by the stator currents. Referring to Figure 6.7, the 
differential magnetic force dF# a produced on the loops of rotor phase a 

between 0 and 0 + dO by B s = Bs ? = is(t) cos (6 — £)r is 4 

2 9 T R 



ijRa(t)— sm(0 - 0 R )d0{+t iz) x B s r, 
Nr 

iRa(t)-^\ sin{0 - 0fi)|d0(-£iz) x B s r , 


0# < # < T 7T 

0/2 + 7T < 0 < Or T 27 T 


where (A1 r/ 2)| sin(0 — 0#)|d0 is the number of axial sides of rotor phase a 
between 6 and 0 + cZ0, each carrying the current Zft a (£). As s i n (0 — 0 r) < 0 
for Or + 7r < 0 < Or -b 27r, it follows that | sin(0 — Or) \ — — sin(0 — O.r) for 
Or + tt < 0 < Or + 27t so that di?R a can be written more compactly as 


df Ra = iRa(t)-^ sin(0 - 0 R )d0e iz x S 5 f 

= iRa(t)^ sin {6 - 0 R )eiK ^p*—S- i s (t) cos (0 - £)dO0 

2 2gr/2 

= K ^ 1 Y^—^ i Ra (t)is{t) sin {0 - 0 R ) cos(0 - £)d09 
4 3 

for 0 R < 0 < 0 R + 2n. The differential torque df Ra is then given by 
dr Ra = (€ 2 /2)r x dF Ra 

= {W ^^ lRa{ t) ls (t) sin(0 - 0 R ) cos {0 - OdOr x 0 
4 9 

= k ^ 0 ~ — '*? L s — - iRa(t)i s (t) sin(0 - 0 R ) cos{0 - £)dOz 

°9 

M 

= — iRa(t)is(t) sin(0 - 0 R ) cos(0 - £)dOz 

7 r 

M 1 

= — iRa(t)is(t)~ (sin(20 -0r-£)+ sin(£ - #«)) d 

7T Z 


4 Note that the leakage factor k has been included as this is the stator magnetic field 
on the rotor side of the air gap. 
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where M = k/jlqTtC^^s^r/ (&g) is the coefficient of mutual inductance as 
previously defined. The torque on rotor phase a is then 

2tt 

T R a = J dr Ra 
0 

2tv 

= J 7^iRa(t)is(t) (sin(20 - Or - f) + sin(£ - 0 R j^ dOz 
o 

= Mi Ra {t)i s {t) sin(£ - Or) z 
= Mi Ra (t)i s (t) (sm(£)cos(0 R ) - sin(0 R )cos(£))z 

= Mi Ra (t) (i S b(t)cos{0 R ) - i Sa (t) sm(0 R )Jz. 

Similarly, 
dF Rb = 

f iRbit)^ sin(d - n/2 - 6 R )d0{(!iz) x Bsr, 0 r + -^<0<6r+ — 

1 |sin(0 - tt/2 - 0 R )I d0{-£ iz) x B s r, 0R-^<O<0R + f 

Again, assin(0— 7t/2— 6 r ) < 0 for 0 R — ir/2 < 6 < 0 R + 7r/2, |sin(6> — f — Or ) | 
= - sin(# - 7 r /2 - Or) for 0 R - 7r/2 < 0 < 0 R + 7r/2 < 0, the expression for 
the force dF Rb may be written more compactly for 0 R < 6 < 0 R + 2-7T as 

df Rb = i Rb (t sin(0 - ?r/2 - 0 R )d0(liz) x (£s?) 

= iRbit)^- sin(0 - n/2 - 0 R )iiB s d0O 

= ~inb(t)^Y cos(0 - g R )e lK 20 ^is(t) cos(6 - Z)dO0 

= - K ^ e - ^ S - -iR b (t)i s (t) cos(0 - 0*) cos(0 - Od00. 

4 2 

The differential torque df Rb is then given by 
df Rb = {t'i/2)r x df Rb 

= -{t 2 /2)K ^^-^— - i Rb (t)i s (t) cos(0 - 0 R ) cos(0 - £)d0r x 6 

= -K ^ e i - ^ ?N * iRb(t)is(t) cos(0 - Or) COS(0 - $<tf2 

85 

M 

= iRb(t)is(t) cos(0 - Or) cos(0 - £)d0z 

7T 

= -—iRb(t)is(t)x (cos(20 - 0R - 0 + cos(£ - Or)) dOz. 

7 r Z 
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The torque on rotor phase b is then 


2tc 



r M 

= - I ^ iRb(t)is(t ) (cos(2 6 -6 r ~0+ cos(£ - 6 R )) d9z 

o 

= -Mi Rb (t)i s (t) cos(£ - 0 R )z 

= ~ Mi Rb (t)i s (t ) (cos(£) cos (0 R ) + sin(£) sin(0R))z 

= ~Mi Rb (t) ^isa(i) cos (0 R ) + i Sb (t) sin(0 R ) jz. 

The total torque on the rotor is then 


TR = T Ra + T Rb 

= M^-i Ra {t)i S a{t ) sin(0 fi ) + i Ra (t)isb(t ) cos(0r) 

— iRb(t)isa(t) cos(0r) — i R b(t)isb(t) sin(0R)^ . (6.28) 

Remark The assumption that the stator and rotor turns have negligible 
cross-sectional area was still in effect in the above derivation of the torque 
on the rotor. However, in a real motor, the windings are only approximately 
sinusoidally wound and this is accomplished by putting the turns in slots 
as explained in Chapter 4. In this case, it is pointed out by G. R. Slemon 
(see Section 3.4 of Ref. [32]) as well as by W. Leonhard (see p. 173 of Ref. 
[2]) that the magnetic forces are actually acting on the slides of rotor slots 
where the magnetic field enters the rotor iron. In the idealized model here, 
the slots do not exist and the forces/torques can be computed as described 
above. Further, the resulting mathematical model of the machine derived 
under these idealized assumptions will be shown to be a very good dynamic 
model of the machine (see Chapter 8). 


6.5 Mathematical Model of a Sinusoidally Wound 
Induction Machine 

The hard work of computing the expressions for the flux linkages in the 
phases of an AC machine as well as for the rotor torque has been completed. 
The analysis is now specialized to an induction motor which is illustrated in 
Figure 6.8. This figure is the same as Figure 6.1 except now it is explicitly 
assumed that the two ends of each rotor phase are shorted together, that 
is, there are no voltage sources for the rotor phases. With the rotor phases 
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shorted, the expressions for the phase flux linkages and rotor torque are 
used to derive the nonlinear differential equation model of a two-phase 
sinusoidally wound induction motor. 



FIGURE 6.8. A symmetric sinusoidally wound two-phase induction machine. 


By (6.16) and (6.25), the flux linkages in the stator and rotor phases in 
terms of the currents and rotor position are 

X Sa(iRai im, isa, isb , Or) = Lsisa + M cos {Or) - im sin (Or) j 

^Sb(iRa,iRbiiscnisbiOn) = L sb + M (+i R a sm(9 r) +imcos(6 R )^ 

(6.29) 

^Ra{iRa,iRb,isa,isb,0 r) = L R i Ra + M (^+is a zos{6 R ) -f is&sin(0#) j 

^Rb(iRa,iRb,iSa->isb,0 r) = LrIr^ + M^-is a ^(0 R ) + isb COS(9 r) j . 

By Faraday’s and Ohm’s laws, the equations describing the electrical dy- 
namics of this system are 


dX§Q 

dt 

dXsb 

dt 


RsiSa + USa 
Rsisb + usb 


dX Ra 

dt 


RRlRa 


d\ R b 

dt 


RRlRb 


0 

0 

0 

0. 
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Explicitly, this is 

d d / \ 

^ S ~dt^ Sa + ^~dt (^ /?aCOS (^ jR ) — ^&sin(#K) J + RsiSa = ^Sa 

d d f \ 

L s^j. i Sb + M— [+i Ra sm(d R ) + i Rb cos(e R )J + R s isb = u S b 

(6.30) 

+ M~ (+is a cos{e R ) + i S bsm(e R )^ + R R i Ra = 0 
L R —i R b + M— ^-is a sin(0 R ) + isbCos(9 R )^j + R R i R b — 0. 

By equation (6.28), the torque produced by this machine is given by 
t r = M ^-i Ra (t)i S a(t) sin(e R ) + i Ra (t)i S b(t)cos(6 R ) 

- iRb(t)isa(t) cos (6 r ) - i R b{t)isb(t ) sin(0R)) (6.31) 


so that, with tl the load torque, the mechanical equations are simply 


T duj R 

dt 


tr ~ t l 


d0R 

dt 


UR. 


(6.32) 


Equations (6.30), (6.31), and (6.32) are the set of nonlinear differential 
equations characterizing a two- phase sinusoidally wound induction motor. 

A space vector representation of the equations of the induction motor is 
given in problem 5 (see also problem 6). 


6.6 Total Leakage Factor 


The leakage factor is defined as 

<7=1 


M 2 

LsLr 


Substituting the expressions 


Lr 

L S 

M 


2 

8 g R 

Vgtit2*_ N 2 

8 9 S 

8# 



386 


6. Mathematical Models of AC Machines 


results in 


a = 1 — K 2 . 


Note that if k = 1, corresponding to no spreading of the magnetic field 
as one goes across the air gap, then a — 0. However, in a practical motor 
a > 0. As pointed out in Ref. [2], cr typically varies from 0.05 for low leakage 
machines up 0.20. 


6.7 The Squirrel Cage Rotor 

The above mathematical model of the induction motor was derived assum- 
ing sinusoidally wound rotor phases. However, the most commonly used 
induction motor has a squirrel cage rotor which is illustrated in Figure 6.9. 




FIGURE 6.9. (a) Squirrel cage rotor for an induction motor, (b) Cross-sectional 
view of the squirrel cage embedded in the rotor iron core. 

It is standard practice to use the same mathematical model given in 
(6.30) and (6.31) for the induction motor with a squirrel cage rotor. In 
this case, the rotor currents iR a and as well as the parameters Rr and 
Lr must be given a different interpretation. There is actually a different 
current in each rotor bar of the squirrel cage and these together make up a 
current distribution around the periphery of the rotor (see the discussion 
of the squirrel cage rotor in Chapter 5) . The parameters Rr and Lr in the 
model can be interpreted as those values that best fit the mathematical 
model (6.30), (6.31), and (6.32) to that of an actual squirrel cage motor. 
For example, in Stephan et al. [42] and Wang et al. [59] the parameters of 
the model (6.30), (6.31), and (6.32) were identified based on data from a 
squirrel cage motor using a least-squares algorithm. The simulated response 
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of the system (u)R,isa,isb) based on the model (6.30), (6.31), and (6.32) 
using these parameters values was shown to be quite close to the actual 
measured response of the squirrel cage motor [42] [59]. The parameter values 
determined in this manner are then interpreted as those values that best 
fit the model (6.30), (6.31), and (6.32) to the squirrel cage motor data in 
the least-squares sense. See Chapter 8 where it is shown how to use the 
least-squares method to identify the induction motor parameters. 


6.8 Induction Machine With Multiple Pole Pairs 


It is left to problem 10 at the end of this chapter to show that if the machine 
has n v pole pairs, then the expressions for the flux linkages are modified to 

A Sa = L s i S a + M [ifta cos (n p 0 R ) - i Rb sin(n p 0fi) ) 

A sb = Lsisb + sin(n p 0ft) -+- i Rb cos(n p 0 R )^ 


}>Ra = L R i Ra + M (+isa COS (n p 0 R ) + isb sin (n p 0 R ) ) 
A Rb — L R i Rb + M isa sin (n p 0 R ) + isb cos (n p d R )^J 


(6.33) 


where 


r A r A 

Ts o > T/j 

83 




8 9 8 g 

Here Ns, and Nr are the number of stator and rotor windings, respectively, 
per pole pair . The total number of windings in a stator phase is n p Ns 
and n p Nfi is the total number of windings in a rotor phase. The dynamic 
equations are 


J 


V'SCL 

USb 

0 

0 

du R 


dt 

d0R 

dt 


Rsisa + ^ ( Lsisa + M (i Ra cos(n p 6 R ) - i Rb sm(n p d R )yj 
Rsisb + ^ ( Lsisb + M(i Ra sin(n p 6 R ) + i R bCos(n p e R )Jj 
Rrirci + (l^RiRa + M (+is a cos (n p 0 R ) + isb sin(n p 0/{)^ 

RRiRb + ^ ( L R i R b + M (y—is a sin(n p 0/j) + isb cos {n p 6 R )^j 
n p M (isb{iRa cos (n p 0 R ) - i Rb sin (n p 6 R ) (6.34) 

- isa(iRa sm(n p e R ) + i R b cos (n p 0 fi ))] 


tl 


= Ur. 
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Consider two induction machines which are identical in all aspects except 
that one has only a single pole pair (i.e., n p = 1) while the other has n p > 1. 
That is, each has the same geometrical construction (^ 1 ,^ 2 , and g are the 
same), the same number Ns of stator windings per pole pair , the same 
number of rotor windings Nr per pole pair , and the same current ratings. 
Then the torque output of the machine with n p pole pairs will have a torque 
output that is a factor n p greater than the single pole pair machine. This is 
clear from considering the coefficient n p M in the torque expression (6.34). 
However, the n p pole pair machine has n p more turns/windings in each 
phase than a single pole pair machine. 


6.9 Mathematical Model of a Wound Rotor 
Synchronous Machine 

The mathematical model of a wound rotor synchronous machine is straight- 
forwardly derived from the expressions for the phase flux linkages and rotor 
torque derived above. Figure 6.10 shows the synchronous motor to be mod- 
eled which differs from Figure 6.1 in that there is only one rotor phase and 
this rotor phase is explicitly assumed to have a voltage source. 



FIGURE 6.10. A symmetric two-phase synchronous machine with a sinusoidally 
wound rotor phase. The two stator phases have voltage sources us a and usb, 
respectively, and the single rotor phase has voltage source uf. 

The terminology for the synchronous machine changes to the rotor phase 
being referred to as the field winding ; its current is called the field current 
ip, the flux linkage in its windings is called the field flux (linkage) \p, and 
the voltage source Ur applied to the phase winding is called the field source. 
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Recall that the term “field” refers to the fact that during normal operation, 
ip and A p are constant, which is the case for a synchronous machine. The 
flux linkages in this machine are found by simply setting i Ra = ip and 
i Rb = 0 in (6.16) and (6.25) to obtain 


A Sa(iF,iSa,isb , Or) = . LptSa + Mip COS (Or) 

^Sb{if>isaiisb,OR) = Lpisb + Mipsm(0R) (6.35) 

A f{if, isaiisb, Or) = Lpip + M ( i Sa cos (Or) + isb sin {Or)) 

where Lp = Lr. With Rs the! resistance of each stator phase and Rp the 
resistance of the field winding (rotor phase), Faraday’s and Ohm’s laws give 


dX Sa 
dt 

dXsb 

dt 

d\F 

dt 


Rs'i'Sa 'U'Sa 

Rsisb + u sb 

- Rpip + up 


0 

0 

0 


(6.36) 


where up is the voltage source for the field (rotor) winding. 

Setting i Ra = ip and = 0 in equation (6.28), the torque produced by 
this machine is 


Tfl = Mip (- i S a sin(0fl) + i S b cos{6r) ) . 


Combining these equations together, a nonlinear differential equation model 
of a two-phase synchronous motor with a sinusoidally wound rotor is 

~di (^ S ^ Sa + ^FCOs(0fl)j - Rsisa + USa = 0 

~dt ( Ls * Sb + Mi F sm{dR) j - Rsisb + u Sb = 0 

[Lpip + M (■ isa cos (Or) + isb sin (Or)) ^ - R F i F + u F = 0 (6.38) 

Mz F ^-L a sin((9H) +isbCos(0 R )^ -r L = 

d0 R 

! ~df =ujR 

where tr is the load torque. 

In a synchronous machine, the rotor current is often chosen be constant, 
that is, 

ip = dp. 

This can be done by choosing the voltage up in the field winding according 
to 

up = Kp(Ip — ip) -b Kj I (Ip — ip)dt. 

Jo 
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The mathematical model of a two-phase synchronous motor with a sinu- 
soidally wound rotor with constant field current then reduces to 

—Rsisa + MIp sin {Qr)wr 4- us a 
—Rsisb — M Ip cos{Qr)ur + usb 

(6.39) 

MI F (-z,s a sin(0H) + isb cos (0 R ) ) - t l 

Ur. 

6.10 Mathematical Model of a PM Synchronous 
Machine 

Consider the case of a two-phase permanent magnet machine with the per- 
manent magnet of the rotor designed to produce a sinusoidally distributed 
radially directed magnetic field in the air gap (see Figure 6.11). That is, 

BhM - e R ) = B m ^cos(9 - e R )r. 
r 




FIGURE 6.11. Two-phase permanent magnet synchronous machine. 


This is essentially the same situation as a wound rotor synchronous machine 
with a constant field current. It is straightforward to show that its model 
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has the same form as (6.39) given by (see problem 11) 

L s—rr = ~ R sisa + K m sin(d R )w R + u Sa 
at 

cfosb 

Ls-^ = - R sisb - Km COs{9r)(jJr + Usb 


= Km(-isaSin(6 R ) + i S bCos{6 R )') -t l 

dd R 


(6.40) 


6.11 The Stator and Rotor Magnetic Fields of an 
Induction Machine Rotate Synchronously* 


Recall the radial magnetic field in the air gap produced by the stator cur- 
rents is given by 


B s{isa,isb,r,9) = (j 5aC os(0) + i Sb sin(6>))f (6.41) 

2 gr 

while the radial magnetic field in the air gap produced by the rotor currents 
is given by 

B R(iRaiiRb,r,0 - Or) — ^ R - (iR a cos(0 - 0 R ) + iR h sm(0 - 0 r))t. 

Zg r 

(6.42) 

Applying the voltages 


URa = U s cos (uj s t) 
usb = U s si jx(cj s t) 


to the stator phases, a steady-state solution for the currents and rotor 
position has the form 


is a = Is cos (uj s t + <f> s ) 

i S b = Is sin(u;s£ + <f) s ) 

iRa = Ir cos((l>s - u R )t + <})r) (6.43) 

iRb = Irs\u((uj s ~uj R )t + (p R ) 

Or = u) R t. 


Problem 9 outlines the derivation of these expressions to show that the 
phase angles (f>si<t>R are functions of the stator frequency cj$ a nd the nor- 
malized slip (cjs " t or)/ujs\ thus they are constant in steady state. Substi- 
tuting the expressions (6.43) into (6.41), the steady-state stator magnetic 
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field may be written as 

Bs(r, 6 , t) = ^ 5 ^ 5 ~ cos (^ _ fast + <^s))r 

where at the angular position 0 Bs {t) — (*>st + <t>s » B 5 has its maximum 
magnitude. Denote 0B s (t) as the magnetic axis of Bs and note that the 
magnetic field distribution of is fixed relative to that is, B$ is 

a “magnet” that rotates at the angular rate u js- Similarly, substituting the 
expressions (6.43) into (6.42), the steady-state rotor magnetic field may 
then be written as 

B R (r,d,t) = 1 ^cos((o;g - u R )t + <f> R ) cos (9 - u R t) 

+ sin((ws - u R )t + <j> R ) sin (9 - cu R t)J r 

_ tJ, ° rR ^ Rl ~ cos(d - u) R t - ^(o?g - uj R )t + <t> R ) )r 

= ^ rR ^ RlR 1 cos (e - (a > s t + 4> R ) )r 

where at the angular position ds R (t) — + ^ jR} B# has its maximum 

magnitude. Denote $b r (£) as the magnetic axis of B# and note that the 
magnetic field distribution of B# is fixed relative to #b h (£); that is, B# is 
also a “magnet” that rotates at the angular rate cos- 

Both of these magnetic fields rotate at the angular rate c^s, with the 
angle between the two “magnets” being 0B s (t) ~ &B R (t) = <j>s ~ &R which 
is constant ; that is, the two magnetic fields rotate synchronously together! 
Another way to view this is to note that by (6.43) the currents is a and isb 
have angular frequency ojs and produce a magnetic field rotating at the 
angular speed cog. Also, equations (6.43) show that rotor currents iR a and 
iRb have angular frequency cos — c or and thus produce a magnetic field that 
rotates at angular speed cos — wr with respect to the rotor . However, the 
rotor is moving at angular speed ujr so that the magnetic field produced 
by the rotor currents is rotating at angular speed u>s — ujr + ujr = ljs voith 
respect to the stator. Again, both fields rotate at the same angular speed 
CJs- 

Substituting the expressions (6.43) for the steady-state currents and 
6r{1) into equation (6.31) results in the steady-state torque being given 
by (see problem 9) 


t r = MI s I R sm(4> s - 4> r ) 

“ ^airgap max^B max Sin((^) i 5 — <Pr) 
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where M = K/z 0 7r^ 2 NsN R / ( 8g ) , B s max — k/j. 0 N s Is/ (2 g) and B R max 
/IqNrIr/ (2 g) are the maximum values of the stator and rotor magnetic 
fields, respectively, at the surface of the rotor, and 14 i rgap = ^27r(^i/2)^2 is 
the approximate volume of the air gap for g small. This expression shows 
that the torque is proportional to the maximum strength of the stator and 
rotor magnetic fields and to the sine of the angle between them. 5 

Finally, the steady-state condition requires Jduju/dt = 0 so that the 
load-torque tl must be such that it satisfies 


MI s Ir sm(4> s - (f> R ) - t l - 0. 


6.12 Torque, Energy, and Co-energy* 

In this section it is shown how the torque of an AC machine can be derived 
from conservation of energy. The analysis is carried out for the two-phase 
induction motor while the synchronous machine is considered in problem 
19. 


6 A2A Magnetic Field Energy 

The equations describing the electrical dynamics of a two-phase induction 
motor are 


d\ Sa 

dt 

dXsb 

dt 


Rs^Sa T aSa 
Rsisb + Usb 


d\Rg 

dt 


~ FRlRa + U Ra 


d\Rb 

dt 


~ RRlRb + URb 


where the flux linkages are given by ( n p = 1) 


0 

0 

0 

0 


(6.44) 


A Sai^RaARb , ISa , ^Sb , Or) 
^Sb{^Ra, iRb > ISa, ISbi Or) 
XR a (iRa , iRb, iSaAsb » Or) 
A Rb(iRa, IRb, iSaAsb , Or) 


L S iSa + M(+l Ra COS (Or) ~ i Rb S\U (Or)) 
Lsisb + M {+iRa Si n(0 R ) + i Rb cos (Or)) 
LRiRa 4- M(+i Sa cos (Or) -F i$b sin(0#)) 
LRiRb 4- M(-i Sa sin (Or) +isb cos(0 R )) . 

(6.45) 


5 There is an expression identical in form for the torque of a synchronous motor! 
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Of course, normally u Ra = 0, u Ri b = 0. Substituting these expressions for 
the flux linkages into the system equations (6.44), it follows that 

d d 

Ls-^Sa + (+^Ka COs(0#) — l Rb sin(0ft)) + Rsisa = ^ 5 a 

Ls^Sb + ( +iRa sin {Or) + lRbCOs(0fi)) 4- Rsisb = Usb 

LR^iRa + ( +i Sa cos(0 R ) + i S b sin (e R )) + R R i Ra = u Ra 

LR-^iRb + {~isa sin (0 R ) + isb cos (Or)) 4- R R i R b = u Rb . 

(6.46) 


In order to calculate the energy stored in the magnetic field of the in- 
duction machine (that is, the magnetic field in the stator/rotor iron as well 
as in the air gap), the rotor is locked and voltage is applied to the phases. 
Using the system (6.44), the power delivered to each of the phases is given 
by 


i'SaU'Sa 

ISbUSb 

iRa^Ra 

iRbURb 


— ^S^Sa iSa 

= Rsisb + isb 

= R-Ri 2 Ra + *Ra 
= R-R^Rb + 


dX$ a 

dt 

dXsb 

dt 

d\ R a 

dt 

dX Rb 

dt 


(6.47) 


Substituting the expressions (6.45) for the flux linkages into (6.47) and 
adding up the resulting four equations one obtains (see problem 17) 

iSaUSa+iSbU-Sb + ^Ra^Ra + iRbURb = Rs(i% a + *!&) + + *Rb) 

+ ^ ^ Ls ^Sa + ^b ) + + *R&)) 

+ ^2 ( Mi Sa { +iRa cos(0r) - sin(^) ) ) I 

(It \ \ / / i 6r constant 

+ (Mi S b (+iRaSin(0R) +iRbCOs(0 R ) ))| . (6.48) 

dt \ \ // \9fi constant 


Defining the magnetic field energy Wfi e id as 

Wfr e \<i(isa,isb,iRa,iRb,OR) - ~^Ls{i% a + i%b) + 2 + *fl&) 

+ Mi S a (+ifla cos(0j?) - i Rb sin(0jj)) 

+ Mi Sb (+iRa sin($ R ) +imcos(0 R )^ 

(6.49) 
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equation (6.48) may be rewritten as 
iSaUSa + iSb^Sb + iRaURa + iflbURb 


Rs{i 2 Sa + i 2 Sb) + Rni^Ra + * Rb ) 


d TTr 

+ J t Afield 


Or constant 


Here 




disa . 
dlSa dt 
<9Wfi e ld dffji 
+ dO R dt 


^VKfield disb 
disb dt 


Afield dl Ra ^VKfi e id di Rt) 

di Ra dt diRb dt 


d_ w _ dWbcM dlSa dWfield disb dWfield di Ra 

dt e R constant dis a dt disb dt di R a dt 

+ dWbeW_dlRb_ 

dim, dt 

The quantity Wfi e \<i(isa>isb,iRaiiRb,0R) is the energy stored in the mag- 
netic field established in the stator/rotor iron 6 and in the air gap by the 
phase currents. (This was derived in the same way that one derives the 
expression Li 2 / 2 for the energy in a standard inductor.) Defining 


Hohmic loss — [ (^s(^Sa 4“ i sb ) 4" ^R^Ra 4" dt 

JO 

1 ^electrical ~ / ij'Sa'U'Sa 4 “ ^Sb^Sb 4 “ ^Ra^Ra 4 “ ^Rb^Rb) dt 

Jo 

it then follows that 


H^electrical — Hfieid + W 0 hmic loss- 

This is simply an energy conservation equation. It says that, with the rotor 
locked, the energy supplied by] the voltage sources us a ,usb^Ra, and ur^ 
goes into magnetic field energy W \ e id and into the heat energy W 0 h m ic loss 
dissipated in the resistance of the windings. 

The expression (6.49) for the field energy is valid whether or not the 
rotor is moving. This is because if the rotor is at the angle Or and the 
currents in the phases are isa,isb,iRa, and iri^ then the magnetic field 
at each point of the motor (i.e., in the stator/rotor iron and in the air 


6 Actually, as the iron is assumed to have infinite permeability (fi r m oo), the 
stored energy is all in the air gap. This is simply because electromagnetic theory al- 
lows one to write the stored field energy as = (1/2) /rotor and (B 2 / WO) dV + 

stator iron 

(1/2) /air gap (^ 2 /m 0 ) dV = (1/2) gap (B 2 /m 0 ) dV as Mr = oo. 
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gap) is the same whether or not the rotor is moving. In other words, the 
stored magnetic energy depends only on {isa^Sb^RaARb,0 R ) and not on 
t o R . The derivation was carried out with the rotor locked so that it could 
be concluded that the applied power went only into the field energy and 
ohmic losses (i.e., not into mechanical power) in deriving the expression 

(6.49) for the magnetic field energy. 


6 .1 2. 2 Computing Torque From the Field Energy 

In order to derive an expression for the torque in terms of the stored energy, 
the rotor is unlocked and allowed to move under the torque produced by 
the magnetic forces. Multiplying the first equation of (6.46) by is a , the 
second by isb , the third by i Ra , and the fourth by i Rb and adding them 
together give (lj r = dO R /dt ^ 0) 

field d0 R 

Or constant R dt 

4 Rs{isa 4 i% b) + F R (i 2 Ra 4 i 2 Rb ). 

(6.50) 

The reader is asked to verify this expression in problem 18. The term 
2(dWfie}d/d6 R )d0 R /dt is an additional term describing power being ab- 
sorbed from the sources when there is rotor movement. As 


iSaUSa 4 isbUSb 4 iRa^Ra 4 iRbURb = ^ Wield 


dW^/dt = dWWdf|* a constant + {dW& M /dO R ){dB R /dt), 
equation (6.50) may be rewritten as 

d Jxr dW^ d0 R 

ISaUSa + ISbUSb 4 t Ra^Ra 4 lRbU Rb = — Wfield 4 ~ "dQ R ~~dt~ 

+ Rs(i la 4 i% b ) 4 R R (i%a 4 i 2 Rb )- 

(6.51) 


Integrating both sides with respect to time t gives the conservation of en- 
ergy equation 


H'eiectrical “ Afield 4 



dWfr e \<± 

d0 R 


U) R dt + Wohmic loss- 


The electrical power supplied by the source goes into the magnetic field 
energy, heat losses in the phase windings and another term given by 


[* Afield 

'o de R 


co R dt. 


The only other energy conversion is mechanical energy. Consequently, this 
term represents the energy from the supply converted into mechanical work. 
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The mechanical power trujr is therefore given by trujr — {dW^ e \^/dOn) ojr 
so that the torque produced by the machine is 7 


T R 


dWfield 

de R ' 


(6.52) 


Using the expression (6.49) for Wfi e id results in 

tr = M (- iRa{t)is a {t ) sin(0 fl ) + i Ra {t)isb{t) cos(d R ) 
-iRb(t)isa(t) cos{0 R ) - i R b(t)isb{t ) sin(0 R ) ) 
which is the same expression as in equation (6.31) derived previously. 


6.12.3 Computing Torque From the Co- energy 

The above analysis was done assuming linear magnetics for the two- phase 
induction motor. A more general approach is now given that does not 
assume linear magnetics. 

Recall the electrical dynamics of the two-phase induction motor can be 
written as 


USa RsiSa 

usb — Rsisb 

URa ~ RRlRa 
URb ~ R R lRb 


d\sa 

dt 

dXsb 

dt 

dX Ra 

dt 

dX Rb 

dt 


(6.53) 


These equations are very general in the sense that they hold even in the 
case of magnetic saturation in the rotor or stator iron. 8 Define a new set of 
voltages esa — usa ~ Rsisa, esb — usb ~ Rsisb, e Ra = u Ra - R R iR a , and 
eRb — URb — R R iRb and consider these voltages as the inputs to the phase 
windings. In this way, the power loss to ohmic heating of the phase windings 
can be considered as part of the power supply and not the machine. The 
power delivered to the phases is then isaesa + isbesb + iRaeRa+iRbeRb and, 
using (6.53), the basic equation for conservation of power may be written 


7 This derivation assumed that (6.45) held, that is, that magnetic saturation was not 
present. This result does not hold if magnetic saturation is present. A more general 
result that holds in the presence of magnetic saturation is given in the next subsection. 

8 However, the expressions (6.45) are valid only for the linear magnetics case, that is, 
no magnetic saturation. 
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as 


iSa^Sa + isb^sb + ^Ra^Ra + ^Rb^Rb 


lSa- 


+ l Rb 


dX$ a . 
dT 
dX Rb 


ISb- 


dXsb 

dt 


+ iRa 


dXg a 

dt 


dt 


Afield (iSa^Sb, iRa, lRb, Or) 


+ T R 


dOR 

dt 


(6.54) 


This equation just says that the power provided to the phases by the voltage 
sources equals the rate of change of the field energy and the mechanical 
power produced. This expression is perfectly general in that it holds in the 
case of magnetic saturation. However, it does assume that an expression for 
the field energy W& e \d(isa,isb, ^Ra^Rb, Or) in terms of the phase currents 
and rotor position has been found. 9 

Now, 


jw„ u 


Weid disa , dWfo id disb . <9Wfi e id di Ra 

■ 1 -J- - — — — -J— 

disa dt dt Rb dt dt Rd dt 

dWfieid dpR 
dO R dt 


dWfieid di Rb 
di Rb dt 

(6.55) 


and, with A = A(zs a ,is&,ijia,*H6,0/i)> 


dX _ dX disa dX di$ b dX di Ra dX di Rb dX dO R 

dt disa dt + disb dt + di Ra dt di Rb dt dO R dt 

where A stands for Xs a ,Xs b ,X Ra , and X Rb (see the footnote 10 ). Equation 
(6.54) holds for all isa^Sb^Ra^Rb, and Or and their derivatives disa/dt, 
dis b /dt , diRajdt , d%R b jdt , and d0R/dt. The next step is to substitute the 
derivative of the flux linkages into left-hand side of (6.54) and the derivative 


9 The expression (6.49) is valid only for the linear magnetics case. To determine 
the field energy in the general case, one would lock the rotor so that isa^Sa + isb e Sb + 
iRaeRa+iRbZRb = ^ Afield {isaJsb, i R aJ R b, 9 r) holds. Then one would try to integrate 
this expression to obtain Wfi e id. Though the left-hand side is known, such a calculation 
would typically require numerical techniques in the presence of magnetic saturation. The 
“Achilles heel” in this approach is trying to find the field energy Afield- 

10 In the case of linear magnetics, the expressions (6.45) would be used. However, 
in the case of magnetic saturation, one proceeds as follows: For each phase, integrate 
A (t) = /q(u — Ri)dt to compute the phase flux as the currents isa^Sbi iRa, and iRb are 
varied between —/max and /max, and the rotor position is varied for 0 < Or < This 
then gives the phase flux as a function of isa^Sb^Ra^Rby and Or. 
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of the field energy ( 6 . 55 ) into the right-hand side of ( 6 . 54 ). This results in 


dX sa , . d\ sb 

ISa^r. 1- ISb- 


disa 


disa 


iRa 


dX Rg . OX disa 


di Sa + lRb disa ) dt 


+ 


+ 


dX sb . . dX sb , . dX R a . dXnb\ dxsb 

— rlRa-^. 

OlSb dl S b OlSb OlSb ) dt 


dXR a . dX sb t . 9 Xr ( 

z Sa~ 7 T- h z Sb~^. h ^Ra 


T ( 'l Sa 


I t Sa 


dlRa 
dXftb 
dim 
9X Ra 


+ ISb 


dlRa 

dXsb 

diRb 


. dX Rb \ diRg 
diRa lRh di Ra ) dt 


+ iRa 


9 X R a 


dXR b \ diRb 


dO R 
^ Afield dis a 


, . dXsb , . dX R a . 

+ z Sb~^ r lRa-^7, r z Rb 


90 r 


diRb Rb diRb ) dt 
dXRb \ d 9 R 


de R 


00 R J dt 


+ 


disa dt 
Afield d6 R 

dO 


<9Wfield disb ^Wfield diR a <9Wfield diRb 

1 o • i . i o - l , ■ 


disb dt 
d 0 R 


dlR a dt 


di 


Rb 


dt 


R 


dt 


+ Tr 


dt 


( 6 . 56 ) 


Given any set of values for isa, isb> iRa, iRb, and Or , by proper choice 
of Usa^sb, u Ra , URb , and tl, the derivatives di Sa /dt , disb/dt , di Ra /dt , 
diRb/dt , and dOR/dt can be arbitrarily chosen (see problem 20 ). Therefore, 
the only way that ( 6 . 56 ) can be satisfied for any such values of disa/dt , 
disb/dt , diR a /dt , diRb/dt , and d$R/dt is that the coefficients of these deriv- 
atives in ( 6 . 56 ) must be equal for all time, that is, 


dXsa 

, . dXsb 

, . ^A^a 

t . < 9 Ah 6 

9 W^ U 

z Sa o • 

diSa 

+ lSb o' 

dlSa 

+ ' i Ra o • 

+ ^Hfe o- 

dlSa 

disa 

. dXsb 

, . dXsb 

, . dXR a 

t . < 9 Ah 6 

dWfieH 

z Sa o * 

dxsb 

+ lSb o - 

disb 

+ IRa o : 

d't'Sb 

+ o- 

disb 

disb 

. 9 X Ra 

, . dX sb 

, - 9 A Ha 

, - ^Ah 6 

dWfi eid 

I'Sa o- 

dlRa 

+ z Sb o- 

dlRa 

+ o- 

dlRa 

+ ^6 A- 

dlRa 

9 i Ra 

. dXRb 

, - 5^56 

t • 9 A#a 

, . 5 Ah 6 

SWfield 

^Sa o* 
diRb 

+ A. 

diRb 

+ o' 

diRb 

+ o- 

diRb 

di R b 

. dXsa 

, - ^56 

^ . dX Ra 

, ■ dXRb 

9 W tlcUl 

lSa 90 r 


+ ^ Ha ^ 

-\~ Z Rb o/3 

90 r 

90 r 


( 6 . 57 ) 


+ Tr. 


In particular, the last expression shows that 

. d\ sa , . dX sb , . dX Ra . 
T R = 1Sa~^ 1- l Sb-^ 1- iRa- ™ H iRb 

O0R de R d0 R 
Finally, making the definition of co-energy as 


dXRb dWfieid 
dOR dOR 


W c 


co-energy 


iSaXsa + iSbXsb T i RaXR a + iRbXRb ~ Afield, (6.58) 


it follows that the torque may be written as 


tr 


dW c 


co-energy 


90 R 


( 6 . 59 ) 
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This derivation assumed that all of the phases had voltage inputs. How- 
ever, the expression for torque (6.59) still holds even if the rotor phases are 
shorted. That is, the expression (6.59) is true for any set of inputs, so it 
must be true for UR a — u>Rb — 0. 

The co-energy (6.58) does not have any physical significance and only 
represents a convenient mathematical quantity for computing the torque. 

The reader is asked in problem 15 to show that, in the case of linear 
magnetics, the expression for W ^ e id given in (6.49) equals the expression 
for Wco-energy given in (6.58). 
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Problems 


Torque Production in AC Machines 

Problem 1 Torque on the Stator Winding 

Use the expression (6.27) for radial magnetic field in the air gap due 
to the rotor currents and compute the total torque t $ it produces on the 
currents in the stator windings. In particular, show that fs — — Tr. 

Problem 2 B# Cannot Produce Torque on the Rotor 

(a) Using the expression (6.6) [or (6.27)] for the radial magnetic field in 
the air gap produced by the rotor currents, show by direct computation that 
the total torque this magnetic field produces on the rotor currents is zero. 

(b) Similarly, using the expression (6.5) [or (6.26)] for the radial mag- 
netic field in the air gap produced by the stator currents, show by direct 
computation that the torque this magnetic field produces on the stator cur- 
rents is zero. 

(c) Explain why these two results must be true from basic principles of 
Physics . 

Problem 3 The Induction Motor as a Transformer 

Using the flux linkage equations (6.45), show that [a = 1 — M 2 / (LsL R )} 


aLsLnisa 

vLsLftisb 

o-LsLftiRa 

&UsL R i Rb 


L R \sa ~ M(+\ Ra cos(6 R ) - X Rb sm(9 R )) 
L R \sb ~ M{+\ Ra si n(0 R ) + X Rb cos(9 R )) 
LsX Ra - M(+\sa cos( 6 r ) + Xs b sin(6 R )) 
LsX R b - M(-Xsa sin (0 R ) + X Sb cos(9 R )). 


If a = 0, find an expression for the rotor flux linkages in terms of the sta- 
tor flux linkages . Use this expression to show that , with the rotor locked 
at some angle 6 R , the induction motor (with a sinusoidally wound ro- 
tor) is a (two-input two-output) transformer with a turns ratio of either 
(M/L S ) cos(0 R ) - (N r /Ns) cos(0 R ) or{M/L s )sm{9 R ) - (Nr/N s ) sm(9 R ) 
from a stator winding to a rotor winding. In particular, find X Ra /X Ra and 
X Rb /Xsb for 9 r = 0. 

What if one had a squirrel cage induction motor rather than a sinu- 
soidally wound rotor induction motor? 


Mathematical Models of an Induction Machine 

Problem 4 State-Space Model of the Induction Motor 

Starting from the mathematical model (6.30) and (6.31), derive a state 
space model for the two-phase induction motor where the state variables 
are isaflsbfl R afl R b^, and 9. (See problem 6 for a simpler, but equivalent, 
model.) 
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Problem 5 Space Vector Model of the Induction Motor (Leonhard [1]) 
Let ig — i Sa ~h jisb) 2 lR — i Ra ""h jiRbi UlS — ^ Scl V j^Sb and show that the 
equations of the induction motor (6.34) may be written succinctly as 

Rsis + Lsf t is + (i R eJ n * 0 *) = u s 
R R i R + L R f t i R + Mf t {i s e~^ d «) = 0 

n p Mlm{i s (i R e^ e -r}~T L = J ^ 

where /ra{*} denotes the imaginary part and * denotes complex conjugate. 
This is known as the space vector representation. 

Problem 6 A Standard Model of the Induction Motor 

The model (6.34) °f the induction motor (or its equivalent space vector 
representation given in problem 5) is quite complicated. By doing a change 
of variables , a simpler, but equivalent model can be found. In particular, a 
model can found where the explicit dependency on Or [i.e., the si n(n p 0n) 
and cos (u p 0r) terms] can be eliminated. To do so, define new (fictitious) 
flux linkages as 

± R = ^Ra + 3 i’Hb = A R e jn * dri = L RlR eJ n > 6 « + Mi s 

(a) Make this substitution into the representation given in problem 5 to 
show that the system of equations for the induction motor may be rewritten 
in the space vector form as 

d , f 1 . \ . M . 

dt-R = + 

M d , T d . 

Us = L~ R dt^R + aLs Jt l - s + Rsls 

lu = '•'"'{fclfe) - } - T 

where \x = n p M/(JL R ), a = 1 - M 2 /LsLr is the leakage factor, and 
Tr = Lr/ Rr is the rotor time constant. This model is often seen in the 
literature. 

(b) Equate real and imaginary parts in part (a) to write the model as five 
differential equations. 

(c) Use the answer in part (b) to find a state space model of the motor 
with state variables isaUsb^Ra^RW an d ur- 

Remark This problem illustrates the power of the space vector represen- 
tation as the manipulations of the equations are all done with (complex) 
scalar quantities rather than dealing with vectors and matrices . The repre- 
sentations in parts (a) and (b) are standard forms seen in the literature. 
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Often the real and imaginary parts of ip Ra -f j^Rb are referred to as the 
“rotor fluxes”, but the actual rotor flux linkages are the real and imaginary 
parts of \ R = (ip Ra + jip Rb )e- jn ” dR . 

Problem 7 Simulation of an Induction Motor 

(a) Using the state-space model derived in problem 6(c), simulate a two- 
phase induction motor . Set the parameters as R r = 3.9 f2, Rs — 1.7 
n, L r = 0.014 H, L s = 0.014 H, M = 0.0117 H, J = 0.00011 kg- 
m 2 ,f = 0 N-m/rad/sec , n p = 3 , u>s = (27r)60 rad/sec, V — V max = 60 
V (peak), I max = 12 A, = 0. Let u Sa = V' cos(o;st), usb = V sin^srf) 
and plot (a) %s a and isb > (b)%R a andijtb , and (c)oo. Run the simulation long 
enough (about 0.5 sec,) so t/ie speed co# poes £o a constant steady-state 
value . Notice that at steady-state (constant) speed, the rotor currents are 
zero . Give a physical explanation as to why this happens . 

(b) Rerun the simulation with a load torque of tl = 0.2 iV-m acting on 
the system after it has reached steady- state (synchronous) speed. Be sure 
to run the simulation until the motor speed has reached its new (lower) 
steady- state speed. Note that the steady- state rotor currents are no longer 
zero. Why? 

(c) What happens if tl = 0.5 N-m is used? Note that the frequency of 
the rotor currents increases as the load-torque increases. Give a physical 
explanation to why this happens. 

Problem 8 Induction Motor Model in Terms of the Flux Linkages 

With A sa &nd A sb the total flux linkage in stator phases a and b, respec- 
tively, define 


As = Asa + jXsb = L s i s + Mi R e + i np6R . 

Similarly, let X Ra and A R b be the total flux linkage in rotor phases a and 
b , respectively, and define 

A r — A Ra + j X R b = L R i R 4- Mi s e~ jnp ° R . 

(a) Show that the electrical equations of the induction motor may be written 
as 


Rsis + ^A 5 2As 

d 

RrIr + ^Afi = 0. 

(b) Using the fact that 


'is 

1 

+Lr 

-M ‘ 

As 

i R e +JTip ® R 

~~ L S L R - M2 

-M 

+Ls 

A R e +jnp6R 
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show that 

L S L»-M> + A. 

Ls 'Lx-M* 

dt 

is a representation of the induction motor in terms of the variables X s = 
^ Sa + j^Sb,X R = A^ a 4 jX R b,u R , and 9 r. 

(c) By equating real and imaginary parts of the answer to part (b), find 
a state space representation of the induction motor in terms of the state 
variables X s a , Xsb, A R a , A Rb,aj R , and Or. 

Problem 9 Steady-State Solution of the Induction Motor Equations [1] 
Use the space vector formulation given in problem 5 to find a sinusoidal 
steady -state solution to the induction motor equations . In particular, try a 
solution of the form 

U S = u S a + ju S b = Us cos(u) S t 4 <j) Us ) 4 jU s sm(u s t 4 <p Us ) 

= U s e j<f>u *e j0Jst = U s e j “ 3t 

is = isa + jisb = is cos(a;si 4 4- jf /5 sin(o; 5 ^ 4 <£ 5 ) 

= I s e j< ^ s e juJst — I s e juJst 


= Us 

= 0 

_ r duR 
dt 

= OJR 


i R — iRa + j'l'Rb = Ir COS ((u S ~ OJ R )t 4 (j) R ) 4 jI R sin ((us — U)R)t 4 <f ) R ) 

— J R€ 3<t>R e 3 S _ jr 




where the stator electrical frequency cu s , rotor speed u R andU_ s — Use^ Vs 
are assumed to be known and constant . The stator and rotor current phasors 
given by £ s = I R e^ 3 and I_ R = I R e^ R are to be determined; that is, the 
unknowns are I 5 , <f> s > 1 i? , and <j> R . 

(a) Substitute these expressions into the space vector representation of 
the induction motor equations to obtain 

(Rs + jusLs) Is + jto s M£ R = U s 
(Br + j(<*>s ~ ojr)Lr)I_ r 4 j(us — ur)MI s = 0 

MIm{I s (I R )*}-T L = 0. 
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With the normalized slip speed defined by S = (ujr - wr)/wr, it follows 
that 

Is __ _j_ Rr/S + JurUr ~j^sM U s 
_ Lr m det _ Rs+jwsLs _ v 0 

where 

det 4 (R S + jujsLs) + ju s L R ) - (jco S M) 2 . 

(b) Use these expressions to compute 7s, (f> s , Ir, <j> R , and r — M Im.{f s (f R )*} — 
MIrIr sin(</> 5 - — <f> R ) as functions of the stator frequency cos and the nor- 
malized slip S. 

(c) Using the parameter values given in problem 7, write a program to 
plot r — MIrIr sin(<p s — <f> R ) for a fixed cjr — 2n * 60 as S varies from 0 
to 20. 

Problem 10 Model of an Induction Motor with Multiple Pole Pairs 
Consider a two-phase motor with n p pole pairs. With n v - 2, Figure 
6.12(a) shows stator phase a and Figure 6.12(b) shows stator phase b. 



(a) (b) 


FIGURE 6.12. (a) Sinusoidally wound stator phase a with n p = 2 and turns 
density Ns a (0) = (n p Ns/2)\sm(n p Q)\. (b) Sinusoidally wound stator phase b 
with n p = 2 and turns density Nsb(0) = (n p Ns/ 2) |sin (n p (0 — 7t/2))| . 

The sinusoidal turns density for the windings of each phase are given by 

N Sa (0 ) = |sin(n p <9)| 

N S b(0) = |sin(n p (0 - tt/2))| 

Nro.(0) = | sin (n p (0 - 0 fl ))| 

Nm(0) = ^~\sm(n p (e ~e R ~Tr/ 2 ))\. 
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For example , the first pole pair of stator phase a is made up of the turns for 
—Tv/up <9 < n/n p , the second pole pair of stator phase a is made up of the 
turns for n/n p < 9 < 37r/n p , and so on. The total number of turns making 
up the first pole pair is f ^ Up Ns a (9)d6 = N$- As there are n p pole pairs, 
the total number of turns in phase a is n p Ns ; that is, Ns is the number of 
turns in phase a per pole pair. 

(a) Explain why Ampere’s law <j> H * di — iendosed applied to the closed 
path 1 — 2 — 3 — 4—1 indicated in Figure 6.13 is 

H Sa-dit= J is a np f^ sm(n p B')dO' (6.60) 

1 — 2 — 3 — 4—1 

for any angle 9. 



FIGURE 6.13. Use of Ampere’s law to determine the air gap radial magnetic 
field produced by isa in a n p pole-pair machine. 

Show that equation (6.60) leads to 

B Sa (isa, 0) = cos (n p 0). (6.61) 

(b) Show that conservation of flux will hold in the air gap if this expression 
is modified by including the factor r^/r to obtain 

B Sa(isa,r,9) - cos(n p 0)r. 
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(c) Show that 

Bs(isa,isb, r, 6 ) — Bs 0 (zs a , r, 6) H- &sb(isb> r, 0) 

= >l(] .2g S ~ (*Sa cos(n p 0) + i S b sm(n p 0))r 
Bf{(z/{ a , i Rb , r, 0 — Or) = B Ra (l R a , r , 6 - Or) + B Rb (iR b ,r,0 — Or) 

_ HqNr Tr 

2 g r 

X (z/z a cos (n p (0 - Or)) + i Rb sin ( n p (0 - Or)) )r. 


(d) Show that 


A Sa(iRa > iRb ? isa.isb , Or) 


a Sb{iRai iRb , i$a , #h) 


= J (B s + B R )-dS 

All loops of 
stator phase a 

= + M^z fla cos{n p 0 R ) - i Rb sm{n p 0 R )) 

J (B s +B R )-dS 

All loops of 
stator phase b 

= L s isb + M (i Ra sm(n p 0 R ) + i Rb cos(n p 0 R ) ) 


^Ra(iRa,iRb,iSa,isb, 6 r) 


j ( B s + B R )-dS 

All loops of 
rotor phase a 

L R i Ra + M(i Sa cos(n p 0 R ) + i Sb sin(rz p 0 fi )^ 


A Rb(iRa , iRb, isa, iSb, Or) 


J (Bs + B R )-dS 

All loops of 
rotor phase b 

L R i Rb + M (~i Sa sm(n p 0 R ) + i Sb cos(n p 0 R )j 


r R 


n p M [~iRa(t)isa(t) sin (n p 0 R ) + i Ra {t)isb(t) cos (n p 0 R ) 
- iRb(t)isa(t) cos(n p 0 R ) - i Rb {t)isb(t)sm(n p 0 R )^ 


where L s = B£^L N 2 s , Lr = 


M o^i^zr 

8g 


Ni 

1V R’ 


u = K a^h NsNa . 
8 g 
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Mathematical Model of a Two-Phase Synchronous Machine 

Problem 11 Mathematical Model of a PM Synchronous Machine 

Consider a two-phase synchronous machine in which the rotor consists 
of a permanent magnet which produces a sinusoidally distributed radial 
magnetic field in the air gap given by 

Br(t\ 6 - d R ) = B m — cos {0 - 0 R )r. 
r 

Atr — rs this is written as 

B R (r s , 6-6r)= KB m — cos(d - 6 R )r 

rs 

where the coupling factor rz is included to account for leakage . 

The stator is identical to the wound rotor synchronous motor, that is, it 
has two sinusoidally wound phases 90° apart with voltage sources us a and 
usb‘ The radial magnetic field in the air gap due to the stator currents is 
then given by (6.5). 

(a) Show that the flux linkages in the stator phases have the form 

A sa(t) = L s isait ) + K m cos{d R ) 

A Sb (t) = L s i S b(t) + K m sin (0 R ) 

and compute explicit expressions for Ls and Km in terms of (i 0 , k, t\ , t<z , Ns , 
Bm j and g . 

(b) Find the torque f$ on the currents in the stator windings produced 
by B^rs, 6 — 9 R ). Then compute the torque on the rotor as t r = —ts- 

(c) Give the complete set of equations characterizing a two-phase perma- 
nent magnet synchronous machine and show that it has the form ( 6 . 40 ). 

Problem 12 Wound Rotor Synchronous Machine with Multiple Pole Pairs 


Using the multiple-pole-pair model of a two-phase sinusoidally wound 
induction motor (see problem 10), show that it can be used directly to derive 
the multiple-pole-pair model of a two-phase sinusoidally wound synchronous 
motor. Specifically, show 


A Sa{ipfiSafisb,OR) = 

A Sb(i>F> isai isb, Or) — 

A F(iF,iSafisb,9 R ) = 

Tr = 


L s isa + Mi F cos(n p 0 R ) 

Lsisb 4- Mi F si n(n p 0 R ) 

L F iFa + M ( isa cos (n p 0 R ) + isb si n(n p 0 R )) 
n p Mi F ( isa si n(n p 0 R ) + isb cos (n p 0 R )) 


where Ls = !HplNl,L F = O&Z-N}, and M = K B^N s Nr. 

og o g o g 

Ns is the number of winding per pole pair in each of the stator phases and 
N F is the number of turns in the field winding. Use these expressions to 
deduce the dynamic equations of this machine. 
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Problem 13 State-Space Model of a Wound Rotor Synchronous Machine 
For the synchronous machine model of problem 12 [see also (6.38)], note 
that the relationship between the currents and the flux linkages may be writ- 
ten as 


Asa 


Lr 0 M cos(n p 9 R ) 


i Sa 

^Sb 

A 

0 Ls M sm(n p 0R) 


isb 

A F 


Mcos{n p 9 R ) M sin {u p 9r) L f 


^F 


With A (rip&R) denoting the 3x3 matrix on the right-hand side, it follows 
that 

i'Sa 
isb 
i'F 


A l (n p 0 R ) 


A Sa 

A Sb 
A F 


where, with a = 1 — M 2 ]LrLf, 


A l (n p 0 R ) 


1 

oL% lT f 


X 


LsLp - M 2 sm 2 (n p 9 R ) M 2 sin(n p 9 r) cos(n p 6 r) — LrM cos(u p 9 r) 1 
M 2 sin(n p 0 R ) cos {u p 9 r) LrLf — M 2 cos 2 {ti p 6 r) -LrM sin(n p 0#) 
—LsMcos{u p 6 r) -LrM sm(n p 0 R ) L 2 S 

(a) Use these relationships to find a state-space representation of the syn- 
chronous motor in terms of the flux linkages A s a -> A 55, and A p. Be sure to 
include the torque equation. 

(b) Use these relationships to find a state- space representation of the 
synchronous motor in terms of the currents isaflsb , and ip. Be sure to 
include the torque equation. 

Problem 14 DQ State-Space Model of a Synchronous Machine 

For the synchronous machine model of Problem 12 [see also (6.38)], con- 
sider a change of coordinates to the so-called direct-quadrature (dq) refer- 
ence frame defined by 


Ud 


cos(n p 0 R ) 

sin(n p 0 R ) 

0 " 


nsa 

Uq 

A_ 

- sin (n p 0 R ) 

cos(n p 0 R ) 

0 


asb 

_ Up _ 


0 

0 

1 


Up 

id 


cos (n p 0 R ) 

sin(n p 0 R ) 

0 ~ 


iSa 

i q 

A_ 

- sin (n p 0 R ) 

cos (n p 0 R ) 

0 


isb 

_ iF _ 


0 

0 

1 


i F 

A d 


cos(n p 0 R ) 

sin(n p 0 R ) 

0 ' 


A Sa 

A <7 

A_ 

- sin(n p 0 R ) 

cos (n p 0 R ) 

0 


A Sb 

A F \ 


0 

0 

1 


A F 
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(a) Show that 


(b) Show that 


U 


if 


x d 



= 

t J 

- 


1 


aL$Lp 


s: 

°£r ° 

i i 


I'd 

iq 

, * F 


Lp 

0 

-M ‘ 


x d 

0 

aLp 

0 


X q 

-M 

0 

Ls 


Xf 


(c) Use the expressions from parts (a) and (b) to show that 


J 


d\ d 

dt 

dXq 

dt 

d\F 

dt 

dwR 

dt 


UpUjXq ~ RsU + Ud 


TlpOjXd Rsiq "4 nq 
—Rpip 4 uf 
Mipiq - tl 


and so 


°L 

dt 


f Ls o Ml 


’ id 


-Rs npuLs 0 


o 

to 

o 


iq 

= 

-UpuLs —Rs —n P bjM 


1 

o 

i 


_ 


£ 

o 

o 

L 




if 


4 


u d 

ILq 

Up 


(d) Show that 


d_ 

dt 


id 

1 

— Rs/Ls 

n p u) 

~M/L S 


iq 

i 

—an p uj 

-aRs/Ls 

—ripUJcrM / Ls 


Uj 

a 

—MRs/LsUf 

—ripuM/Lp 

Rp/Lp 

_ 


U 

iq 

Ip 


4 


aLsLp 


L F 0 
0 aLp 
—M 0 


-M 

0 

L s 



U d 


Uq 


Up 


= Mi F i q - t l 


dt 


where 


a 

a — 1 — 


M 2 

LsLp 
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Magnetic Field Energy, Co-energy and Torque 

Problem 15 Co-energy 
The co- energy is defined by 

W co -energy — ISa^Sa + isb^Sb + iRa^Ra + ^Rb^Rb ~ Wfi e id • 


The expression for the field energy given in equation (6.49) is valid if mag- 
netic saturation is not present In this case, show that W co . energy — Wft e id 
and consequently , either (6.52) or (6.59) is valid for computing the torque. 
(The co-energy is not equal to the magnetic field energy when magnetic 
saturation is present in the iron.) 


Problem 16 Co-energy 

Inverting the flux linkage equations (6. 45) gives 



M 2 \ 
LsLrJ 


iSa = g L S L R {^ R ^ Sa “ ^ cos(tffl) - X R bSm(0 R )^ 

i Sh = (j'R^Sb - M (+\R a sm(0 R ) -f A Rb cos(0r) j j 

i Ra “= cfL s L r { Ls ^ Ra ~ M c °s(Qr) + A Sb si n(0j*) ) ) 

iRb = g LsL r i Ls ^ Rb ~ ^( _ ^S'aSin(0i ? ) + Xsb cos(6r)^. 

Use this to find an expression for the field energy and torque in terms of 
Xsa,Xsb,X Ra ,\ Rb , andO R . 


Problem 17 Co-energy 
Verify equation ( 6 . 48 ). 

Problem 18 Co-energy 
Verify equation (6.50). 

Problem 19 Energy, Co-energy, and Torque in Synchronous Machines 
Use the equations (6.35) and (6.36) to compute the field energy and 
the co- energy in a two-phase wound rotor synchronous machine. Use r = 
dWfi e id/dO R to obtain an expression for the torque put out by this machine 
and compare it with the expression (6.37). 

Problem 20 Specifying the Derivatives of the Induction Motor Model 
Prove that given any state isafisbURafiRb, and 0 R of the motor, the 
derivatives disa/dt , disb/dt , di Ra /dt , di Rb /dt , andd0R/dt can be arbitrar- 
ily chosen by appropriately choosing usa^us b ,u Ra ,u R b, and r R . 
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Symmetric Balanced 
Three-Phase AC Machines 


The mathematical models of two-phase induction and synchronous ma- 
chines have been derived* In this chapter, the mathematical models of 
three-phase induction and permanent magnet synchronous machines are 
developed* From the three-phase models, two-phase equivalent models are 
derived. A classical steady-state analysis of the induction motor is also 
presented including the development of an equivalent circuit from the non- 
linear differential equation model. Finally, the chapter concludes with a 
discussion on why power systems are three-phase systems with sinusoidal 
voltages operating at 60 Hz is presented. 


7.1 Mathematical Model of a Three-Phase 
Induction Motor 

A three-phase induction motor model is now developed and its two-phase 
equivalent model is then derived. Figure 7.1 illustrates how the stator and 
rotor windings are laid out in a three-phase machine. 



FIGURE 7.1. Cross-sectional view of a three-phase induction motor. The stator 
phases are 27 t/ 3 radians from each other as are the rotor phases. 
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To explain the winding layout in more detail, Figure 7.2 shows stator 
phase 1 where it is seen that one side of a loop is wound at n/3 (the other 
side at 47 t/ 3), two loop sides are wound at 7r/2 (the other two sides at 
3 tt/ 2), and, finally, one loop side is wound at 27r/3 (the other side at 57 t/3). 



FIGURE 7.2. Cross-sectional view of stator phase 1. 

Figures 7.1 and 7.2 show that the loops of the phases are wound in two 
layers which is a common layout in AC machines. Using Ampere’s law, 1 
one can straightforwardly compute the radial magnetic field in the air gap. 
The developed view in Figure 7.3 shows that the resulting radial magnetic 
field Bsi in the air gap due to the current isi in stator phase 1 is a staircase 
function that is approximately sinusoidal. 


®®oo o o © © o o o o © © oo 

© oo o o © © o o o o © © o oo 



FIGURE 7.3. Developed view of the windings of stator phase 1. 

The machine of Figure 7.1 (or Figure 7.2) is referred to as a symmetric 


x Of course, in the use of Ampere’s law, it is still assumed that the cross section of 
the winding is negligible in order to obtain a relatively simple analytical expression for 
the radial magnetic field in the air gap. 
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machine because the stator phases are identical in structure only rotated 
27 t/ 3 radians from each other and similarly for the rotor phases. 

In order to obtain a sinusoidally (spatially) distributed magnetic field in 
the air gap, it will be necessary to assume that the phases are sinusoidally 
wound. This is now described. 


Sinusoidal Windings 

Let Or denote the rotor position taken to coincide with the magnetic axis 
of rotor phase 1 as shown in Figure 7.1, 6 is an arbitrary angular position 
in the air gap so that ft = 6 — Or represents the same angle with respect 
to the rotor position. 

Now consider the three stator phases to be sinusoidally wound with their 
stator turns densities given by 

Nsi(O) = ^ |sin(0)| 

Ns 2 ( 8 ) — |sin(0 - 27r/3)| 

N S 3 (0) = ~y |sin(0 — 47r/3)| . 

Stator phases 1 and 2 are illustrated in Figures 7.4(a) and 7.4(b), respec- 
tively. 



FIGURE 7.4. Sinusoidally wound stator phases, (a) Stator phase 1 windings, (b) 
Stator phase 2 windings. 
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Similarly, the rotor turns densities are given by 
Nri(0 — Or) = |sin(0 - 9r)\ 

Nr2{0~ Or) = |sin(0 - Or — 27t/3)| 

Nrz(0~6r) = |sin(0 - Or - 47t/3)| . 

This is referred to as a symmetric machine as the windings are all iden- 
tical in construction being shifted by 27r/3 with respect to each other and, 
similarly, the rotor windings are identical in construction also being shifted 
by 27r/3 with respect to each other. As illustrated in Figure 7.5, the stator 
end windings 1', 2', and 3' are tied together to form the motor neutral TV, 
and the stator end windings 1,2, and 3 are connected to the source voltages 
usi,V'S 2 , and Us 3 , respectively. The other end of the source voltages are 
tied together to form the source neutral N. This is called a wye-connected 
motor. Similarly, the rotor end windings 1, 2, and 3 are shorted (connected) 
together and the other rotor end windings T, 2', and 3' are also shorted to- 
gether as shown in Figure 7.6. Due to the wye connection of the stator and 
rotor windings, the neutrals N and N in Figures 7.5 and 7.6, respectively, 
are isolated so that i$i + is 2 + is 2 = 0 and im -f + im — 0. 



FIGURE 7.5. Wye-connected stator windings. 



FIGURE 7.6. Wye-connected rotor windings. 
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The stator magnetic field is the vector sum of the fields due to each 
phase. These fields are 

&si(isi,r,0) = cos(e)r 

2 g r 

&S2(is2,r,0) = ~^^i S 2COs(e - 2n/3)r 

&S3(is3,r,6) = ~ i S3 cos (0 - 47r/3)r 

so that 

Bs(isi,is2,is3,ri0) = -- ^ (isi cos(<9) + is2 cos(0 - 27r/3) 

T is 3 cos(8 - 47r/3)^r. (7.1) 

If the balanced 2 three-phase set of currents 


isi = Is cos (ujst) 

is 2 = Is CO s((jj s t - 27 t/ 3) 

lS3 = Is cos (cost - 47t/3) 

are applied to the stator phases, the corresponding stator magnetic field 
can be written as 


Mo Nsls r R 


cos(cjst) cos (6) -f cos (cost — — ) cos(0 

u 


+ cos(ujst — ) cos(6> — 47r/3)Jr 

Vo N sIsr R 3 



That is, with balanced three-phase currents, a radial rotating magnetic 
field is established in the air gap. 

Similarly, the magnetic fields due to the rotor currents are given by 


B*i(t K i,r,0) - cos(0-0r)v 

2g r 

Br 2 (i R 2,r,0) = t^^iR2 C os(e-eR-2n/3)r 

Zg r 

BR3{iR3,r,6) = - ~ -—tR 3 cos (0 - Or- Att/Z)v 

zg r 


2 Balanced just means isi + is2 + isz = 0. 
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so that, with j3 = 9 — Or, 


= ~^ R ~ (*H1 cos (^ - #fl) + *#2 cos(0 - - 27T/3) 

+ cos (0 -Or- 47 t / 3 )) r 

= ^ 2 ^ ~ (*fli cos(^) + cos(,5 - 27r/3) + */? 3 cos(/3 - 47r/3))r. 

(7.2) 


As explained in the previous chapter, the coupling factor k is included in 
the expression for on the stator side of the air gap and is included in 
the expression for Bs on the rotor side of the air gap to account for the 
spreading (leakage) of the magnetic field from the radial direction as one 
goes across the air gap. That is, with B $ and B# given by (7.1) and (7.2) 
respectively, the total radial magnetic field B on the stator side of the air 
gap is taken as 


is2, is3,iRuiR2,iR3, r s , 9 , Or) 


A 


Bs(isi,is2,*s3 5 rs»0) 

+ KBR(iRuiR2 9 iR3,rs,0 - 0 R ). 

(7.3) 


On the rotor side of the air gap, the total radial magnetic field B is taken 
as 


B(«S1 , is2,is3, i>Rl 7 i / R2i *R3> 0, Or) = kBs(isi > ^52, *S3, Tr, 9) 

4- &R(iRl,iR2)iR3,rR,6 - Or) 


or, in terms of f$ = 0 — Or and an abuse of notation, 


B 


(ish iS2i iS3i iRuiRZi ^RS, T r , /3,0r) 


A 


KBs(isi,is2,is3,rR,fi + Or) 

(7.4) 
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Stator Flux Linkages 

Using (7.3) for B on the stator side of the air gap, the stator flux linkages 
are given by (see problem 1) 


= sin (0) 


x ( / £i r sB(isi,‘is2,is3,'iRi,iR2,'iR3,rs,0' ,0R)d0' d9 


\Ls{isi + is 2 cos(27r/3) + is 3 cos(47r/3)) 


■M(i R i cos (0 R ) + i R 2 cos(0 R 4- 27r/3) 4- i R3 cos(0 R + 4-zr 


/* 27 r/ 3 + 7 T at 

1 Ps2( t ) = if sin (0 - 27 r/3) 


X ( Je ^ irs '®^ sl, * 52 ’* S3, * R1, * K2, ^ 3,r ' s, ^ / jd R )d0'^jd0 


= g Ls(isi cos(27t/3) + i S i 4- is 3 cos(27t/3)) 


2 / 

+ cos(0 fl - 27t/3) + i R 2 cos(0;j) + i fi3 cos(0r + 27r 


^s 3 (<) 


f4n/3+TT jy ( 


sin(0 — 47t/3) 




= cos(47t/ 3) 4- i S 2 cos(27t/ 3) + i S3 ) 


-M(i R i cos(O r — 47r/3) + i R 2 cos(0 R — 2 -k/3) + i R3 cos(0 R ) j 

(7.7) 


where 


^ 3 7t^ 0 £i^ 2 A/'| 

S “ 2 8<? 

^ _a Z «tohl*NsN R 
2 K Sg 


Lr = 


3 7T[J,q£i£.2Nji 
2 8g ' 
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The reason for the factor 2/3 in equations (7.5), (7.6), and (7.7), and the 
factor 3/2 in the expressions for Ls,M, and Lr in (7.8) are so that the 
expressions (7.8) represent the two-phase equivalent coefficients of induc- 
tances in the two-phase equivalent model as will be shown below. In matrix 
form, the flux linkages may be written as 


i’sS) 

2 


= 3 Ls 

. V’ssW . 



1 

cos(27t/3) 

cos(47t/3) 


cos(27t/3) 

1 

cos(— 27r/3) 


cos(47t/3) 

cos(27t/3) 

1 


isi(t) 


cos (Or) cos (Or + 2tt/3) COS (Or + 47r/3) 


im (t) 

cos(9r - 27r/3) cos (9r) cos(6r + 2tt/3) 


iR2{t) 

cos(6r — 47t/3) cos(9r — 2tt/3) cos (Or) 


_ iRz{t) 


(7.9) 


Note that 6r — 47t/3 = Or — 2n + 27t/3 so that cos(0r — 4tt/3) = cos (Or + 
27r/3). With the obvious definitions for the matrices C\ and C2(0r), the 
flux linkages are written more compactly as 




isi ( t ) 


iRi{t) 

Tps 2(0 

= C X 

is2 {t) 

+ C2 (Or) 

iR2{t) 

_ V'ssW . 


_ is3(t ) 


_ iR3{t) 


Rotor Flux Linkages 

Using (7.4) for B on the rotor side of the air gap, the rotor flux linkages 
are given by (see problem 2) 


V’iuW — [ 

Jo 


Nr 


sin (/?) 


' r& \ 

/ h'rRB(isuis2,is3iiRuiR2,iR3>'rR, ,QR)d(3' 


dp 


= ^Lr{iri -h isR2 cos(2tt/3) + i m cos(4tt/3)) 


+ 


-M(isi cos (Or) 4- %S2 COS (Or - 27T/3) + %S3 COS (Or - 47t/3)^ 

(7.11) 
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/.27I-/3+7 r at 

(*)=/ — ^sin(/3-27r/3) 

J 2ir/3 Z 

j ZirnB{is\,is2,is3,i’Ri,iR2i *R3, n?, 0, ^R)dp\ 


/2ir/3 

X 


d/? 


^L R (i R i cos(2?r/3) + + IR3 cos(2?r/3)) 


cos(#.r + 27r/3) + is 2 cos(0 R ) + i S z cos(0 R - 27t/ 3) j 

(7.12) 


(■47r/3+7r jy 

V’BsW = / — sin (£ ~ 4?r / 3 ) 

J 471 


/4tt/3 

x( 




is2, ^R1 , ^R2, ^K3, J dfi 


= g£n(im cos(4tt/3) + 2^2 cos(2tt/3) + ^ 3 ) 


+ 


COS(0# + 47t/ 3) -f 252 COS(0H + 2tt/3) + 253 COs(0ft)^ * 

(7.13) 


In matrix form, the rotor flux linkages may be written as 


^ R1 (t) 

2 

1 cos(27r / 3) cos(47r / 3) 


’ iRi(t) ' 

'*pR2(t) 

= ~l r 

cos(27t / 3) 1 cos(27r / 3) 


im(t) 


0 

cos(47T / 3) cos(27r /3) 1 


_ lR3(t) 


cos(0 R ) 

COs(0.R — 27r/3) 

cos(0# — 47r/3) 


cos(d R + 27r/3) 

cos(0 R ) 

cos(0ft — 27r/3) 

is2(t) 

cos(0# + 47t/ 3) cos(0# + 27r/3) 

cos(^) 

_ *S3(i) 


(7.14) 


or, more compactly, 







’>pR2(t) 

= Cl 

ii 120) 

+ #k) 

is2(t) 

. V’flsW . 


iRz{t) 


_ is3{t) 


(7.15) 


where C\ and C 2 are defined as in (7.10). 


Balanced Conditions 

As described above, the source voltages usi(£), 2252 (£)> and 2253 (t) are wye 
connected as are the stator and rotor phases (see Figures 7.5 and 7.6). 
Consequently, it is always true that 

isi(t) + ^S 2 (£) + = 0 
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im(t) + im{t) + im{t) — 0 . 

The currents are then said to be balanced as they sum up to zero. 

Using (7.10) and (7.15) it is straightforward to show that the stator and 
rotor fluxes are always balanced, that is, 

'tfisi W + + ^53(0 = 0 

V’fll (t) + ^R2 (t) + ^RZ (t) = 0. 

(Note that these two equations hold whether or not the currents are bal- 
anced. See problem 4.) 


A 



FIGURE 7.7. Wye-connected stator windings. 


Referring to Figure 7.7, let v AI % = va — v#, v bn( t) = v b — and 
v cn( = v c “ denote the phase to motor neutral voltages. Faraday’s 
and Ohm’s laws give 


V AN 


Rsisi + 


dj> s i(<) 

dt 


Vs„ = + 

Adding these three equations results in 


U AN 


+ V b £j + V { 


CN = R S (isi + iS 2 + * 53 ) + -J t W’si W + ^S 2 (t) + ^S3W) 

= 0 . 


That is, the phase to motor neutral voltages are always balanced. However, 
the voltages that are applied to the motor are the phase to source neutral 
voltages usi(t),us 2 (t ), and uss(t ). The next lemma relates the motor volt- 
ages and v CJ ^ to the source voltages usi(t) i us 2 (t), and uss(t) 

in terms of the voltage drop v$ N from the motor neutral to the source 
neutral. 
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Lemma 

Let ^Ni then 

Usi{t) +US2(t) + Ussit) 

V NN ~ 3 

Proof 3 

Referring to Figure 7.7, write 

nsi{t) - v A — vn — v a.n+ v nn 

'U>S 2 (t) — VB ~ VN ~ v BN V NN 

^53 (^) — V C ~~ V N ~ V CN V NN 

and adding up these three equations, one obtains 

u S i{t) + u S2 (t) + u S s(t) = v Afj + v Bff (t) + v cf f(t) + 3Vfi N 

= %Vft N 

or 

__ U S l(t) + US2{t) + U S 3(t) 

V NN 3 

From this result, the following corollary is easily seen to be true. 

Corollary 

If the source voltages are balanced, that is, 

usi it) + u S 2 it) + U S 3 (t) = 0 

then 

V NN = 0 

so that 

u Sl{t) = V A N 
u S2{t) = V BN 
u Ss{t) ~ V CN‘ 


By the above lemma, it follows that for a wye-connected motor, 

d'jpsiii) 

dt 

d^ S 2 (t) 


J A N 


= usi(t) - Vf [N = Rsisi + 


^ BN — 'U j S2 {t) ^NN R'S'i'S2 i 
V CN ~ ^Szifi) ~~ Vfijjy — Rs^sz T 


dt 

dipszit) 

dt 


where v^ N = 0 if the source voltages are balanced. 


(7.16) 


3 See, for example, Appendix 4.1 of Murphy and Turnbull [9]. 
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Three-Phase to Two-Phase Transformation 

Define a three-phase to two-phase transformation of the voltages by 

Us lit) 
US 2{t) 
US 3(0 


' u Sa (t ) ' 

fo 

1 

cos(27t/3) 

cos(47r/3) 


Usb(t) 

- vl 

0 

sin(27r/3) 

sin(47r/3) 


_ Uso(t) 

V 3 

l/s/2 

l/s/2 

l/s/2 



1 - 1/2 - 1/2 
0 s/3/ 2 —s/3/2 

[ 1 /s/2 l/s/2 1/ s/2 


Usi(t) 

US 2 ( t ) 

uss ( t ) 


If the source voltages are balanced, 

1 


Uso(t) — ^ 7 = (usi(t) + US 2 (/) + US 3 (t)) = 0. 


The inverse transformation is given by 


usi(t) 

US 2 (t) 

US 3 (t) 


2/3 

-1/3 

-1/3 


0 s/2/3 

l /s/3 s/2/3 


USait') 
USb( t) 


-l/s/3 s/2/3 J L uso{t) 
Denote the 3-2 transformation matrix as Q, that is, 


Q 


with inverse 

2/3 0 s/2/3 

-1/3 +l/s/3 s/2/3 
-1/3 -l/s/3 s/2/3 

Q is an orthogonal matrix, that is, Q~ l = Q T ■ Define 


ft) 

■ 1 

-1/2 

-1/2 ‘ 

\ 

0 

s/3/2 

-s/3/2 

V 3 

l/s/2 

l/s/2 

l/s/2 


Q 


-1 


" iSa(t) 


*51 (t) 


^a(^) 


isb(t) 

= Q 

*52 (t) 

7 

**26 fa) 

= Q 

_ iso(t) _ 


_ *53(0 . 


_ ^Hofa) 


A Sa(t) 


’ V»5lW ' 


^Kafa) 


Asb(t) 

= <3 

V’S2( < ) 

7 

Aftfefa) 

= 0 

Aso(t) j 


. . 


Afiofa) 



im ( t ) 

iR 2 ( t ) 

iRz{t) 

V’mW 
i’R 2W 


As shown in problem 4, 


= ~^= (i’Sl (t) + ^52 W + ^S3(*)) = 0 

= (V’fil (*) + lAjeW + ''pRzi/')) — 0- 


(7.17) 

(7.18) 
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As the phases are wye connected, it follows that 


iso(t) 


(isi (t) + is2(t) + isz(t)) = 0 
feiW + iR2{t) 4- = 0. 


Remark If in addition the source voltages are balanced, it also follows 
that 


u so(t) = -j= (u$i (t) + usiit) + usz{t)) = 0 . 


That is, when the source voltages are balanced, all of the so-called zero 
sequence quantities iso(t),iRo(t), Xso(t), and uso{t ) are identically 

zero under the transformation Q and the original three-phase model con- 
sisting of the three phases 1,2, and 3 is now reduced to an equivalent two- 
phase model consisting of the phases a and 6. This is not surprising as the 
balanced conditions imply that there are only two independent variables 
(e.g. } if u S i(t) and us 2 (*) are given, then u S 3 {t) = - +u S 2 (t)) is 

determined). 


In the case when the source voltages are not balanced, the phase to 
neutral voltages of the machine and v C fj transform as 


USa(t) 

fo 

' 1 

-1/2 

-1/2 ' 

' usi(t)-v# N ‘ 

u Sb(t) 

= V 3 

0 

%/3/2 

-V3/2 

US2(t)-V ffN 

. uso(t) - V3v$ n _ 

V o 

_ 1/V2 

l/y/2 

1/V2 

. «53(t) ~ V NN - 


and the dynamic equations for the stator flux linkages (7.16) then transform 
to 


USa(t) 

= RsiSa + 

USb(t) 

= Rsisb + 

^ V NN 

= Rsiso + 


d\sa(t) 

dt 

d\sb(t) 

dt 

dXsojt) 

dt 


(7.19) 


To find the expressions for the two-phase equivalent flux linkages in terms 
of the two-phase equivalent currents, recall that 


V’siW 


isi ( t ) 


im{t) 

i’S 2(t) 

= Ci 


+ ^(Or) 

im{t) 

. ■’Pszit) . 


_ iS3(t) _ 




so that 


' A S a(t) ' 


^Sa(^) 


iRa(t) 

Asb(t) 

= QCiQ 1 

isb(t) 

+ QC 2 {6 R )Q- 1 

im(t) 

Aso(t) 


iso(t) 


_ ino(t) _ 
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" ^5 

0 

0 " 



‘ M cos( 9 r ) 

~Msm(0 R ) 

0 ‘ 


0 

L S 

0 

is b(t) 

+ 

M sin(0 R ) 

M COS (Or) 

0 

iRb{t) 

0 

0 

0 _ 

. iso(t) . 


0 

0 

0 

. iRo(t) 


(7.20) 


or 


Aso(i) = L s i Sa (t ) + M(i Ra (t ) cos(6> fl ) - */»($) sin(0 fi )) 

A S b(t) = L s i sb (t) + M(i Ra (t)sm(0 R ) +i Rb (t)cos(0 R )^ (7.21) 

A 50 = 0 . 

Similarly, the rotor flux linkages satisfy the system of equations 


0 = R R i R i + 
0 = R r i r 2 + 
0 = R R i R 3 + 


dt 

dt 

dt 


so that multiplying this system of equations through by Q results in 

d\R a (t) 


0 = RrIRcl + 

0 = R,RiRb H~ 

0 = Rr^ro + 


dt 

dXmjt) 

dt 

d\Ro{t) 

dt 


(7.22) 


where iro = 0, \Ro(t) = 0. Also, as 


’ V'riW " 


im(t) 


’ isi(t) 

^mi 1 ) 


iR2(t) 



IpRzit) . 


_ iRs(t) 


_ is3(i) . 


it follows that 


A jRait) 




^Sa(0 

Aflfe(0 

- QCxQ- 1 

iRb(t) 

+ qc 3 (- w 1 

isb(t) 

Aro(0 


_ *Ho(0 


_ iso(t) _ 


Lr 

0 

0 ■ 

i R a(t) 

0 

Lr 

0 

iRb{t) 

0 

0 

0 

_ iRo(t ) 



M cos (0 R ) 

M si xi(6r) 

0 ■ 

’ isa(t) 

+ 

~M sin(0 R ) 

Mcos(0r) 

0 

isb(t) 


0 

0 

0 

_ iso(t) . 


(7.23) 



7. Symmetric Balanced Three-Phase AC Machines 427 


or 


A Ra(t) = L R i Ra (t) + M cos (9 r ) + isb(t) sin(0fl)) 

Aftb(^) = L R i Rb (t) 4- M (^-isa(t) sin(0 R ) -fi is&(i) cos(#n)^ (7.24) 
Aro = 0. 


Collecting together equations (7.19), (7.21) and (7.24), the two-phase 
equivalent equations for the stator and rotor currents of a wye connected 
three-phase motor become 

T d . _ _ d ( . 

u Sa — — + Af— j^+2,Ra 

d d ( \ 

usb — Ls—isb + M— sin(0/j) + i.R6Cos(0fl)J + /feist 

■uso = V3v^ N (7.25) 

0 = L R ^i Ra + Afd (+fe a cos(6fe) + isb sin(0 R ) ) + ifei/? a 

d d / \ 

o = Ln dtt iRb + M di \ isa sin ( 0i ?) + isb cos (<9 h) J + 


cos(0 K ) - ij%sin(0H)) + Rsisa 


where iso = 0? im = 0. In what follows, it is now assumed that the voltages 
are balanced so that uso = v^ v nn = 0* In this case, there is a one-to-one 
correspondence between the two-phase variables i $ a , ^S6, im, usa, and 

usb and the three-phase variables 251 , is 2 , is 3 , iru ins, 7 r 3 , usi, ^S 2 , and 
^53- 


Torque 

It was shown above that the stator currents established a radial magnetic 
field in the air gap. The torque produced by this magnetic field on the 
currents in the sinusoidally wound rotor phases is now computed. Recall 
that the stator magnetic field in terms of (3 = 6 — 9r at r = tr is given by 


B s (isi > ^ 52 , is 3 1 r, /?, Or) 


= I£ x 

r=r R 2 g r R 


( isi cos (/? + 0 R ) + isi cos(fi + 0 R - 2ir/3) + isz cos(fi + 6 r- 4ir/3))f . 
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The torque is then (see problem 8) 

tri = ^{r R r) x (i fl i(f)^ sin(/?)d/?(+^z) x (B S[r=rR r ^ 

= ^r R i R1 (t)- sin(/3) (*si cos(/3 + Or) 

+ ( is 2 cos(/3 + Or - 271 -/ 3 ) + is3 cos(/3 + Or - 471 -/ 3 )) dp} z 
= k Tr ^ 1,J ^ rNs iRx{t) (*si(— ?rsin(0 R )) + z S2 7rcos(0rt - ^) 

+ is3(-ncos(9 R + ^)))z 

= -Mi R i(t) (-isi sin(0 R ) + i S 2 Cos( 0 R - -) - i S3 cos(0 R + -)Jz 

(7.26) 


where M = (3/2)nirfj, 0 £i£ 2 NsN R /(8g). The torque on phase 2 of the rotor 
is then 


tr 2 = ^ (r«r) x (i_R 2 (i)^ sin(/3 - 27r/3)d/3(+^z) x (b s | r=rR ? 

= J r R i R2 (t) ^^ sin(/3 - 27 t/ 3) ( k ^^ ~~) X ( cos (^ + 

+ IS 2 cos(/3 + - 27T/3) + is 3 cos(/3 + Or - 47r/3)) d/3z 

vrZx ^NrNs im{t) ( isi (_ 7rcos(0R + ^)) + i S2 (-7rsi n (^)) 


= K- 


+ 7 S3 7rsin(0H + f))z 

2 / 7T 7i" \ 

= g Mi R2 (t ) {-isi cos(0 R + - ) - is 2 sin (Or) + «S3 sin(6> fl + -) Jz. 

(7.27) 

Finally, the torque on phase 3 is computed as 

trz = j Q ( r n f ) x (^R3(t)^Y sin(P - 4n/3)dP(+£iz) x (Asv =t . fi r) j 
= J r R i m (t) ilJ ^ R sin(/3 - 4 tt/3) ^ x ( z Sl cos(/3 + 0/?) 

+ is 2 cos(/3 + 0/j - 27 t/ 3) + is 3 cos(/? + 0 R - 47r/3) j d^z 
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rRtiHoNRNs . , ,, n \ , ■ ■ ( a 77 \ 

= K — t R3 (t) [tsiircos{0 R - -) + zs 2 7rsm(0R - -) 

+ *S3(-' 7rsin(6> fl ))jz 

= | Mi R3 (t ) {isicos(d R - + is2sin(0fi - - i S3 sin( 0 R))z. 

(7.28) 


The total torque is then 


TR = Tri + TR2 + Trz 

= ^M(i R1 (t)(-i S ism(0 R ) + * S 2Cos(0 R - ^) - is3COs(6 R + ^)) 

+ W*) (~*si cos(8r + - ?52 sin((9fi) + i S3 sin(0R + ^)) 

+ *Ji3(£)(*si cos(0r - + *S 2 sin(0R - - i S3 sin(0R ))) . 

(7.29) 

With iso(t) = 0,iRo(t) = 0, substitute 


’ isi(t) " 


iSa{t) 

/o’ 

2/3 

0 

V^/3 ‘ 

(^) 

iS2(t) 

= Q~ l 

isb (t) 

w 

-1/3 

1/V3 

\/2/3 

isb(t) 

. iS3(t) . 


. iso(t) . 

v * 

-1/3 

-1/V3 

v^/3 . 

. iso {t) . 

' iRl(t) " 


’ iRa(t) " 

/T 

' 2/3 

0 

%/2/3 ' 

’ *Ra(<) ‘ 

iR2{t) 

= Q~ l 

iRb(t) 

= vi 

-1/3 

l/v/3 

V5/3 

iRb(t) 

. *R3(0 . 


. iRo(t) . 


-1/3 

-1/V3 

\/2/3 

. iRo(t) . 


into (7.29) to obtain (see problem. 10) 


tr = M^-i Ra (t)i S a(t)sin(8 R ) + iR a (t)isb(t)cos(0R) 

- iRb(t)isa(t) cos(0r) - i R b{t)isb{t) sm(0 R )^ . (7.30) 


Substituting the two-phase equivalent stator flux linkages (7.21) into 
(7.19) and the two-phase equivalent rotor flux linkages (7.24) into (7.22) 
along with torque equation (7.30) gives the following two-phase equivalent 
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mathematical model of a three-phase wye-connected induction motor: 


u Sa 


USb 

0 


0 

dt 


Mr 

dt 


d d / \ 

Ls-Jjisa + -W— COs(0r) - %Rb sin(0ft) J + Rsisa 

d d / \ 

Ls-^isb + y+iRa sin(0n) + iRt cos(0r) J + Rsisb 
Lr^Ro + M — ^+isa cos (Or) + isb sin (Or) j + RrIro, 
Lr— i Rb + M— i Sa sin( 0 R ) + isb cos(d R ) J + R R i Rb 
M (--iR a (t)is a {t) sin ( 6 r) + iR a {t)i S b(t ) cos{d R ) 

- iRb(t)i Sa (t ) cos(i 9 r) - i Rb (t)isb(t ) sin(0B)) - t l 
ojr. ( 7 . 31 ) 


The system (7.31) may be rewritten using a space vector representation as 

Rsis + L s j t i s + Mj t (i R e“’) 

HclR + fee ’•>'•) 

MIm{i s (i R e jeR )*} - t l 

Mr 

dt 

where u s = us a + jusb, is — is<x + jisb, and i R = i Ra -\-jiRb are the space 
vector form of the two-phase equivalent voltages and currents. 

Remarks 

The model (7.31) [or, equivalently, (7.32), (7.33), and (7.34)] is identical 
in form to the model derived for a two-phase motor in Chapter 6. 

The parameters Ls, L R , and M are the two-phase equivalent inductance 
values for the three-phase machine. As seen from equations (7.5), (7.6), 
(7.7), (7.11), (7.12), and (7.13), the actual stator, rotor, and mutual coef- 
ficients of inductance in the three-phase machine are 2Ls/3, 2L R /3 , and 
2M/3, respectively. However, the phase resistances Rs and R r in the two- 
phase model are the same as in the three-phase model. 


Sis 

(7.32) 

0 

(7.33) 

du>R 

dt 

(7.34) 

Ur 

(7.35) 


Simulation of the Three-Phase Machine 

Figure 7.8 illustrates how the two-phase model is used to simulate a bal- 
anced three-phase machine. 
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FIGURE 7.8. Block diagram for simulating a three-phase machine using the 
two-phase equivalent model. 


One simply uses the transformation 


USa(t) 1 a 
_ U Sb (t) 


[2 I - 1 - 1/2 - 1/2 

V 3 [ 0 v/3/2 -y/Z/2 


usi(t) 

US2(t) 

_ U S3 (t) _ 


to obtain the voltages us a (t ) and usb(t ) which are then applied to the two- 
phase equivalent simulation model. The currents is a ,isb, ifta, and im from 
the simulation are then put through the two-phase to three-phase (2-3) 
transformation 



to obtain the (balanced) three-phase stator and rotor currents. 


Zero Component 

The three-phase to two-phase (3 to 2) transformation is given by 

" USa(t ) 1 /o" I" 1 cos(27r/3) cos(47t/3) 1 [" usi(t) 

usb(t ) —Vo 0 sin(27r/3) sin(47r/3) us 2 (t) ■ (7.36) 

. uso(t) J v 6 [ l/y/2 1/V2 l/y/2 J L U S3 (t) _ 

Figure 7.9 shows the three magnetic axes Si, S 2 , and S 3 for the stator phases 
and two orthogonal axes which are denoted a and 6, respectively. Note that 
the Si,S 2 , and S 3 axes are not orthogonal. 
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a axis 
Sj axis 


FIGURE 7.9. Magnetic axes for the three-phase and two-phase models. 

An interpretation of the 3 to 2 transformation (7.36) is that the elements 
of the 3-tuple 

Us lit) 
us 2OO 
. u S3 (t) _ 

are the components of the vector 

Us = u S i(t)e S i + u S 2 (t)e S 2 + u S3 {t)e S3 
with respect to the basis of orthogonal unit vectors 


/o’ 

1 

12 

cos(27r/3) 

l~2 

cos(47r/3) 

/ 3 

0 

i/V5 . 

* §S2 = V 3 

sin(27r/3) 

1 /V 2 

’ ® S3 = V3 

sin(47r/3) 

1 /V 2 


while the 3-tuple 

^ Sa (0 
USb{t) 

_ uso{t) 

are the components of this same vector 

= USa(t)eSa + U S b(t)e S b + ^ 50^50 
with respect to the basis of orthogonal unit vectors 


®Sa = 

' 1 ‘ 
0 

> esb = 

' 0 ‘ 
1 

, 650 = 

1 

0 O 

1 


0 


0 


1 


The third component uso is referred to as the zero component because in 
a balanced three-phase system it is zero. 
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Note that the projections of esi, &S 2 , and e^ 3 onto the ab plane of Figure 
7.9 are in the directions of the Si,$ 2 , and 53 axes, respectively, which are 
not orthogonal. 

Remarks The 3 to 2 transformation (7.36) is also referred to as Clarke ’s 
transformation [6]. The three-phase windings whose magnetic axes are 
shown in Figure 7.9 are magnetically coupled. For example, a current isi in 
phase 1 will produce a net (nonzero) flux linkage in the other two phases. As 
pointed out by Holtz [60], the 3 to 2 transformation has (mathematically) 
replaced the magnetically coupled three-phase windings with an equivalent 
two-phase set of windings whose magnetic axes are orthogonal (in quadra- 
ture) and are not magnetically coupled. That is, a current is a in phase a 
will not produce a net flux linkage in phase b. Often phase a is referred to as 
the direct or d axis and phase b is referred to as the quadrature or q axis. For 
example, in problem 13, a standard model of the induction is given in space 
vector form. In that formulation, the notation (ug d , isd^Sq^Rd^Rq) 
is often used for the equivalent two-phase variables (the superscript “S” 
refers to the “stationary frame”). However, in this book, the dq notation 
is reserved for the field- oriented coordinate system (see Chapters 8 and 9) 
and so the reader must be wary when reading different authors. Further, 
one also sees the notation (user, ugp, iga, is&,iRon iR&) and the notation 
( u S d,us q ,isd,isq,iRd,iRq ) for these same variables. 
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7.2 Steady-State Analysis of the Induction Motor 

The objective here is to find steady-state solutions to the mathematical 
model (7.31) of the induction motor. The space vector representation of 
the induction motor given by (7.32), (7.33), and (7.34) will be used because 
it is especially convenient for this analysis. This presentation is from the 
development in Chapter 10 of Professor Leonhard’s book [1] [2]. 

With U_ s = \U_s \ s = Us& A — s a root mean square (rms) phasor 4 for 
the voltage, a balanced set of three-phase steady-state voltages is specified 
by 


us i 


us 2 


uss 


V2U S cos (cost + ^U-s) 

Y (U-s ej “ st + U*se- j “ st ) 
V2Us cos (cost + ^ V_s ~ 27t/3) 


V2 

2 


(u s e^ ust ~ 27r ^ s>) 4- L r 5e _J ^ st_27ry/3 ^ 
V2 Us cos (ust + ^ LLs — 47r/3) 

se 3(^s t ~^/^) _j^ [/* tt/ 3) j ^ 


(7.37) 


The objective here is to apply these voltages to the motor and find the 
resulting steady-state currents and torque. 


7.2.1 Steady- State Currents and Voltages 

The three-phase to two-phase transformation (7.17) can be represented in 
the space vector form as (see problem 11) 

u S = \jl (ttsi + W 27r/3 + u S3 e j4n/3 ) ■ (7.38) 


Expanded out, this becomes 

Ms = 4 («S 1 + US2 C0s(2-7r/3) + Usz cos(47r/3)) 


+3 4 (us 2 sin(27r/3) + us 3 sin(47r/3)) 


USa + jusb- 


4 In this section, Us — [Usl 1S an rms voltage rather than a peak voltage. This is to 
keep the notation in this section consistent with standard practice. 
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Substituting the expressions (7.37) into (7.38) and using the fact that 
1 + + e^ 87r / 3 = 0 results in 


u s = 

__ (U s ei“ st + U*se~ 3Wst ) 

_| 1_ { U s e>( u st-2ir/Z) _|_ jj*^ e -j{u s t-2Tr/3)\ e J'2ir/3 


+ -k ^J se j(“st-4*/3) + u* se -j(u, s t-4r/ 3)j 3 

V3U s e j “ st . 

This is the voltage to be applied to the induction motor model (7.32), 
(7.33), and (7.34). 

The approach taken here is to look for a solution consisting of a balanced 
set of three-phase stator currents. With I s = |/ 5 | e jZ -s = Ise jz - S an rms 
current phasor, the stator currents take the form 

isi 

= V% Is COS (ust + ZI_ S ) 

= ~ (L s e just + r s e~ just ) 

is2 

— V2Is cos (cast 4- Z£ s — 27r/3) 


— ^J se 3(u s t~2n/S) _j_ j^ e ~j{uj S t- 2tt/3)^ 

iss 

= a/2 Is cos {us t + Zl_ s — 47t/3) 


= (j s e j ( ust ~ 47r /3) -f /* 4 tt/3)^ 


where the three-phase to two-phase transformation results in 


z / 

is " V 3 V 


[ isi + i S 2 e j2n/3 + isse j4 * /3 ) = V3I s e j ‘ 


just 


For the rotor currents, a solution consisting of a balanced set of three- 
phase rotor currents with angular frequency u)g —ujr is sought. With = 
\Lr \ — Ijzei z -R, the rotor currents take the form 

i R1 = ~ (l R eP^ s ~ UR)t +P Re -3(“s-uR)t' s j 

i R2 = ^/ fie 7'((^S-w s )«-2jr/3) _j_' y^ e -i((w s -oi /8 )t-27r/3)'j 


IR3 


2 V 

x/2 


) 


2 V 


( I R e^^ s '~ ujR ^ t ~ 47r ^ 3 ^ -f J*^ e -3((.us-u) R )t- 4tt/3)^ 


Z-R* 


) 


The three-phase to two-phase transformation of the rotor currents results 
in ^ 

iR= ]fl ( im + *« 2ej27r/3 + ^3e J ' 47r/3 ) = VZL R e i{ “ s -“ R)t . 



436 


7. Symmetric Balanced Three-Phase AC Machines 


Finally, with 6n(t) = ojrI, 

i_ R {t)e j6R{t) = VSL R e just . 

7.2.2 Steady- State Equivalent Circuit Model 

The above expressions for the steady-state currents are convenient for 
developing an equivalent circuit model of the induction motor in steady 
state. To do so, the expressions Us — VZH s e^ ust > is ~ VZls ejust i in = 
and i R e? e *W = VZ l R e JUJst are substituted into (7.32) 
and (7.33). After canceling out the terms y/Ze^ st and one 

obtains 

(Rs + jusLs)ls + J^sMIr = U s (7.39) 

(Rr+J(ws —vr)Lr)I_ r + j(ujs -u R ) Mis = 0 - (7.40) 

With w s iip = cos “ wr, define the normalized slip 

g _ Uslip __ U S ~ 

0J S 0J S 

Replace w s Up = — wr by Scur into (7.40) and rearrange to obtain 


(Rs + 3 uj sLs)Ls + j^s^Lr = LLs (7-41) 

(Rr/ S + jcu s LR) l R + jus Mis = (7.42) 

With Lr = (1 + cts)M,Lr — (1 + &r)M, equations (7.41) and (7.42) can 
be rearranged to obtain 5 

(Tis +jws&sM)I_ s +jcosM(Ji s + Lr) = ZZs (7.43) 

(RR/S + jusVRMteR+jwsMUs + Iri = 0. (7.44) 


In this analysis, it was assumed that cus,imr, and therefore a ) s n p = cos — 
ujr are all constant The two algebraic relationships (7.43) and (7.44) may 
be viewed as the result of applying Kirchhoff ’s voltage law to the two loops 
indicated in the equivalent circuit of Figure 7.10. 


R s °rM jRjj/S 



FIGURE 7.10. An equivalent circuit of the induction motor. 


5 Setting Ls = (1 -\-crs)M, Lr = (1 -\-gr)M is just saying that L$ and Lr are slightly 
greater than M. Due to leakage, this is always true as a — 1 — M 2 /(LsLr) > 0. 
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The system (7.41) and (7.42) may be rewritten as 


Rs + J^sLs 

jui s M 

f 1 


Us 1 

jusM 

Rr/S + jojsL R 

[Lr \ 


0 


Solving for l s and l R gives 


(7.45) 



1 

(Rs + j^sLs) ( Rr/S + jusL R ) - ( jwsM ) 2 


Rr/S + JwsLr 

—ju;$M 

r LLs 1 

—jujsM 

Rs + j^sRs 

0 


The input impedance is then 

U_s _ (Rs + joJsLs ) ( Rr/S + jqjsLr) — (jcngM) 2 
Rr/S + jojsL R 

(ju s M ) 2 


Zs = =± 

—S 


= Rs + j^sLs - 


Rr/S + jlosLr 


Using the fact that M = Ls/( 1 +crs) = L R /(l +u R ) and 

a — 1 — , this becomes 

(l + ffs)(l + ff*) 


Zs 


Rs + j^sLs 


Rs + j^sLs 


Rs + j^sLs 


S . , 1 \ 

1 Rr^_ R (l+<Ts)(l + a fi ) 

, , JusLrS 

1 + Rr / 

i . 3/£sSrS_ L 1 

Rr \ (1 + o~5)(l + afl) 

jujsLrS 

Rr 

/, joujsLrS^ X 
Rr 

t , JcosLrS 

V + Rr 


\ 

/ 


Finally, defining S p as 


o a_ Rr 

p gljsLr 


the input impedance may be written as 


/ 


i + ^ ^ 


i + 


_jS_ 

aSp ) 


(7.46) 


Zs = Rs + jusLs 
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With Rs — 0 6 , the stator current phasor / 5 = ULs/Zs becomes 


Us 




jusLs 

( 


G Sri 


\ 1 + s~ r J 


l -S 0 


Iso 1 


1 + a 1 — a 


l-£\ 


2a 

1 + a 1 — a 


2a i jS 
+ SJ 


,—j2 tan~ 1 (S/Sp) 


2 a 


2 a 


(7.47) 


(7.48) 


Here J[ so == LLs/U^s^s) is the no-load current phasor, that is, the current 
phasor when the slip is zero. For convenience, choose U_ s = jUs so that 
/ 50 = Iso = Us/(ojsLs) is real. Figure 7.11 shows a plot of phasor / 5 
versus S/S p . 


Im 



FIGURE 7.11. Circle diagram of the stator current phasor as a function of S/S p 
with Rs = 0. 


As S/Sp varies in the interval — oo < S/S p < oo, the tip of the pha- 
sor I_ s traces out a circle so that Figure 7.11 is referred to as the circle 
diagram. As illustrated in the figure, the tip of the phasor lies on a 


6 This is primarily done so that the expressions that are now derived for the stator 
input impedance, power factor, and torque have a nice form. 
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circle whose center is at Lso^r 0X1 rea 1 axis and whose radial arm is 

_t 1+cr ~j2 tan~ l (S/S r ) 

—SO 2 a e 

The average power P sta tor into the stator from the source is 

^stator = 2tt/u;s J 4- US21S2 + ^53^53) dt. 

Then 

2tt/w s 2-n jujQ . v 

0 0 x 7 


1 /*27r/ a ? 5 -j 

2^ l 2 + + ^L S e j2ust + f/Hse- J ' 2wst ] 

t tt£gIS +ISIs] = MM-} = UsI s cos(ZU s - ZLs) 


dt 


as 


Re{t/ S /^} = Re{|(/ S | e^- |/ s | e -i^} = [C/ s | |/ s | cos(Zf/ s - Z/ 5 ) . 


The angle p = Z.U_ S — Zf s is the angle between the phasors U_ s and and 
is called the power factor angle . Each phase contributes the same average 
power so that the total electrical power into the stator is 


^stator — 3UsIs COs(c^) 


where cos(y>) is the power factor. Using equation (7.47), the power factor 
angle (p is written as a function of S/S p by 


V=4Ls-4s = Z- (tan -1 - tan’ 1 (|-)) - 

The rated slip S r is defined as the value of S that minimizes p or equiva- 
lently, maximizes cos(</?). Solving dp/dS — 0 gives 

S r = ^S p . (7.49) 


Again using equation (7.47), the ratio Is f Iso may t» e written as 



2 



Iso = 


Us 

wsLs 


(7.50) 
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so that at rated slip, the rated current is 


t = w <7 ' 5I) 

Also note that it follows from equation (7.50) that 

lim ± = I 

S—*oo Isq a 

A plot of Is /Iso versus S/S p is shown in Figure 7.12. At rated slip, the 
power factor angle is 

<P r - l P\s=Sr = */ 2 - ( tan_1 (l/v^) - tan -1 (v^)) 
so that power factor is [see (7.57) below] 


cos(<£v) = - 


1 — a 


+ o 


(7.52) 



FIGURE 7.12. Is /Iso versus S/S p , with a — 0.3 and Rs — 0. 

7.2.3 Rated Conditions 

An interpretation to the definition of rated slip and the other correspond- 
ing rated variables is as follows: The balanced three-phase sinusoidal input 
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voltages are constant in both magnitude and frequency. If the motor is op- 
erating at rated slip (done by choosing the appropriate load on the motor), 
then the power into the motor is 


3 Uslsr cos (<p r ) = 3 (7.53) 

\J<7 l+(7 

where ls r — Iso/V^^^i^r) = (I — o)j (1 -f a) as previously shown. At 
rated slip, the power factor cos(v? r ) is at its maximum value so that the 
amount of stator current Is required to achieve the particular input power 
level (7.53) is at a minimum. This power goes into mechanical work and 
losses given by 7 

3 U s I Sr cos (ip r ) = r r u R + 3 RrI r . 

The torque r r and speed u R under these operating conditions are called 
the rated torque and rated speed, respectively. A real motor has the stator 
current losses 3 Rs^s 80 if motor is operating at rated slip, the amount 
of stator current required to produce the rated torque is minimized, making 
this an efficient operating point. 


7.2.4 Steady-State Torque 

Substituting i s — y/SLs ejust an ^ i R (t)e j&R ^ = V^L R e juJst into (7.34) 
gives 

r = MIm{i s (i R ei e «)*} = 3Mlm{L s L R }. (7.54) 


From (7.45), the rotor current phasor is related to the stator current phasor 
by 


. _ jiusM_ 

' h R R /S + ju s L R - s 


(7.55) 


Substituting this into the steady-state torque expression (7.54) gives 


r = 3MIm{/ s I*} = 3MIm(/ s 


joosM 


Rr/S +jvSL R 


Ls 




jusMS 1 

f r juj s M r * | 

= 3MJf Im< 

Rr l 

l -5 Rr/S - jojsL R ~ s J 

ju s L R S i 
Rr ) 


7 Recall that this analysis assumes R$ — 0. The mechanical losses (friction, windage, 
etc.) have also been assumed to be zero in this analysis. 
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Rr 

Recalling that S v — — , this becomes 

au s Lii 


[ JojsMS l+ jS } 


t — 3M/| Im< 


Rr 


(7 Sr > 


** l + iS 


aS \ 


a S, 


v / 


} = 3M/| Im< 


jusMS ( ^ + jS 


Rr 


O' Sr 


1 + 


OSr 


= 3 mi% =3M flS\ 

s ' S \ 2 \IsoJ 


1 + 


OS r _ 


(Iso) 


2 UIsMS/Rr 


1 + 


O Sv 


2- 


Using (7.50), this simplifies to 


1 + 


t = M 


1 +l s: 


\ujsLs J 


1 + 




0 Uj u s M 2 S/R r 0 C7| 5 p /5 w s M 2 5 

wU 2 c /.9\ 2 ulL 2 s S p /S + S/S p R r ‘ 




5^5 


Rewriting M 2 - 


is 


p 

in 


(1 + <7 S ) (1 + O-fl) 

ul 


— LsL r ( 1 — a), one obtains 


r — 3 


a; 


L s (l - o)^4^S 


L 2 S S p /S + S/St 


s ±j s u p 

ul 


Rr 


= 3- 


S p /S (1 - a) S 
' uj%Ls S p /S + S/S p o S p 

U 2 S 1 (1 - o) 


i%L s Sp/S + S/Sp a 


Finally, 


3(1 -a) U 2 


2 a w| L s Sp/S + S/Sp 


p Sp/S + S/Sp 


(7.56) 


where 

a 3 (1 o) U 2 S 
Tp 2 a w| L s ‘ 

This is the well-known torque-slip curve for an induction motor and is 
plotted in Figure 7.13. 
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FIGURE 7.13. rjr v versus S/S p , with R$ = 0. 

For a fixed Us and ws, the torque is a maximum for S — S p . S p is called 
the pull-out slip and the corresponding maximum torque r p is called the 
pull-out torque . This terminology comes from the fact that for S > S p the 
torque decreases as the slip increases. Consequently, if the motor is oper- 
ating at S = S p (putting out maximum torque) and then more load (load 
torque) is added, the rotor speed ojr decreases and the (normalized) slip 
S = ( oo s ~ wr)/ujs increases. But in this situation, even less torque is pro- 
duced so the motor’s speed continues to decrease and the motor ultimately 
comes to a stop. That is, for S > S p the motor is not at a stable operating 
point. On the other hand, if the motor is operating at a slip S < 5 p , then 
putting more load on the motor will decrease the speed, thus increasing the 
slip, but in this case the torque increases. Consequently, the motor keeps 
running at a little lower speed, but with the additional load on it. At the 
rated slip S r — y/crS p , the corresponding rated torque r r is defined as 

a, 2 , 2 _ _ 2y^ 

Tr ~ Tp S/S p + S p /S ls=Sr ~ Tp v ^+l/y/^~ Tp l+a' 

The ratio of the pull-out (or peak) torque r p to the rated torque r r is then 

Tr_ _ Zy/v 
r p 1 -b o' 

This is a measure of the overload capacity in that, with the motor normally 
operating at rated torque, the factor (1 4- cr) / (2 ^/a) is how much the torque 
can be increased before pull-out [2]. It is normally desired to operate the 
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motor at rated slip S r . That is, one picks (“sizes”) the motor so that its 
rated torque is close to the torque load expected on the motor. Then 
motor will put out the required torque while minimizing the stator current 
and, therefore, the Rsl$ l° sses * 


7.2.5 Steady- State Power Transfer in the Induction Motor 

Recall that the power into the stator is given by 

^stator = 3 U S Is COS (tp) 


where 



The power factor may then be written as 
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The power into the stator can now be written as 
^stator = 3 U S Is COS (</?) 



3 U 2 S l- a 2 
2 ujsLs a S p /S + S/Sp 


= V S T. 

The mechanical power produced is 

-Pmech — WrT 

and the difference between the power into the stator and the mechanical 
output power is 


-^stator P nech — (S^S W R )' 7 " — LOqSt. 

Where does this power go? It is now shown that this power is dissipated 
as heat in the rotor windings, that is, ujsSt — 3 I\Rr. To do so, equation 
(7.45) is used to obtain 

(ujsMS\ 2 

j2 _ J 2 _ V Rr l J2 

R (Rr/ S) 2 + w\L\ 1 | ^ ujsLnS y 5 


1 / ^sLrS \ f wsLsS \ 

(1 + gg)(l + &s) V Rr ) \ Rr ) 



I 


2 

S 



I 


2 

S 


2 
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Using (7.50) to eliminate /J, this further simplifies to 

2 t / n \ 2 


r2 

1 R “ 


where 


was used. Then 




cr 


( a) [ aSj Lr f Us V 
. S_V \usLs) 

* l n 


U% (1 - a) aSp 1 

OOqLs <7 Sp , Lr 


s + s v 


1 U% (1 — a) 


S^- 


2lj 2 s Ls o Sp/S + S/S p Rr 


°SvLr a — — Lr 

ousLr 


Us 


o ^ /3 Uo (1 — <j) 2 \_ 

3 rRr _ ( 2 u%L s a S p /S + S/S p ) S “ s - UJsSt ' 

In summary, it has just been shown that 

P stator - -Pmech = (WS - Ur)t = U S St = 3 IrRr. 


The mechanical power may be rewritten as 

r> . . . c.- (1 - S)u S ot2 d 1 ^ or 2 D 

Fmech — MR? — oj — ' 'sS ^^rRr g &*rRr 


so that 


1 — 5 

^stator — Ustator ~ ^Pmech T Pmech. ~ 3IrRr 4 — 3IrRr — 3 1 ^ 


t Rr 


In words, one can view all of the energy put into the rotor as being dissi- 
pated in an “equivalent” resistance of Rr/S = Rr 4- (1 — S) Rr/S where 
the energy dissipated in Rr are ohmic losses due to the rotor resistance 
while the energy “dissipated” in (1 — S)Rr/S is the mechanical energy 
produced by the machine (see Figure 7.14). 
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R s ° S M 



U s M 



l Is* I* 



FIGURE 7.14. Mechanical energy represented as a loss in the resistor )Rr . 


Using the expressions (7.50), (7.51), (7.56), and (7.57), the normalized 
stator current Is/Is r > the normalized torque r/r pi and the power factor 
cos(y>) are plotted versus S/S p in Figure 7.15. 



FIGURE 7.15. Plots of cos(^), r/r r , and Is/Is r versus S/S p with a = 0.3, 
Sr/Sp = y/a — 0.549, and cos(<^ r ) = (1 — cr)/(l+Gr) = 0.537. 
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Efficiency 

The efficiency 8 is defined as 


■nrp • A -Pmech 

Efficiency - — 

Tgtator 


-3 i 2 r Rr 


ot2^R 

3Ir S 


= 1- S = — < 1. 
CJs 


The power input to the rotor that is not converted to mechanical power is 
lost as heat in the rotor windings so it is obviously important to have high 
efficiency. Consequently, the slip must not be too large and this must be 
traded off with the amount of torque required since the torque output goes 
down as the slip is decreased. 


Theory Versus Experiment [1] [2] 

A comparison of the predicted values for the rated slip (7.49), the ratio of 
the no-load current to the rated current (7.51), the maximum power factor 
(7.52) and the steady-state torque (7.56) versus their measured values for 
two motors are reproduced in the tables below from Professor Leonhard’s 
book [1][2]. In the tables, two different 50-Hz motors are used. The first one 
has two poles ( n p — 1) and a corresponding synchronous rotor speed 9 * of 50 
^ x 60 -S^- — = 3000 rev/min. The second motor has eight poles (n v — 4) 

with a synchronous rotor speed of 50 x 60 = 750 rev/min. 

The comparison for the two-pole machine (3000 rev/min) with a — 0.05 is 
shown in the table given in Figure 7.16. 


Quantity 

Predicted Value 
<7 = 0.05 

Actual Value 

S r /Sp 

4o =0.22 

0.20 

^ 50 11 Sr 

Va=0.22 

0.30 

cos(tp r ) 

U^ = 0.90 

1 + <7 

0.90 

ZylZp 

1+ y-2.35 
2 4o 

2.30 


FIGURE 7.16. A table comparing the predicted values of S r , / r ,y? r , an d z r with 
their measured values for a two-pole machine with a = 0.05. From Table 10.2 of 
Control of Electrical Drives, 3rd edition by W. Leonhard, Springer- Verlag, 2001. 
Reprinted with permission. 


8 Remember that Rs = 0 is still assumed. 

9 The synchronous motor speed is the rotor speed with no load and rated frequency 

applied. 
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The comparison for the eight pole machine (750 rev/min) with a = 0.10 is 
shown in the table given in Figure 7.17. 


Quantity 

Predicted Value 
a ==0.1 

Actual Value 

S r / Sp 

-Jo =0.32 

0.30 

*SQ 11 Sr 

Vo 7 = 0.32 

0.40 

cos (<p r ) 

h^ = 0.82 
1 +0 

0.84 

T r^ T p 


2.0 


FIGURE 7.17. A table comparing the predicted values of S r , Ir,<P r , and r r with 
their measured values for an eight pole machine with a = 0.10. From Table 10.2 of 
Control of Electrical Drives, 3rd edition by W. Leonhard, Springer- Verlag, 2001. 
Reprinted with permission. 

The predicted values and the measured values are in very good agree- 
ment. It is interesting to note that these open- loop characteristics depend 
only on the leakage parameter a . This is particularly remarkable as one 
recalls that in the derivation of the model (7.32) — (7.35), the leakage pa- 
rameter a is introduced through the parameter k (<t = 1 - k 2 ) in a pretty 
much ad hoc manner to account for fact that as the air gap is crossed the 
magnetic field spreads out in the axial and azimuthal directions. The non- 
linear differential equation model (7.31) will be seen to be invaluable for 
designing feedback controllers for the induction motor, but a more detailed 
model is needed by machine designers to be able to specify the leakage and 
therefore the open loop operating characteristics of the machine. 


7.3 Mathematical Model of a Three-Phase PM 
Synchronous Motor 

Figure 7.18 shows a sinusoidally wound three-phase synchronous machine 
with a permanent magnet rotor. The derivation of its mathematical model 
is now presented. The stator magnetic field is the same as in the case of 
the induction motor so that it is given by (7.1) which is repeated below. 

&s(isi,is2,is3,r,6) = (isi cos(6>) + is 2 cos (6 - 2n/3) 

2g r \ 

+ iss cos (0 — 47r/3)^r. (7.58) 
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The magnetic field due to the permanent magnet is of the form 


B fi(r, e~e R ) = B m - 5 . C os(0 - e R )r. 

r 


At r = rs this is written as 


Bn(rs, 6-Q r ) = K,B m — cos(<9 - 6 R ) r (7.59) 


where the coupling factor k is included to account for leakage. The quan- 
tities that are to be computed are the stator flux linkages and the rotor 
torque. As the rotor has no windings, the torque is computed by finding 
the torque exerted on the stator windings and then letting f R = — fs • 
Consequently, the computations can all be done with the value of the total 
magnetic field at the inside surface of the stator. 



FIGURE 7.18. Three-phase synchronous machine with a permanent magnet ro- 
tor. 


With Bs and B# given by (7.58) and (7.59), respectively, the total radial 
magnetic field B on the stator side of the air gap is 


&{isi,is2,isz,rs,6,Q R ) = Bs(isiyis2^sz,rs,0)-\-B H (rs,0~9 R ). (7.60) 
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Stator Flux Linkages 

Using (7.60) for B on the stator side of the air gap, the stator flux linkage 
in stator phase 1 is computed as 


V’siM = J sin(0) x hrsB(isi,is 2 ,is 3 ,r s ,$', 6 R )d 6 ,S ^ 

= J fsin W x(/ £irsBs{isi,is 2 ,is 3 ,rs,^)d 6 '^j dt 

+ J ~^ sin ^ X (j e h r sB R (rs,0' - B^d^dd. 


d 0 


The first integral is the same as in the wound rotor case and the induction 
motor so that by (7.5) this evaluates to 


~2~ sin (^ x (f e tir s Bs(isi,is2,is3,rs,0')d6' 


d9 


- 2 M 


l S\ + Is 2 COS 


where 


L S = 


(27r/3) + isz cos(47r/3) j 
3 7T/x 0 li i 2 N% 


8g 


(7.61) 


The second integral evaluates as 
r 0 


f ^fsm(0)[f K.B m — cos(9' - 9 R )tirsd9'\ dd 

JO ^ \^J 0—n TS J 

= [ ~lf sin(0)2/d3 m — sin (9 - 6 R )£ir s d9 
Jo 2 r s 

= Keir R B m N s cos(6 R ) j sm' 1 (9)d9 = K£ir R B m N s cos(e R )- 


niir R B m N s - cos(0 R ) 


= \j 2 K mCOs( 6 R ) 


where 




3 n-n^iB m N s 


(7.62) 


That is, 


V’si W = 3 L s (isi + is 2 cos(2tt/ 3) + z S3 cos(4?r/3) ) + y 3 K m cos(9 R ). 

(7.63) 
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Similarly, 
^52 W 


/.27T/3 + 7T \ 

= / — s m(6> - 2 ti-/ 3) / ^r5S(i5i,is2,i53, r 5 , <9tf)d6U 

J2tt/3 2 yJO-ir f 

= cos(2tt/3) + 252 T 253 cos(2tt/3)) 4- ]j^ K m cos(d R - 2tt/3) 


(0-47t/ 3) ( jf 


-£sfoi cos(4tt/3) 4- 252 cos(2tt/3) 4- 253) 4- W - K m cos{6 R - 47r/3). 


The factor 2/3 in front of L5 and the factor ^2/3 in front of iC m in 
equations (7.63), (7.64), and (7.65) are so that the expressions for L5 and 
K m are the two-phase equivalent coefficient of inductance and back-emf 
constant, respectively, in the two-phase equivalent model. 

In matrix form, the flux linkages may be written as 

^ 51 (£) 2 1 cos(27r/3) cos(47r/3) 251 (£) 

feW = cos(2?r/3) 1 cos(2?r/3) 252 (t) 

^5 3 (£) cos(47r/3 ) cos(— 27t/3) 1 iss(t) 

1" COS (Or) 

4 \ -Km cos (0 R - 2?r/3) . (7.66) 

* cos(0# — 47r/3) 

With the obvious definition for matrix Ci, the flux linkages are written 
more compactly as 

ip siit) 1 r *si( 4 ) i [o r c ° s (^ft) 

feW = Ci is 2 {t ) +\-K m cos(9 R -2n/3) . (7.67) 

_ J L * S3 ^) L cos ( 0 fi “ 47r / 3 ) . 

With the stator voltages usi(t), us 2 pt), and uszit) assumed to be balanced 
and Rs the resistance in each stator phase, Faraday’s law gives 

u si (t) = Rsis l + ^ d p- 

us2(t) = Rsis2 + ^ (7.68) 

USM = R sis3 + *bM. 



7. Symmetric Balanced Three-Phase AC Machines 453 


Three-Phase to Two-Phase Transformation 

The stator voltages are (assumed) balanced and the machine is assumed 
to be wye-connected so that the stator currents are also balanced. The 
three-phase to two-phase transformation defined by (7.17) is again used to 
simplify the flux equations by defining 


iSaity 


’ isi(t) " 


A Sa(t) 


*Psi(t) 

isb (t) 

= Q 

iS2(t) 

1 

^Sb (t) 

= Q 

1ps2 (t) 

_ iso(t) _ 


_ iS3(t) 


Aso(i) 


. Ip S3 (t) . 


where (see problem 4) 


Aso(<) = -j= (ip sitt) + ip S2 (t) + xp S3 (t)) = 0 
iso(t ) = y= (isi(i) +is 2 (t) + is3(t)) = 0. 

The dynamic equations for the stator flux linkages (7.68) then transform 
to 

USa(t ) = RsiSa + ^ ' 

usb(t) — Rs^Sb H ^-1 (7.69) 

uso(t) = Rsiso H ^ ^ • 

To find the expressions for the two-phase equivalent flux linkages in terms 
of the two-phase equivalent currents, recall that 


i>si(t) 


’ is\(t) ' 

[2 

COS (Or) 

1>S2(t) 

= C i 

is2(t) 

+ yl Km 

COS (6r - 27t/3) 

. iPsait) _ 


_ is3(t) _ 

V 0 

cos {Or - 47r/3) 


Then 


(7.70) 


a Sa(t ) 


i Sa{ 0 

[2 

cos(6»fi) 

A Sb(t ) 

= QCxQ- 1 

isb{t) 

+ Q\h;K m 

COS (Or — 27r/3) 

Aso(^) 


_ iso(t) 

V 0 

COS (Or — 47t/3) 


0 

0 

CO 


iSa (^) 


cos 9 fi 

0 L s 0 



“b K m 

sin 0R 

0 0 0 _ 


iso(t) 


0 


(7.71) 

Asa(t) = L s isa(t) + K m cos(0 R ) 

Asj>(f) = L s i S b(t) + K m sm(0 R ) 

Aso = 0. 


(7.72) 
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Collecting together equations (7.69) and (7.72), the two-phase equivalent 
equations for the stator and rotor currents of a wye connected three-phase 
motor become 


USa = L S ~isa + COS (Or) + RslSa 

usb = Ls—isb 4- K m —sin(0n) + Rsisb (7.73) 

uso — 0 

where iso ^0. 


Torque 

The strategy is to compute the rotor torque tr by first determining the 
torque ts that the magnetic field of the rotor’s permanent magnet produces 
on the stator windings and then use tr = —ts- The rotor’s magnetic field 
at the inside surface of the stator is 


Btf(rs, 0 - Or) = KB m — cos (0 - 0 R )r. 


The torque on stator phase 1 is then computed by 


TS 1 


Je TS* X (isi(i)^sin(6»)d6>(+£ 1 z) x [b r | r=rs ? 


= [ r s isi(t)^-^sm(6) ( nB m —) cos(6 - 6 R )d6z 

Je= o 2 \ r s J 




KB m iir R N s 


/ sin(0) cos(# — 0R)d0z 
Je = o 


= K£ir R B m N s -isi(t)sm{9 R )z 


= \l 2 K misi(t) sin(<9^)z 


(7.74) 


where K m is as given in (7.62). 
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The torque on stator phase 2 of the rotor is then 


t S 2 = I r s r x 

1 9=0 
r 


(^S 2 (t)~sin {6 - 2n/3)de(+£ 1 z) x (b r | r=7 . s r)j 

= f r s is 2 {t) ( ' l ‘^ S sin (8 - 27r/3) f KB m — ) cos (8 - 8 R )d8z 
Je = o 2 \ r sJ 

= iS 2 (i)— — ^ [ sin(8 — 2n/3) cos(8 — 8 R )d8z 

. KB m £ x r R N s f 2 * 1 f - , na 2n n \ , • //> 27r ^ j/,- 

= *52 (i) 2 Jo o 2 \ sin ^ 20 ~ “ 3 " ~ Sr ' + sm \° R - ~y)J ddz 


Kl\r R B m N s -i S 2 {t ) sin(0 fi - 27r/3)z 


= \l 2 K mis 2 {t) sin {8 r - 2n/3)z. 


(7.75) 


Finally, the torque on stator phase 3 is computed as 

ts3 = ^r s r x ^i S 3 (t)~ sin(8 - 4n/3)d8(+£iz) x (B R \ r=rs rjj 

= [ rsis 3 (t)^~- sin (8 - 4tt/ 3) ( K.B m —\ cos (8 - 8 R )d8z 

Je=o * \ r sJ 


isz(t) — m ^ R ^ s f s in(0 _ 4tt/3) cos(0 — 0 ft)d 0 z 
* J9 = 0 

. / % nB m £ir R N s f 2v 1 f . , nn 4?r , , . 47r/\ 

: *53 (t) ^ Jo o 2 ( sm ^ 20 “ “g- - 6 r) + sin(0 fi - — ) ij c$z 


= n£ir R B m N s -is 3 (t)sin( 8 R - 4-7r/3)z 


-K’m*53(t)sin(0 fl - 47r/3)z. 


(7.76) 


The total torque is then rs — rsi + t #2 + rs 3 or 
TS = \j\ Krn (? Sl sin (^^) + ^2 sin(0H “ 27t/3) + is 3 si n(0 R - 47r/3)) 


(7.77) 


Substitute 


*S1 (t) 


*5aW 

R 

2/3 

0 

V^/3 ' 

'J Sa (^) 

iszit) 

= Q -1 

*Sb(*) 

= vl 

-1/3 

l/v's 

V2/3 

^Sb(t) 

. *53(«) j 


. *soW 

V 4 

-1/3 

-l/v/3 

V2/3 

^50 (0 


into (7.77) to obtain (iso{t) = 0) 

T5 = K m (*5a sin^) - i S b COS (Or) ) . 


(7.78) 



456 


7. Symmetric Balanced Three-Phase AC Machines 


The torque on the rotor is then 

tr = -Km(i Sa sin(0 R ) - i si) cos(0 fl )). (7.79) 


Substituting the two-phase equivalent stator flux linkages (7.72) into (7.69) 
along with torque equation (7.79) gives the following two-phase equivalent 
mathematical model of a three-phase wye-connected permanent magnet 
synchronous motor 


USa 

usb 

du)R 

dt 

d6n 

dt 

which simplifies to 


Ls—jr + COS (Or) + Rsisa 

dt dt 

Ls ^ + K m j t sin (0 R ) + Rsisb 

K m (i S b cos( 6 r ) - i Sa sin (<?*)) - t l 

ojr (7.80) 


J disa 
S dt 
. - disb 

s ~dT 

T dojR 
dt 

dOji 

dt 


-Rsisa - K m u R sin(0R) + u Sa 
-Rsisb + Km^R COS (Or) + Usb 
K m (isbCOs(0 R ) - i Sa sin(0 R )) - r L 
ojr. (7.81) 


Figure 7.19 is a block diagram for using the two-phase equivalent model to 
simulate the three-phase model. 

Remark 

With L = (2/3 )Ls, and K — ^2/ZKm, the three-phase flux linkages can 
be written in a standard three-phase form as 


’ '•Psi ' 


L 

-L/2 

-L/2 ~ 

" *S1 " 


cos(6r) 

^P S3 

— 

—L/2 

L 

-L/2 

is2 

+ K 

cos (Or — 2n/3) 

. S3 


-L/2 

-L/2 

L 

- 


_ COS (Or - 47T/3) 


(7.82) 


so that 


L 

-L/2 

-L/2 " 

disi/dt 


-L/2 

L 

-L/2 

dis2/dt 

= Kljr 

-L/2 

-L/2 

L 

_ diss/dt _ 



-Rs 


sin {Or) 

si zi(0r - 27t/3) 
sm(0fi - 47t/3) 


isi 

is2 


+ 


Us 1 
US2 
US3 


(7.83) 



7. Symmetric Balanced Three-Phase AC Machines 457 



FIGURE 7.19. Three-phase PM motor simulated using a two-phase equivalent 
model. 


The torque is then written as 


r R — —K(isi sin^ft) + i $2 sin(#ft — 27r/3) T isz sm(9 R ~ 47r/3)^ . 

(7.84) 


As the currents are balanced (i S i + %S 2 + isz = 0), equation (7.82) may be 
rewritten as 


V’si 


' 3L/2 

0 

0 


*S1 " 


cos (Qr) 

V’S 2 

= 

0 

3L/2 

0 


is2 

+ /f 

cos(0 R — 27t/3) 

. ^S3 . 


0 

0 

3L/2 


*S3 


cos(0fj - 47 t/3) 


(7.85) 

and equation (7.83) becomes 


disi/dt 

_2Rs 
q r 

*S1 " 

2K 

+ sT ujR 

sm(e R ) 

disildt 

is 2 

s'm(d R - 27r/3) 

disz/dt _ 

O JLy 

isz 

_ sin(0R - 47r/3) 


4 - 


21 
3 L 


us 1 

US2 

uss 


(7.86) 
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7.4 Three-Phase, Sinusoidal, 60-Hz Voltages* 

Electric machines and power systems have been around for over 100 years. 
Basic choices in construction and operation of these systems were made 
along the way. In North America, this has resulted in a power system pro- 
viding three-phase sinusoidal voltages operating at 60 Hz passing through 
three-phase transformers to power three-phase induction motors, light build- 
ings, and so on. Why these specific choices? The answer to these questions 
are given in the book [61] by Laithewaite and Freris and are summarized 
below. 

7.4-1 Why Three-Phase ? 

Modeling has been done of both two-phase and three-phase AC machines. 
One could consider a four-phase machine as well. Why are most electric 
machines three-phase? To answer this question, consider a simple generator 
shown in Figure 7.20 where a single-phase winding consists of three loops 
with one of the loops having a side in the slot at 9 = 7t/3 (the other side 
of this loop in the slot at 0 = 47t/3), another one at 6 — 7r/2, and the third 
one at 6 — 27r/3. 

ji/2 



FIGURE 7.20. Computation of the emf in a distributed winding. 

Consider the rotor to be a permanent magnet with the magnetic field in 
the air gap given by 

Bfi(0 - 0 R ) = B max — cos(0 - e R )r. 
r 

With dS = rsd6d£ ? and the rotor moving at a constant angular speed so 
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that Or = uiRt, the flux in the loop at Q{ is 

pti f9=0i 


[ Bft • dS = f 1 I ' B m&x — cos(<9 - 6 R )r- (r s d9dlt) 
J Jo Je^Oi-TT T s 

2^i r R B m&yL sin(0; - Or). 


Loop from 

$i~ 7T to Bi 


With Or = ujRt, the corresponding emf is 

C* t = = Lnax COB0* - 0i) = Ref^e*"**"^} 

where V^ax = 2t\r RB mdiX uj r. Denoting the three loops shown in Figure 
7.20 as phase 1, the total emf generated in this phase is 

£i = V max Re{e j(a ' Rt_,r/3) + e j( “ Rt " 7r/2 ) + e J(^ft‘- 2ir /3) j 

= V max Re{e^ Rt (e~ j * /3 + e~ j7v/2 + e^ 2,r/3 ) } 

= VJnax (1 + VS) COs(o ) R t - 7r/2) 

as e -W3 + e -iir/2 + e -j27T/3 = (! + v /5) e -J«-/2. 

On the other hand, if all three loops were located in the single pair of 
slots at 9 = 7t/ 2 and — 7r /2, then the generated voltage Ci would be 

Ci = 3K max Re{e^ Rt e-^/ 2 } 

= 31/ max cos (uj R t - 7t/2). 


The ratio of these two voltages is then 


ii 

Cl 


1 + y/3 
3 


0.91. 


That is, by spreading the loops along the inside periphery of the stator, 
the voltage generated is about 91% of the voltage that would result if 
all the loops were put in the same slot. Why spread out the windings? A 
fundamental problem that limits the output power of an electric machine is 
the amount of heat it generates. So as to not damage the winding insulation 
by overheating, the amount of heat generated must be limited, and this is 
directly related to the amount of current in the windings. The addition 
of a fan on the rotor of the machine greatly enhances the heat transfer 
(removal) so that much larger currents could be used in the phase windings. 
(The payoff of being able to have larger currents in the windings greatly 
outweighs the loss of power due to the drag of the fan.) However, even with 
a fan, the amount of current in a winding at any location of the stator is 
still limited. With a current is in a phase winding, putting all three loops 
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at one location will generate three times the heat of putting just one loop 
at the one location. So, if more windings (loops) are desired to obtain a 
greater generated voltage, they must be distributed around the periphery 
for cooling (heat transfer) to avoid overheating the insulation. 

The above analysis is now generalized to distributing the loops around 
the complete inner surface of the stator. Reiterating, to obtain more gen- 
erated voltage out of the machine without overheating it, the loops must 
be distributed along the inner periphery of the stator. 


Single Phase 

First consider the case of a single-phase machine where Ns stator loops are 
equally spread around the complete 2tx radians of the inner stator surface 
as shown in Figure 7.21(a). 


AO 



FIGURE 7.21. A single phase machine with a total of Ns turns/loops, (a) The 
first loop has sides 1, the second loop has sides 2, and so on. with the final loop 
having sides Ns—N' s . These loops are all electrically connected in series to make 
up the single-phase winding, (b) The phasors for each loop. 


The top sides of the Ns loops are placed in slots on the inside surface of 
the stator core at 


9i = (i- 1) A 0 for i = 1, ..., Ns (7.87) 


where A# = n /Ns and the other side of each loop is at the diametrically 
opposite side of the stator. Then the total voltage £ lph generated in this 
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single phase is 



is the voltage phasor for loop i — i f and 


—Iph 

i — 1 

is the phasor for the total emf generated in the phase. 

With Ns large (so A 9 = 7r /Ns is small), the phasors in Figure 7.21 put 
end to end trace out (to a good approximation) a semicircle as illustrated 
in Figure 7.22 with their sum £ lph = being the diameter of the 

semicircle. 

On the other hand, if all Ns loops are in the single pair of slots at n/2 and 
37t/2, the generated voltage is (V_ l = F max for the single-phase machine) 

Ciph (t) = Re{ (NsV ^/ 2 ) } = Re{c iph e^‘ } 

with the magnitude of this voltage phasor given by 


— Iph 


N s 


= |JVs£xl = £l^l 


i— 1 


With r the radius of the semicircle, £ . 

7 j— Iph 

7rr of the semicircle. It then follows that 


is just the circumferential length 






i=l 


= 2r 


N s 

£lXil = w 

i= 1 


or 



- = 0.636. 

7T 


That is, for a single-phase machine, only 63.6% of the voltage is obtained 
distributing the Ns loops over the inner stator surface compared to being 
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able to put all Ns windings at a single location. However, the distributed 
winding can carry a much larger current without overheating and damaging 
the conductor insulation compared to having all the windings concentrated 
in one pair of slots. 



FIGURE 7.22. A geometric representation of the phasor sum £ iph = X^fiYt* 
The diameter of the semicircle is | Yli~i Y» J = 2r while its circumferential length 
^ Ef= S ilY,i=7rr. 

Two Phases 

For a two-phase machine with phases 1 and 2, the N$ loops of each phase 
are distributed over only 7 r radians; that is, with A 0 = 7r/ (2 Afe), the top 
side of the loops of phase 1 are in the slots at 

Oi = ^ + (i - 1)A0 for i = 1 , Ns 


as shown in Figure 7.23(a). 
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where r is the radius of the circle. 

If all Ns loops are in a single-slot pair at 7r/2 and 37 t/ 2, the generated 
voltage is {V_ x = V mAx e~^ 7V ^ for the two-phase machine so that V x e ~ ■ ?7r / 4 = 

Knaxe"^/ 2 ) 

C 2p hto = Re{ ( NsV^-^y } = Re{c 2ph e^«‘ } 
where the magnitude of this voltage phasor given by 


-2ph 


N s 

= \N s Vi\ = £ 

i = 0 


27rr 

~ 


as it is just the circumferential length of the quarter circle. The ratio of the 
magnitude of these two generated emfs is 


— 2ph 


— 2ph 


2\/2 


7T 


= 0.9. 


Three Phases 

For a three-phase motor with phases 1, 2 and 3, the Ns loops of each phase 
are distributed over 27 t/ 3 radians. With A 6 = i r/ (3 Ns), the top side of the 
loops of phase 1 are in the slots at 

0i = 7: + {i — 1) A0 for % — 1, ..., N s 

o 

as illustrated in Figure 7.24. The total voltage £ 3ph generated in phase 1 is 






= Re fe P h e 




Re 


(Is 


^3ph 


where 


V — V p~Ni — \ / 

j—i — r ma xe — v m 


e -j(a-i)Aff ) 


(7.90) 


is the voltage phasor for loop i—i f and 


isph 


N s 

E* 

7=1 


is the phasor of the total emf generated in the phase. 
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FIGURE 7.24. (a) Distributed three- phase windings, (b) Phasor diagram of the 
voltages in each loop of phase 1. 

With Ns large, the phasors V z put end to end trace out a sixth of a circle 
and the sum ¥-i 1S a chord of this circle as shown in Figure 

7.24(b). The magnitude of the phasor is given by 



Ek, 


i— 1 


2r sin(7r/6) = r 


where r is the radius of the circle. 

If all Ns loops are in a single-slot pair at 7 t/ 2 and 37r/2, the generated 
voltage CsphM is given by (V^ = U max e _J,7r / 3 for the three-phase machine 
so that V_ x e-^/ & = V max e^ n / 2 ) 

<3 P h (t) = } = Re{C 3ph e^^ } 

where the magnitude of this voltage phasor given by 
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as it is just the circumferential length of the sixth of a circle. The ratio of 
these generated emfs is 


^3ph 

^3ph 


- = 0.955. 

7 r 


Four or More Phases 


Consider a four- phase machine where the N$ loops of each phase are dis- 
tributed over 7t/2 radians, that is, with A 6 ~ n/ (8Ns), the top side of the 
loops of phase 1 are in the slots at 

<?; = ! + (*- 1)A0 for i = l,..., Ns- 


The ratio of the voltage 



generated in the distributed windings to the 


voltage 


^4ph 


generated if all the windings are in a single slot is 


^4ph 

j^4ph 


2rsin(7r/8) __ sin(7r/8) _ 

ttt/(4) tt/8 0,975 


In general, for a machine with n p h phases, the ratio is given by 



2r sin 


2 r 



2 n ph 



7T 


2 Tlph 


1 as n p h — ► oo. 


Finally, for a machine with n p h phases and Ns large, the sum Y.i 
from each phase spans a circumferential length of (1/2) (2 7rr/n p h), which 
is approximately NsV m&x , that is, 


1 27rr 

2 Tlph 


NsVm&x 


N S Vr nax 
7r/ (2 Tlph) * 


Comparison 


The table below summarizes the results of computing the ratio of the mag- 
nitude of the voltage in a distributed winding to that of a concentrated 
winding when the number of phases is 1, 2,3, and 4. 


Uph 

—nph / —nph 



1 

0.63 6 

2 

0.900 

3 

0.955 

4 

0.975 
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The quantity Ns denotes the total number of loops per phase so that 
total number of loops in a machine with n p h phases is iV tota } = n p hNs . 
To make a comparison of the voltage output of machines with different 
number of phases, it is assumed that the total number of windings AT total is 
the same in each machine. For example, in a three-phase machine, the Ns 
loops of each phase are distributed over 27 t/ 3 radians making full use of 
the inside stator surface with N tota i — 3iVs. In a three-phase generator, all 
the available surface area of the inside stator surface is used and the three 
independent phase voltages coming out of the machine produce 95.5% of 
the voltage compared to putting all the windings of each phase in a single 
pair of slots. 

A comparison of the machines is done on the basis of the power that 
can be produced. That is, all things being equal other than the number of 
phases, how do the number of phases impact the amount of electric power 
that can be extracted from the machine? The three-phase, two- phase and 
single-phase machines are now considered in this context. 

Let 


CsiW 


is2^) 

= Re] 

L^3ph e 6 ; 

^S3^) 

= Re] 

f,-j4n/3 p jui R t\ 
l^3ph e e j 


be the generated voltages with £ = ¥-i the sum °f the phasors in 

phase 1. 

In a three-phase machine, the generated output power is 


P3phase = isitsi + ^S2^S2 + i S3^S3 


and, in steady state with Or = urI and a balanced load, the currents 
constitute a three-phase balanced set of the form 


isi = I cos (w R t + Z| 3 ph - </> 3ph ) 

1 5 2 = I cos (uj R t - 2tt/ 3 + Z| 3ph - 4 > 3ph ) 

1 5 3 = I cos (u) R t - 471-/3 + Z| 3ph - <j> 3ph ). 
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Under these conditions, the output power is constant and equal to 
phase = *Sl£si + *S 2 <?S 2 + *S3^53 

= E ^-N s V m&x I (cos (u R t + Z| 3 ph ) cos (w*i + Z^ - 0 3ph ) 
+ cos(u R t + Z|3 ph - 2?r/3) cos(u > R t - 2tt/3 + Z| 3ph - </> 3ph ) 

+ cos(u j R t + Z|3 ph - 4tt/3) cos (u R t - 4tt/3 + Z^ - <p 3ph ) ) 
3 sin(7r/6) _ r __ _ , , x 

— 2 -^sKnax-^ c Os(03 ph ) 

= (0.955) ~ A^otal^max^ COsC^Spjj) 


where iV to ta i = 3Ns in a three-phase machine. 

In a similar fashion, let 

(sM = »»{&„»«*"•■} 

fe(t) = Re{« iph e-" / V"'»} 

be the generated voltages in the two-phase machine where £ 2ph = 
is the sum of the voltage phasors of phase 1. It is straightforward to show 
that the power in a two-phase machine is constant and given by (iV total = 
2Ns in a two-phase machine) 

P2 phase = ^Sl^Sl + ^52^52 

= Ns S -^ V^l(cos { . R t + Z| 2ph ) cos( WH « + Z| 2ph - <P 2ph ) 

+ COS ( 0 J R t + Z| 2ph - |) cos (u R t + Z^ 2ph - | - 4>2 P h)) 

1 Sin(7T/ 4 ) AT x 7 T /, X 

_ 2 7r/4 ^totalKnax^COS(02 p h) 

= (0.9) — A^totalUnnax-^ COs(</> 2 ph)* 


In a single-phase generator, there would be iV tota i windings distributed 
around the inner stator surface. The power is not constant in this case as 


fed) - R*{« lpl e , "«*} 

i S i = Icos(u R t + Z£ lph - <^ lph ) 
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and 


Psingle-phase 


£si*si 

(■/VtotalV'max COS (w R t + Z| lph ) ) (i COs(uJ R t + Z£ lph - <f> i ph ) ) 

(cos(0 lph )+ COS (2wfli+2Z| lph -^ lph )). 


The average power is 


a 1 f 

(Psingle-phase) = ^2/K J ^single-phase (bJ r£) 

~ (0-h4) -zN tot& \V m&x I cos((/) lph ). 


For the same-size machine (that is, air gap length, rotor radius, stator ra- 
dius, axial length, etc.) with the same total number of windings, the same 
current in the windings and operating at the same power factor (so that 
^iph = 4> 2 P h = 03 P h)> single-phase machine can (on average) only gener- 
ate 0.64/0.955 or 67% of the power of the three-phase system. Similarly, the 
two-phase machine can only generate 0.9/0.955 (94.2%) of a three-phase 
system. A three-phase machine can generate 95.5% (0.955) of the power 
that an ideal machine with an infinite number of phases could produce. Go- 
ing to a four-phase machine results in a gain of only 2% compared to a three- 
phase machine (that is, p 4p hase = (0.975/0.955)p 3p hase = (1.02)p 3pha se)- 
This analysis shows that a three-phase generator is a good trade-off be- 
tween complexity (that is, number of phases) and the achievable output 
power of the machine. 


Sinusoidally Wound Stator 

The windings in a practical machine can be approximately sinusoidally 
wound in two layers as illustrated in Figure 7.25 (see also Figures 7.1 and 
7.2). As shown previously, the windings are distributed this way so that 
the radial magnetic field in the air gap produced by the stator currents is 
(approximately) sinusoidally distributed in space (as is the magnetic field 
due to the rotor currents). Note that the periphery of the inside surface of 
the stator has the loops evenly distributed (in two layers) over the complete 
circumference. 
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FIGURE 7.25. Three-phase sinusoidally wound PM synchronous motor. 

In this case, the voltage produced by phase 1 is (see Figure 7.2) 

^ = y max Reje' (ajRt_7r/3) + 2e J ' (WRt-7r/2) + e j( “ Rt " 27r/3) ) 

= ^ max Re{e JajR * (e~ jn/3 + 2e _j7r/2 + e^' 2,r/3 ) } 

= Vmax (2 + \/3) cos (u R t - 7r/2) 

where e“ J7r / 3 + 2e “ j7T ^ 2 + e~ jf27r ' /3 = (2 + v / 3)e"* ?7r / 2 , a;/? = dO R /dt , and 

Idnax = ^iiV RB m a X UJ r. 

This can be compared to the voltage produced by putting all four wind- 
ings in a single slot where the ratio of the magnitude of these two voltages 
is (2 -f a/3)/4 — 0.933. 

On the other hand, if only one layer was used, the four loops would 
be evenly spread over 2n/3 radians. The resulting voltage would then be 
(A9 = = ft, 0, = |f + (i - l)ft for i = 1, 2, 3, 4.) 

Cl = Knax Re je^^ -97 ^ 24 ) + e j( w Ht“ll7r/24) _|_ e j{u R t- 13tt/24) 

_j_ e AwR*-157r/24) | 

= ^max Reje^* 4 (e~ j9 * /24 + e ~ jllv/24 + e ~ jl37r/24 + e - jl5n/24 ) } 

— Knax (sin(97r/24) + sin(ll7r/24) + sin(137r/24) + sin(157r/24) ) 

x cos (ujfit - n/2) 

= 3.83U max cos (uj R t - 7t/2) 

and the ratio would be 3.83/4 = 0.958. Though this gives a higher voltage 
output, this configuration requires 24 slots (one side of a loop in each slot) 
compared to the one of Figure 7.25 which requires only 12 slots (two loops 
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in each slot). The mechanical integrity of the machine usually favors going 

with 12 slots as there is more stator iron between the slots in this case. 

7.4.2 Why AC? 

Why is the power system AC and not DC? A three-phase generator sup- 
plies constant power by producing three balanced sinusoidal voltages to 
a balanced three-phase load. Historically, the use of AC power was im- 
portant for efficient distribution of electric power over long distances. To 
explain, consider a three-phase generator connected to a balanced three- 
phase power line which is then connected to a balanced three-phase load. 
Let the output voltages of the generator be of the form 

vsi = V cos {u)t — 7r/2) 

VS 2 = V cos(u;t — 7 r /2 — 27r/3) 

VS 3 — V cos(u)t - 7r/2 - 47r/3) 

and the corresponding currents are of the form 

%s\ — I cos {ujt — 7r/2 — (j>) 

is 2 = I cos(u)t — 7t/2 — 27r/3 — <f>) 

iss = I cos(u;t — 7t/2 — 47r/3 — <j>). 

The frequency a ; = 2i if is constant at 60 Hz (50 Hz in Europe). Here the 
quantities I and <j> depend on the values of the inductances and resistances 
of the generator, the transmission line, and the load as well as the operating 
frequency. The power delivered by the generator is then 

3 

Pgenerator = PSl^Sl + PS2«£2 + = 'jV I COS (</>). 

Let the power line have length £ and let R denote the resistance per unit 
length in each phase of the power line so that the average electric power 
lost in the line is then 

Plost = 

The power delivered to the load is then 


Pload — Pgenerator Plost — 2^^^ 

For a given total resistance iR in the line, one keeps the loss down by 
delivering the power using as little current as possible. For a given power 
factor cos (<f>) (fixed by the impedances of the load and power line), the 
power delivered |F7cos(0) depends on the product VI. The generator 
is designed to put out a large voltage V (accomplished by putting many 
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turns in each stator slot and having a strong rotor magnetic field 10 ) so 
that the current is (relatively) small and yet the generator still delivers 
the requisite power needed by the load. 11 However, though the power is 
efficiently delivered to the load, the voltage is too large to be used by the 
consumer (industrial or home). As this power is AC, it can be stepped 
down by a transformer to a level that can be used by the consumer for 
lighting, running motors, and so on. 12 The induction motor was (and still 
is) so important because it could be started and run open-loop off of a 
three-phase AC power supply. 13 (The synchronous motor would not work 
because it cannot be started by direct connection to a three-phase 60- Hz 
AC source and can stall out of control quite easily under changing loads 
when run in open loop.) For these reasons, AC power won out over DC 
power many years ago. An interesting article on this history is Ref. [62]. 


7-4-3 Why Sinusoidal Voltages? 

The question still remains as to why sinusoids for the voltages. The voltage 
out of the generator will be periodic as long as the generator is run at 
constant speed. Why is the rotor iron designed to produce a sinusoidally 
distributed magnetic field in the air gap resulting in sinusoidal voltages 
induced in the sinusoidally distributed stator windings? Again, the answer 
to this question is provided in Laithwaite and Freris [61]. It comes down 
to the fact that sinusoids are the only signals that can be passed through 
a stable linear time-invariant system and still be sinusoids. For example, 
consider the transmission of the power through a transformer. Let the three- 
phase output voltages of the generator be of the form 

vsi ~ V cos (cut) 

v $2 = V cos(u;£ — 27r/3) 

U53 = V cos(ojt — / 3 ) . 


10 V" OC A to talFmax — A^otal 2£ir RBm&xW r 

11 As pointed out in Ref. [61], it is still a tradeoff in the sense that the higher the 
voltage adopted, the higher costs in the insulation for the power lines, the higher the 
transmission towers, the wider the right-of-way for the transmission lines, and so on. 
This cost must be traded off with the cost due to energy losses in the power line. 

12 Of course, transformers don’t work with DC voltages and it was only in the latter 
part of the 20th century that power elecronics has provided the means to step down DC 
voltages. 

13 The argument for the DC generation was that the DC motor could be employed 
by the end user. However, as the voltage could not be large in order to run the DC 
motor, the transmitted voltages from the DC generator must be (relatively) small. The 
losses in the power lines delivering this DC power (low voltage and high current) over 
large distances are so great that a DC power grid would have required building a power 
station every 2 kilometers or so! 
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Let these voltages be input to a transformer in the power system so that 
with N 2 /N 1 the transformer ratio, the output voltages are then 


Vs 1 = vr si 

, n 2 

VS2 = J^ V S2 

, n 2 

V S 2 = ^32 

for an ideal transformer. The corresponding transfer function of the ideal 
transformer is then [see Figure 7.26(a)] 


^ideal(jh^) — 


Vsi(ju) 


N 2 

Ni' 


However, real transformers are not ideal. Figure 7.26(b) shows an equiv- 
alent circuit model for a nonideal transformer connected to a resistive load. 


N r N 2 




FIGURE 7.26. (a) Ideal transformer, (b) Nonideal transformer whose primary is 
connected to one phase of a three-phase source and whose secondary is connected 
to a load. 

With 

no — R1R2 + R\Rl 

Q>\ ~ L^Ri + Lm Rin + L(>\R 2 + L m-^2 "h R^lR\oa,d T Rl 

a 2 — LnL£2 + L/£2Lm + LpiL^v? 

b\ 71 Rl Lm 

n = N 2 /N 1 

the transfer function of the nonideal transformer is 

G(s) 4 Yiiiil = hi 

Vsi (s) a 2 s 2 + a\s + ao ’ 
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The output voltages are then 

VLi(wt) = \G(juj) \ V cos (cot + ZG(juj) j 

VL 2 {wt) = |G(ju;)| V cos^cut — 2n/3 -f ZG(ju) ^ 

VL 2 (wt) = \G(joj)\ V cos (tot — 47t/3 + ZG(jco) j 

which is still a balanced three-phase set of sinusoidal voltages! That is, they 
are sinusoidal voltages of the same form as the input only shifted in phase 
by ZG(ju) and scaled in amplitude by the factor \G(ju))\. In particular, 
a three-phase induction motor is designed to run efficiently off any three- 
phase set of sinusoidal voltages. 

Suppose the generator produced a periodic waveform wsi {wt) that is not 
sinusoidal. The waveform w$i {u)t) can be expanded in a Fourier series as 

oo 

wsi(cot) = ^ A n cos (nut + $*) 

n— 1 

where A\ ^ 0 and A n ^ 0 for some n > 2 (in the sinusoidal case, A n = 0 
for all n > 2). When passed through the (nonideal) transformer, the output 
voltage will then be 

oo 

w' sl (ojt) = E A n \G(jnu)\ cos (nuit 4- <$>i + ZG(jnuj) ^ . 

n=l 

The output waveform is distorted when compared to the input waveform 
as the different harmonic components ( n = 1,2,...) of the waveform are 
shifted in phase by different amounts ZG(jnuj) and are scaled in amplitude 
by different amounts \G(jnu)\. As a result, the output waveform does not 
have the same shape as the input voltage. 

Of course, in addition to transformers, the generated power goes through 
transmission lines that are effectively modeled by RLC circuits and are 
also stable linear time-invariant systems. As long as the output voltage of 
the generator is a pure sinusoid, it may pass through any number of such 
systems and remain a pure sinusoid. 

By designing the generator to produce a balanced set of three-phase 
sinusoidal voltages and designing the motors to run off of a balanced set of 
three-phase sinusoidal voltages, the transmission line and the transformer 
between the two will still output a (stepped-down) balanced three-phase 
set of sinusoidal voltages to provide the right match between the two. 

7.44 Why 60 Hz? 

The use of 60 Hz for the frequency of a power system is trade-off just as 
all the other choices in a power system [61]. A 10- Hz source would provide 
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too much flicker in electric lights as perceived by the human eye to be of 
use. However, 50 Hz or 60 Hz is of high enough frequency so that no flicker 
is perceived. As far as an upper limit in frequency, note that the angle 
< p between the voltage and current increases as the operating frequency 
increases so that the power factor cos (<j>) goes down at higher frequency. 
Further, the upper limit in frequency is also limited by losses and resonance 
problems. For example, in the iron of electric machines and transformers 
connected to a power system, the hysteresis losses go up in proportion 
to the frequency (p hys teresis_ loss /volume = ^ § cycle HdB) while the eddy 
current losses go up in proportion to the square of the frequency. Further, 
the distributed inductances and capacitances in the power line result in a 
transfer function for the power network that can have resonances at high 
frequencies, and thus the operating frequency of the power system must 
be well below any such resonant frequencies. Airplanes typically have a 
400-Hz power system, but as the power system is spatially contained, such 
resonances can be avoided by design. In the case of aircraft, using a power 
system with higher frequency reduces the amount of iron, and therefore 
weight, required in transformers, which is obviously important. 


Problems 

Calculations 

Problem 1 Stator Flux Linkages 

Carry out the integrations to compute the expressions for the stator flux 
linkages given in equations (7.5), (7.6), and (7.7). 

Problem 2 Rotor Flux Linkages 

Carry out the integrations to compute the expressions for the stator flux 
linkages given in equations (7.11), (7.12), and (7. IS). 

Problem 3 Balanced Conditions 
Show that 


1 -f cos(27r/3) 4- cos(47r/3) = 0 

sin(27r/3) + sin(47r/3) = 0 

1 + e J ' 27r/3 + e j4n/3 = 0 

COS (Or) + COS {Or — 27r/3) -b COS (Or — 47r/3) = 0 

COS (Or) + COS (Or + 27l/3) + COS (Or 4- 4tt/3) = 0 

Problem 4 Balanced Conditions 

Using the identities from problem 3, and equations (7.10) and (7.15), 
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show that 


+ + = o 

+ = 0- 

Problem 5 Three-Phase to Two-Phase Transformation 
Verify equation (7.20). 

Problem 6 Three-Phase to Two-Phase Transformation 
Verify equation (7.23). 

Problem 7 Induction Motor with Unbalanced Voltages 

The system of equations (7.25) are valid even if the voltages are not bal- 
anced. Explain why the two-phase model (7.31) is no longer an equivalent 
model, that is, knowledge of the two-phase variables isa^Sb^Ra^Rb-, us a, usb, 
u, and 6 is not enough to determine the three-phase variables isi , is 2 , is 3 , im, 
iR2iim,usi,us2,us3,tv, and 6. What if u so = V3v$ N = (usi u S 2 T 
u S s)/VS is known? 

Do the three-phase variables uniquely determine the two-phase variables 
if the voltages are unbalanced? 

Problem 8 Induction Motor Torque 

Verify the calculations used to derive the expressions for the phase torques 
given in equations (7.26), (7.27), and (7.28). 

Problem 9 Three-Phase to Two-Phase Transformation 

Show that with the three-phase to two-phase transformation given by 
(7.17), it follows that 

USa(t)i S a(t) + us b (t)i sb (t ) = U S l(t)i S i(t) + U S2 (t)is2(t) + U S3 (t)i S 3(t). 

Problem 10 Three-Phase to Two-Phase Transformation 

Do the calculations to verify that (7.30) is the correct expression for the 
two-phase equivalent torque. 


Space Vector Induction Motor Models 


Problem 11 Space Vector Form of the Three-Phase to Two-Phase Trans- 
formation 

Defining u s == us a 4- jusb, show that the three-phase to two-phase trans- 
formation 


USa(t) 

V>Sb(t) 


A /2[ 1 —1/2 -1/2 

V 3 [ 0 V3/2 -V5/2 


may be written as 


us\(t) 

US2{t) 

US3(t) 


Us = u Sa + 3 u Sb = 


77 ( u si + u s 2 e ^ 2?r/3 + u S se j47t/ 3 j 
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and similarly for i s ,i R , and so on. 

Problem 12 Alternative Definition of the Three-Phase to Two-Phase Trans- 
formation [1] 

(a) Show that if the three-phase to two-phase transformation is defined 
by 

u s m u si + us2e j2 ' K ^ s + us3e j4ir/s 
is — isi + is2e j27r/s + is 3 e j4n/S 


that is, without the factor y/2/3, then the equations of the induction motor 
are given by 

Rsis + Lsf t is + Mf t (i R e^) - u s 
R R i R + L R f t i R + Mj t (i s e-i n * e « ) = 0 
^n p M Im {i s (i R e? n ’’ 0R )*} -t l = 

(b) With the three-phase to two-phase transformation defined as in part (a), 
show that 

USa(t)iSa(t ) + U S b(t)lSb(t ) = | (w.Sl + «S2(*)*S2(*) + ^S3 (f)*S3 0) ) ■ 

Problem 13 Space Vector Representation of the Induction Motor 
(a) Define 

l r = lr a +Jl rb = l R e^ 6 ^ 

Show that the system of equations 

Rsis + Lslis + M^i^-) = 

K»<« + '.«y„+ w| fee" = 

n p M Im |i s (i R e jnp0R )* } - r L = 
may be rewritten as 

R sis + L sf t is+ Mj t i r 
Rnlr + VRM—i r + M— (i s + i r ) - jn p uj R -tp R 
n p M Im {i s (| r )* } — tl 


ILs 

0 

J - ^ 
dt 

— ILs 

= 0 (7.91) 

= 

dt 
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in terms of i s andi T1 where 

± R - Lfti r + Mi s . 

[Note that the model (7.91) has no explicit dependence on Or.] 

(b) With Ls ~ (1 4 &s)M, Lr = ( 1 4- ctr)M , and 

Ah — ^rIr 4 Mi s e i n p &R 
± R = = L*i r + Mi 5 

s/mw £Ae electrical equations of part (a) may be illustrated by the 
“equivalent circuit ” of Figure 7.27. 

(c) Put the result from part (a) in state space form. 



jn p co R ip R 


FIGURE 7.27. Circuit representation of the electrical equations of an induction 
motor. 


Remark 1 The quantity X ag = M(i s Fi r ) is called the air gap (or 
magnetizing) flux linkage (see Lipo and Novotny [7] ? page 75 j. The air-gap 
voltage is then defined as 


—ag 


dt ~ a9 +ir) ■ 


Remark 2 The notation u§ = u$d 4- jus q — u$ a 4 jusbAs ~ ^ Sd 4 
jisq = 'i'Sa + HSb, and if = i Rd 4 ji Rq = i ra 4 ji rb = i r is often used for 
the equivalent two-phase model developed in this problem. The superscript 
“S” refers to the “stationary frame ” while the d and q subscripts refer to 
the direct and quadrature axis , respectively. However , in this book , the dq 
notation is reserved for the field oriented coordinate system (see Chapters 
8 and 9) so the reader must be wary when reading different authors. 


Problem 14 Arbitrary Rotating Reference Frame 
(a) Let 

is* ~ is e ~ jip 

i Rip — iRg>a + ji R <pb - i R e~ j ^~ np6R) 

u S „ = Use'* 
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where p(t) is an arbitrary function of time. With = dip/dt, show that 
a space vector representation of the induction motor model 

Rsis + Lsj t is + Mj t (i R e^ e -) = u s 

R R i R + L R f t i R + Mf t (i s e-^) = 0 

n p Mlm{i s (i R e 3np9R y } -t l = J 
in terms of i S(p , i R(p and u S(p is given by 

Us? = Rsisv + L sj t is v + ju v Lsis<p + M i*< P 

d d 

0 = R R i Rip + L R-g±R-e + 3 ( w ¥> - n P w fl) L Fti Rv + M ~£±s v 

+ j (c*V - ti p ujr) Mi Sip 


J-jf = n p MIm{i Sv (i flv )*} -t l . 


Common choices for ip are <p = 0 (the stationary coordinate system; see 
problem IS), p = n p uj R (the rotor coordinate system), (p = Z.u s (the syn- 
chronous coordinate system), and p = Z (i s -{- (L#/M)z^e jnp6>R ) = ^?P R 
(the field- oriented coordinate system; see problem 6 of Chapter 6 and prob- 
lem 4 of Chapter 8 ). 

(b ) Put the result from part (a) in state-space form. 

Problem 15 Space Vector Model with Leakage on the Rotor Side 

(a) Starting from the model (7.91) derived in problem 13, make the 
change of variables 

a M 

~ r Lg ~ r 

Hr = ^± R = {L s /M) ( L R i r + Mi s ) = Lsis + ( L s /M) 2 Lr£ 

= Ls (is + ir) + 

A s ~ Lsis + Mi r = Ls{is + ir)- 
and show that the model may be rewritten as 


Psis + — U 

RrC + ^As - = 0 


n p M 2 T 
— - Im 


{is® 




{*»<&>’ } 
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where 


a 4 1 -M 2 /L S L R 

R'r = ( Ls/M) 2 R r 

L a = crLs/(l-a). 

(b) Show that an equivalent circuit representation of this model is 


R s oL s l(\-o) R r (L s /M ) 2 



jn p Q) R (L s /Myp R 


where it is noted that there is leakage inductance only on the rotor side. 

Problem 16 Space Vector Model with Leakage on the Stator Side 

(a) Starting from the model (7.91) derived in problem 13 make the sub- 
stitutions 

_A Lr . 

M~ r 

= )f± R = (M/L R ) ( L R i r + Mi s ) = ( M 2 /L r ) i s + ( M 2 /L R ) L R £ 
= (M 2 /L R ){i s +£) 

4 L s i s + Mi r = L s i s + ( M 2 /L R ) i" = aL s i s + ( M 2 /L R ) (i s + i") 
and show that the model (7.91) may be rewritten as 

Rsis + a Ls-^is + ^ (M 2 /L r ) (i s + if) = u s 
(M/Lr ) 2 RrC + f t ia/'/Ib ) (is + C) - JV- 1 (M/Lr)^ r = 0 

^i m {As««r} = a. 


/ ff 
±R 

As 


(b) Show that an equivalent circuit representation of this model is 
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j n P CO R ^ )??. /? 


where it is noted that there is leakage inductance only on the stator side . 


Steady-State Induction Motor Models 

Problem 17 Steady-State Solutions of the Induction Motor Equations 

(a) Write a program to plot the circle diagram of Figure 7.11. 

(b) Write a program to reproduce the plots of Figures 7.12, 7.13, and 
7.15. 

For the motor parameter values, use Rr — 3.9 £2, Rs = 1.7 Q, Lr = 
0.014 H, L s = 0.014 H, M = 0.0117 H, J = 0.00011 kg-m 2 ,f = 0 N- 
m/(rad/s), n p = 3, ujr = (27r)60 rad/sec, and Us = 80 V. However, the 
analysis assumes the stator resistance is zero so set R$ = 0. 

Problem 18 Open-Loop Simulation of a Three-Phase Induction Machine 

Let the parameter values of an induction motor be Rr — 2.1 Q, Rs ~ 
1.85 n, L r = 0.244 H, L s = 0.244 H, M = 0.225 H, J = 0.0185 kg- 
m 2 , f — 0 N-m/(rad/s), n p = 3, us = (27t)60 rad/sec. With V ma x = 200 
(peak), I max = 10 (peak) simulate the open-loop machine based on the two- 
phase equivalent model as indicated in Figure 7.19 with a 208- V (rms) 
line-to-line voltage applied. (That is, the phase to neutral peak voltage is 
Vz P h = \/2 (208) /V3 = 169.8 V.) 


Problem 19 No-Load and Blocked- Rotor Tests 

A standard method of determining the (two-phase equivalent) machine 
parameters is to use a couple of special tests called the no-load test and the 
blocked-rotor test Both of these tests involve applying a balanced three- 
phase set of sinusoidal voltages to the motor and measuring the resulting 
steady-state stator currents and stator power. In the no-load test, nothing is 
attached to the machine and so, after the voltages are applied, the machine 
quickly goes to steady state in which n p uiR = lor (assuming no frictional 
losses). In this case, S = 0 and the equivalent circuit of Figure 7.10 reduces 
to that of Figure 7.30. 
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FIGURE 7.30. Equivalent circuit with no load so that u v ujr = cos =>5 = 0. 

The blocked-rotor test refers to having the rotor held immobile so that 
ujr = 0 .In this case , 5=1 and the equivalent circuit of Figure 7.10 re- 
duces to that of Figure 7.31(a). Usually, the impedances in the two branches 
satisfy 

jcusM » jusvRM 4- Rr 

so that the equivalent circuit reduces to that shown in Figure 7.31(b). 


R s ° M °rM Rr R$ ° 



(a) (b) 


FIGURE 7.31. (a) Equivalent circuit with a locked rotor so that ujr = 0 => 5 = 1. 
(b) Equivalent circuit if jwsM » JwsorM + Rr. 

(a) Run the simulation of problem 18 with no load. Assume that Rs is 
known (perhaps measured using an ohmmeter). Use the steady-state stator 
voltages and currents to compute L$ = (1 + as)M . (The amplitudes of 
the voltages and the currents along with the angle between them is needed.) 
How does this value of L$ compare with the actual value in the simulation? 
That is, what is the percent error? 

(b) Run the simulation of problem 18 with a blocked rotor (if the currents 
exceed I ma x, then reduce the input voltage) and assume that crs = a r. Using 
the known value of Rs, the value of Ls from part (a), and the measured 
stator voltages and currents, compute a sM and Rr based on the equivalent 
circuit of Figure 7.31(b). 

(c) Use the information from parts (a) and (b) to compute M,Lr, and 
a = 1 — M 2 /(LsLr). How do they compare with the actual values in the 
simulation? That is, what is the percent error? 

(d) Repeat parts (a), (b), and (c) with the viscous friction coefficient set 
to f = 0.00005 rather than f = 0. 
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Problem 20 Induction Generator (M. Bodson [63]) 

Consider the equivalent circuit of a three-phase induction machine in 
Figure 7.32. 


R s a s M a r M 



FIGURE 7.32. Equivalent circuit of an induction motor. 


(a) Suppose the motor shaft (rotor) is connected to a prime mover (e.g., 
a windmill) that turns at a constant angular speed ojr > c us, where ojs 
is the angular frequency of the balanced three-phase voltage set applied to 
the stator terminals (e.g., connect the stator terminals to a three-phase 
transmission line). Show that the power to the motor is negative; that is, 
electrical power is being delivered to the source voltage converted from the 
mechanical power supplied to shaft. (Hint: note that S < O.j 

(b) Replace the three-phase power source by a three-phase impedance 
Zs = R + ju)L as indicated schematically in Figure 7.33. The correspond- 
ing equivalent circuit is shown in Figure 7.3 4 . Suppose the motor shaft is 
still connected to a prime mover (e.g., a windmill) that turns at a constant 
angular speed ujr. Can there be a steady-state electrical power out of the 
m,otor into the impedance Zs ? Explain. 



FIGURE 7.33. Stator windings of an induction motor connected to a symmetric 
three-phase load. 
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R s °s M 

o r M R r /S 

J 

E. 

-s ~ " 

j 

2 

'S 

E 

M 

Is + 1r 
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FIGURE 7.34. An equivalent circuit of the induction motor where the source 
voltage is replaced by a passive load. 

Problem 21 Equivalent Circuit With Leakage on the Stator Side [2] 
Show that the circuit in Figure 7.35 where the leakage inductance is com- 
pletely on the stator side is equivalent to the circuit given in Figure 7.10. 



FIGURE 7.35. Equivalent circuit of induction motor with the leakage inductance 
completely on the stator side. 

Problem 22 Equivalent Circuit With Leakage on the Rotor Side [2] 
Show that the circuit in Figure 7.36 where the leakage inductance is com- 
pletely on the rotor side is equivalent to the circuit given in Figure 7 .10. 



FIGURE 7.36. Equivalent circuit of induction motor with the leakage inductance 
completely on the rotor side. 
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Problem 23 Constant Speed Induction Machine as a Linear System 

(a) Let j and j^s \is each be a solution set to 

Rsis + Lsj t i s+ M±{i R e»^) = « s 

R»i R + Ln£ t in + = 0 

where 6 n(t) is the same function of time for both inputs [e.g., On{t) = cjRt 
with ujr the same constant value for both inputs ]. Under these conditions , 
show that the input 

( 1 ) , ( 2 ) 
u s = vf s / + u s 

results in the stator and rotor currents being 

is = i i s ) +i i s ) 
in = ift 5 +i ( R ■ 

(b) Assuming ujr is constant and that the inputs are sinusoids so that 

t 1 ) = v / 2t7^ 1) e ju ’ sit = \/2| U^y^e^ 811 


MS 


—S 


then the phasor equations (7.39) and (7.40) can be solved for Cp and I R \ 
resulting in currents of the form 

,-(!) 




V2I^ ) e jusit = 

= y/2I^ ) e i(usi ~ ux)t = V2 I ( p e jZ ^ 11 e J(‘ Jsl ““ R )‘. 
Similarly, the input 

u { P = V2U_ ( s ) e^ 321 = V2 

results in the stator and rotor currents being given by 
i^ = v^I^e^ 52 * = ^|/^ 2) |e^sV“ S2t 
iff = y/2lWe j ( u>s *- UR)t = V2|/ ( B ) |e jZ -R ) e J ( a ' S2- " fi)t . 


-R 


Use the results of part (a) to compute the torque produced by the motor due 
to the input 


<±s - Ms 


+u ( k ) = V2Ufpe j “ slt + v^f/ ( | ) e'“ S2t . 




(7.92) 


(c) Consider the motor to be two-phase. Assuming Or — ujRt with ujr 
constant, use 

r = Mlm{i s (i R e^r} 
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to find an expression for the torque produced by the input (7.92) in terms of 
the phasors e 3Z -s\ e 3Z -R r e 3Z -s ) , and 1^ e 3Z -R . What 

is the average torque r avg where T aV g ^linvr^o^l/T) J Q T r(t)dt? Of course,, 
for cjs 2 = ^ 51 , £/ie torque will be constant and equal to its average. Under 
what other conditions is the torque essentially (approximately) constant? 

(d) Assuming Rs = 0, show that the average torque computed in part (c) 
may be written as 

(1 — a) U% x 2 (1 — a) U 2 S2 2 

a u^LsSp/Si +S l /S p + a w| 2 L S S p /S 2 + S 2 /S p 

where 

O a ^Sl — UR o a US2 ~ U R 

b\ , 02 — . 

Us 1 Us 2 

(e) Consider the special case with us 2 = —usi and 



Show that the inputs to the two-phase motor are of the form 

USa{t) = V2Us cos (u s t + AU_s) 
u S b{t) = o. 

Show that the average torque is given by ( S = — — — ) 

Us 


Tp ( Sp/S + S/Sp Sp/ (2 - S) + (2 - S) /S p ) 

a V% 

4 a u 2 sl L s ' 


Plot r avg /r p as a function of S/S p . What is the average torque if u R = 0? 

Problem 24 Single-Phase Induction Motor with a Shorted Phase 

Background: Motors are needed in homes for the compressors used in 
refrigerators and air conditioners as well as for washing machines , dryers, 
and so on. A typical home has only a single-phase source available, for 
example, a 120- V (rms) 60 -Hz wall outlet and the (two-phase) induction 
motor requires two voltage sources 90 degrees out of phase in time. Though 
the DC machine can run off of a single-phase source, the induction motor 
is the motor of choice because it is much cheaper. Based on problem 23, this 
problem outlines how an induction motor can be run using only a single- 
phase source us a — V%Uscos(ust + AU_ S ) with the other stator phase 
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shorted so that usb = 0. (However, the standard way of running a single- 
phase induction motor is to open the second stator phase rather than short 
it.) Consider a two-phase induction motor with inputs usa^Sb- Figure 
7.37 illustrates a single-phase induction motor where the same voltage us a 
is applied to both phases and phase b has a resistor Rb and capacitor C 
added in series in the winding. By part (e) of problem 23, if us a (t) ~ 
\U_ S \ cos(co st + ZU_ S ) an & u Sb(t ) = 0 with ujr = 0, then the average 
torque is zero. To start the motor, the switch in Figure 7.37 is opened . 
Denote by Z a (juj) = R s +juLs and Z b {juj) = R s + R b +jwLs + l/(ju>C) 
the impedances of the stator windings a and b , respectively, where the effect 
of the rotor has been neglected. Rewrite the stator phase b impedance as 


Zbiju) — Rs + Rb + jwLs + 1/ (jcoC) — Rs + R b + j (to 2 L$C — l) / (cvC) . 


so that Z b (juj) — Rs 4- R b for co — uis ~ 60 Hz. 


Choose C — — — — — 0 

(27t60) 2 L5 

With u)Ls » Rs ? the impedances Z a (jujs) and Z b {jujs) are 


Za(joJs) ~ jusLs 
Z b {jus) = Rs + Rb- 


The corresponding currents in the windings of phases a and b are then 


iSaif) 

isbif) 


V2Us 

ujsLs 

V2U S 


Rs + R b 


si n(ujst + ZU_ S ) 
cos (jJst + ZU_ S ). 


Finally, design the phase b resistance R b such that Rs + R b — aisTs so that 
the phase currents are equal amplitude sinusoidal currents and n/2 radians 
out of phase in time. These currents establish a rotating sinusoidally dis- 
tributed magnetic field in the air gap just as in the case of the symmetric 
motor. In reality, the inductance, resistance, and capacitance in the phase 
windings are not set precisely to these ideal values, but the motor will still 
start. 14 This is called a capacitor-start single-phase induction motor. 


14 Even if the parameter values are set exactly as described, this is still approximate 
because the effect of the rotor on the stator impedance has been ignored (compare with 
the equivalent circuit model of the symmetric induction motor). 
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FIGURE 7.37. Capacitor-start single-phase induction motor. 

(a) Is open circuiting phase b the same as applying zero voltage to it? 

( b ) Consider a capacitor- start single-phase induction motor as described 
above. Suppose that after the motor gets up to speed cor ~ us, the switch 
in Figure 7.37 is closed so 

usa{t) = VlUs cos (u) S t + AU_ S ) 

usb{t) = 0 . 

Assuming the rotor speed is essentially constant , it was shown in problem 
23(d) that the average torque produced is given by 

VC 2-S) + (2-S)/S p ) 


Plot r avg /r p for S p = 0.1, 0.2 and 1. Based on these plots , explain why 
0 < S p <C 1 for the single-phase induction motor to work. 

(c) Using the two-phase induction motor model, simulate a single-phase 
induction motor by applying a 60 -Hz, 120- V (rms) source voltage to one 
phase and 0 V to the other. Set the initial speed to be ojr(0) = uJs/n p 
where ujs = 27t60. Use the parameter values of Ls = 0.157 H, Lr - 0.157 
H,M = 0.148 H, R r = 0.6 fl, R s = 2.9 Q,n P = 2,J = 0.01 kg-m 2 , / = 0 
N-m/rad/sec, and r L = 0.8 N-m. Set Rs = 0 for the calculations, but not 


Tp \s p /s + s/s p 

l(l-a) JH 

a 

WS — LOr 


Tp = A 


u 2 L s 


S = 


us 
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in the simulation. What is the value of S p and r p for this motor? What is 
the value of S that the machine is operating at? 

Problem 25 Torque-Slip Curve with Impressed Stator Currents 

Suppose that the motor phases are fed by a three-phase current source 
rather than a three-phase voltage source. Use (7.^7) to obtain in terms 
of 1 1 and substitute this expression into (7.56) to show that the expression 
for the torque- slip curve in terms of the rms stator current Is is 

T = 2 (1_<T )^ Sp /5 + 5/s p 

where s p = oS p — R r /(ujL r ). 

Problem 26 Maximum Mechanical Power 
The steady-state mechanical power is 

Pmech = tur = - S)u>s. 

(a) Compute the normalized slip S maxpower corresponding to maximum 
power transfer for both motoring and generating. 

(b) For both motoring and generating , compute the power and torque 
achieved when the normalized slip is at the values found in part (a). 

(c) Let a = 0.05 and compute the rated slip S r and maximum power 
transfer slip S maxpower . Which is larger? By approximately how much? 

(d) Compute the corresponding power factors when the machine is oper- 
ating at S r and S maX power - Which is larger and by how much? 

(e) Compute the corresponding efficiencies when the machine is operating 
at S r and S maxpower . Which is larger and by how much? 

(f) Compare operating the motor at S r and S ma xpower in terms of advan- 
tages and disadvantages. 

Wound Rotor Synchronous Machines 

These problems explore the mathematical modeling of wound rotor syn- 
chronous machines. For more detailed models of large (wound rotor) syn- 
chronous machines, see Krause et al. [4] and Ong [6]. 

Problem 27 Model of a Wound Rotor Synchronous Machine [1] 

A mathematical model of a balanced three-phase wound rotor synchronous 
motor can be found directly from the induction motor expressions for the 
flux linkages and torque. The difference in this case is that the rotor currents 
are held constant in a synchronous machine by a voltage source uf applied 
to the rotor windings. In order to keep the rotor currents balanced let 
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in equation (7.2) where if is nominally constant. 

(a) Show that the rotor torque tr is given by 

t r = Mi f (-isi sin(e R ) - i S 2 sin (Or - y ) - iss sin (°H ~ y)) • 

(b) Show that the flux linkages in the stator phases are given by 

’ Asi (f) 1 2 T 1 cos(27r/3) cos(47t/3) 1 T isi(t) 

^S 2 (*) = 3 As cos(-2?r/3) 1 cos(27r/3) is 2 (t) 

. V\S3(0 J L cos(-47t/3) cos(-27t/3) 1 J |_ *S3(0 

COS {Or) 

+ Mif cos(0R — 2n/Z) 

[ cos {Or - 47r/3) 

(c) Show that an equivalent two-phase model of the wound rotor synchro- 
nous machine is given by 

USa = As - ^ + Af— (^FCOs(#ft) ^ + RsiSa 

usb = As— jp + M— (ip sin(0j?) j + Rsisb 

+ M dt V Sa + *S6 sin(0#) j + R R i F 

i Sa sin(6»i?) + i Sb cos (Or) ) - t l (7.93) 

where up — -\/3/2uRi,iF(t) — -y/3/2 if{t). A block diagram for simulating a 
three-phase machine using a two-phase equivalent model is shown in Figure 




FIGURE 7.38. Using a two-phase equivalent model to simulate a three-phase 
machine. 
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Problem 28 State- Space Model of a Wound Rotor Synchronous Machine 
Develop a state space representation of the wound rotor synchronous mo- 
tor model (7.93) given in problem (27) using isa,isb,iF,wp, and Or as the 
state variables and usa^Sb, and up as the inputs. 

Problem 29 DQ model of a Wound Rotor Synchronous Machine 
Define 


id 


COS (Or) sin(0 R ) 

ISa 

iq 


-sin(0 R ) cos(6> fi ) 

ish 

Ud 


cos(0r) sm(d R ) 

USa 

Uq 


. -sin(0 R ) cos(0 R ) _ 

. U Sb . 


(a) Rewrite the wound rotor synchronous motor model (7.93) given in 

problem (27) in terms of id, i q , if, 0 R,Ud,u q , and up. 

(b) Develop a state space dq model in terms of the state variables id, i q ,iF, 
up, and Or and the inputs Ud,u q , and up. 

Problem 30 Model of a Wound Rotor Synchronous Machine 

Modify the approach in problem 27 to rederive the mathematical model of 
the wound rotor synchronous motor assuming that ip i = i/,iR 2 — 0, and 
ips — 0. That is , assume there is only one winding on the rotor. 
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Induction Motor Control 

In this chapter, the methods of field-oriented control and a modification of 
it known as input-output linearization control are described. These tech- 
niques allow one to achieve fast, precise tracking of demanding trajectories 
using an induction motor. These controllers are based on the nonlinear 
differential equation model of the induction motor and require (full) state 
feedback. As measurements of the rotor flux linkages (or, equivalently, the 
rotor currents) are not usually available, they must be estimated and tech- 
niques to do this are also described. Experimental results are presented to 
demonstrate the effectiveness of these control schemes. The chapter ends 
with two optional sections. The first describes a systematic procedure to 
obtain the maximum torque from the machine without violating the voltage 
or current constraints. The final section presents a nonlinear least-squares 
approach to identification of the induction motor parameters. 


8.1 Dynamic Equations of the Induction Motor 


The starting point for the control of the induction motor is the system of 
nonlinear differential equations which characterize its behavior. As derived 
previously, the dynamics of a n p pole-pair two-phase induction motor 1 are 
given by the system of differential equations 


^ Sa 
USb 
0 


0 = 


jdco 

dt 


d6 

dt 


d d / \ 

Rsisa + L s —isa + M— {i Ra cos (n p 9) - i Rb sin(n p 0)) 

d d / \ 

Rsisb + L s —isb + M— [i Ra sin (n p 6) + i Rb cos (n p 0) ) 

d d f \ 

RRi-Ra + L R —i R a + M— (+isa cos (n p 0) + i S b sm(n p 0) J 

RRiRb + L R —i Rb + M— (-isa Sin (n p d) + i Sb cos (n p 0) J 

n p M(i Sb ( iRa cos (n p 0) - i Rb sin(n p 0)) (8.1) 

- isa {iRa sin(n p 0) + i Rb cos (n p 9) ^ - fu - t l 


= u 


TOr, the two-phase equivalent model of a three phase motor.) 
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with the flux linkages of the motor phases given by 

^Sa - Lsisa + M (i Ra cos (n p 6) - i R b sin(n p 0) ) 

\sb = Lsisb + M (i Ra sin (n p 0) + i Rb cos (n p 6) ) (8.2) 

Afla = L R i R a + M (+is a cos (n p 6) + isb sin (n p 6) ) 

X Rb = L R i Rb + M (- i Sa sin (n p 9) + i Sb cos (n p 0) ) 


where 


T A Mo^l^2-/V| r A ^ A K^ 0 7r£i^2 N S N R 

T S Q 5 b R Q ? Q 

% 8# 8^ 

Here ^5 and Nr are the number of windings per pole-pair of the stator and 
rotor phases, respectively. The retarding torque produced by the friction 
in the ball bearings of the machine is modeled here by —foo, where / is 
called the coefficient of viscous friction . Of course, one could just consider 
this part of the load torque tl. However, as one can typically estimate / 
at the same time as estimating the motor parameters, — feu then represents 
the “known” load torque and tl is then the “unknown” load torque. Also, 
to simplify the notation, the subscript “R" on 6r and ujr has now been 
dropped as there should be no confusion. As stated above, the mathematical 
model derived above is that of a sinusoidally wound, two-phase, n p pole- 
pair induction motor. Nevertheless, it is standard practice to also use this 
model for induction motors with squirrel cage rotors (see Refs. [42] [59] for 
experimental validation). 

8.1.1 The Control Problem 

The control problem is to choose us a and usb in such a way as to force cu 
and/or 0 to track a given reference trajectory. Measurements of %s a , isb , 
and 6 are usually available for feedback control. However, measurements 
of iRa and iRb are typically not available. In fact, the most common type 
of induction motor is the squirrel cage motor, where rotor currents are 
distributed on the surface of the rotor making it very impractical to measure 
the current in each rotor bar. The resulting flux can be measured through 
the use of Hall sensors placed in the air gap, but such sensors are not 
economical and diminish the overall reliability of the control system. 

The particular set of nonlinear differential equations (8.1) describing the 
induction motor is complicated and a control strategy is by no means self- 
evident. The solution lies in finding an equivalent set of equations which 
are simpler in form for which the control design becomes apparent. As a 
first step toward simplifying the above equations, the dynamic equations 
are rewritten in terms of some equivalent rotor flux linkages. This results 
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in an equivalent model in which the cos (n p 0) and sin (n p 6) expressions are 
eliminated. To proceed, define an equivalent set of rotor flux linkages as 


’ i>Ra ’ 


cos (n p 9) 

— sin (n p 0) 

A Ra 

TpRb 


sin (n p 0) 

cos (n p 0) 

A Rb 


where upon substituting the expressions for the rotor fluxes in (8.2), one 
obtains 


ip Ra = L r (i Ra cos (n p 6) - i Rb sin (n p 0)) + Mi Sa 
ip Rb = L r (i Ra sin (n p 0) + i Rb cos (n p 9)) + Mi Sb . 


(8.3) 


The model of the induction motor in terms of the state variables 'ipRb, 
isaiisb, and uj is now derived. 2 Using (8.3) to eliminate the rotor currents, 
the first two equations of (8.1) may be rewritten as 


d d 

USa ~ RsiSa + Ls—iSa + M-(lp Ra - Misa)/L R 

usb = Rs^Sb + Ls-^-isb + M—(tp Rb - Mis b )/L R 
or 

r / M 2 \ d . M d , 
U Sa - RstSa+ S ^ L R L S ) dt lSa + L R dt^ Ra 

n T / M 2 \ d M d . 
u Sb = Ks'sb + Ls^l-j^j-isb + j^j^b- 

The third and fourth equations of (8.1) can be rewritten as 


‘ o ‘ 


R-R^Ra 

d ( 

+ Jt{ 

cos (n p 6) sin (n p 0) 

0 


RR'lRb 

— sin (n p 9) cos (n p 6) 


L r (cos {n p 0)i Ra - si n{n p 6)i Rb ) + Mi Sa 1 \ 
L r (sin {n p 8)i Ra + cos (n p 0)i Rb ) -f Mi$b J / 


or, simply 


" 0 ■ 


RrIRo, 

, d (\ 

0 


RRlRb 

+ Jt {[ 


Expanding, 


cos(n p 0) 
— sin(n p 0) 


sin(n p 0) 
cos (n p 6) 


' ‘•pRa ]\ 

_^Rb \J ' 


0 

0 


RRT-Ra 

RR^Rb 



cos (n p d) sin (n p 6) 
— sin(n p 0) cos (n p 6) 


i’Ra 
Ip Rb 


cos (n p 9) sin (n p 6) 

d 

’ i’Ra ’ 

— sin (n p 9) cos(n p 0) 

dt 

q pRb 


2 See problem 2 where this set of equations is rederived in a simpler fashion using the 
space vector representation. 
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Multiplying both sides on the left by 


cos(n p 0) 
si n(n p 0) 


— sin (n p 0) 
cos (n v 6) 


gives 


0 1 


cos(n p 0) 

— sin(n p 0) 

RRlRa 

1 

cos (n p 9) ~ sin (n p 9) 

[o J 


sin(n p 0) 

cos(n p 0) 

RRiRb 

I 

sin (n p 0) cos (n p 0) 


X TipbJ 


— sin(n p 0) 

— cos (n p 0) 


cos (n p 0) 
— sin (n p 0) 


'tpRa 
'P Rb 



'P Ra 

'pRb 


which simplifies to 


0 ‘ 


(RR/L R )(ip Ra - Misa) 


■ 0 

-1 ' 

’ i’Ra ' 

d ! 

’ $ Ra ' 

0 _ 


(Rr/Lr)(iP R(> - Misb) 

TT/jytU 

1 

0 _ 

IpRb 

^ dt 

Rb 


Finally, the torque equation becomes 

T du) ^(. iiRa-Misa , 4> Rb ~Mi S b\ ^ _ 

J- = Tr «. — R )-fu~r L 

Collecting these equations together, the dynamic model of the induction 
motor in terms of the state variables 6 , cu, 'pRb, isa, an d isb is then 


d9 

dt 

duj 

dt 

^pRa 

dt 

^pRb 

dt 


'U'Sa 


USb 


L) 


n p M . . / t l 

~ Jl ~ (iSblpRa ~ *Sall>Rb) — 


Rr , 
Lr^k* 


n p utpR b 


MR r 


% Sa 


Lr 

Rr , ^ , , MRr 

~T^ Rb + + ~T^~ Sb 

r> • , _ r di Sa , M dlp Ra 

RstSa+aLs ~df + L;~dr 

„ , , _r di Sb , M dip Rb 

RslSb + aLs ^T + L^~dT 


(8.4) 


where 


LrL s 

is the leakage parameter. Substituting the expressions for dip Ra /dt and 
d'pRb/dt from the third and fourth equations of (8.4) into the fifth and 
sixth equations of (8.4) and rearranging, one obtains the state-space form 
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of the system given by (see Refs. [64] [65]) 


d6 

dt 

doo 

dt 

^Ra 

dt 


OJ 

v{isbi>Ra - isa'pRb) - (f/J)u - r L jJ 


~V>pRa - n p U1p Rb + rjMisa 


d}P_Rb 

dt 

d%Sa 

dt 


W*P Rb + n P^i>Ra + VMisb 

VfiipRa + Pn p UJip Rb - 7 isa + u Sa /crL s 


with 


— = T](3ip Rh - i3n p wip Ro - 7 i Sb + u S b/ oL s 

_A Rr o A V A A ^T_Rr . Rs 

aL R L s ,At_ JL R n ~ aL 2 R L s oL s ' 


(8.5) 


( 8 . 6 ) 


u c 

Sa 


*Ra 

l Rb 

L R ( cos ( n p^) i R a - sin(n p 0 pR^ + Mi Sa 
L r (sin ( rl pO)i Ra + C0S ("p^P R f,) + 

Vro 

^Rb 

*Sa 


Induction 

h a 



f i 

U Sb 

Motor 

l sb 


> 



e 


e 



CO 




CO 



\ 


FIGURE 8.1. Block diagram of an equivalent induction motor model. 


8.2 Field- Oriented and Input-Output Linearization 
Control of an Induction Motor 

Recall that the fictitious rotor flux linkages and were used in the 
state-space formulation rather than the actual rotor flux linkages \R a and 
A m in order to eliminate cos(6r) and sin(0ft) from the mathematical model. 
However, even with this simplification, it is still not clear how to design a 
controller. That is, how does one choose us a and usb in order to control the 
torque, speed and/or position of the motor? The key idea of field-oriented 
control is to go to another coordinate system or state variable representation 
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in which it becomes clear how to design a controller. There is an interesting 
analogy from mankind’s understanding of the motion of the planets around 
the sun. Before the Polish astronomer Mikolaj Kopernik 3 came along in 
the 1500s, the view of the solar system was earth-centered; that is, the 
trajectories of the planets and the sun were described in terms of their 
motion with respect to the earth. The trajectories were quite complicated 
from this reference frame since the planets moved back and forth across 
the night sky while the sun appeared to go completely around the earth. 
Copernicus pointed out that if one viewed these motions from the sun’s 
point of view, the planetary motions are quite simple. That is, one would 
jump into a new coordinate system where the sun is the stationary origin 
of the new coordinates. Then the erratic motions of the planets, as viewed 
from the earth, are now simple elliptical trajectories around the sun with 
the sun at one focus of the ellipse. The idea of field-oriented control is the 
same: Find a new coordinate system where the equations are simple enough 
that the way to control the system is self-evident. 

For field-oriented control, the new coordinate system is a rotating system 
whose angular position is defined by 


p = tan 



That is, instead of working with (t/^ a , t/^), one uses the polar coordinate 
representation (p, tp d ) given by (see Ref. [64]) 


p = 
^ d = 


tan 1 




The phase currents and voltages are then transformed into the new coor- 
dinate system as 


id 

A. 

cos(p) sin(p) 

isa 

_ iq j 


— sin(p) cos(p) 

i Sb 


’ U d ] 

A_ 

cos(p) 

sin(p) 

'U'Sa 

_ u q \ 


. -sin(p) 

cos(p) 

u Sb 


( 8 . 8 ) 


The quantity is referred to as the magnitude of the rotor field flux while 
p is the angle of the rotor field flux. This coordinate system is one that is 
moving (oriented) with this field flux and thus is called the rotor- flux field- 
oriented coordinate system. The currents id and i q are called the direct 
and quadrature currents, respectively. Similarly, the voltages u d and u q are 


3 Better known as Copernicus. 
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called the direct and quadrature voltages, respectively. The rotation matrix 
used in (8.7) and (8.8) is called the direct quadrature or dq transformation. 

A mathematical model of the induction motor in which cj, i q , and 
p are the state variables and the inputs are Ud and u q is now developed. 
The torque equation is (cos(p) = ip Ra / ip d , sin(p) = ip Rb /ip d ) 

^ Rjsb - ip Rb iSa ) ~ (// T)« -t l /J 

= VH> d (i’Ra/i’d^Sb - (i>Rb/‘ t l J d)iSa) ~ (//«/)<*> - T L /J 
= d (- sin(p)i Sa + cos {p)i S b) ~ (//«/)<*> ~ t l /J 
= Vxl>dH - (// J )“ -tl/J- 

The equation describing the dynamics of the magnitude of the rotor flux is 

laT = + 

1/2 

\J '/ ,2 Ra + '4 }2 Rb 
= cos(p) (-rjtpRa - n p u>i> Rb + rjMi Sa ) 

+ sin (p) (-vi’Rb + npUipRa. + V Mi Sb ) 

= - T) (cos (p)ip Ra + Sin (p)ip Rb ) + n p u (- cos (p)ip Rb + sin (p)tp Ra ) 
+rjM (cos(p)isa + sm(p)isb) 

= - , n i Pd + r iM i d- 


d d 

^ Ra dt^ Ra + ^ Rb dt^ Rb 


The rotor flux angle dynamics are then 

dt dt \1pRa) 

_ 1 ipRbijRa — Ip Rh^pRa 

1 + fo pRb/'pRa ) 2 IpRa 

= ,2 1 72 (‘pRai-Vi’Rb + n p uip Ra + pMisb) 

'pRa + i’Rb 

-i’Rbi-Vi’Ra ~ npUTpRb + VMisa)) 

= ^2 ( n P^Ra + i’Rb)) + *7^ — ((V>J|aMi)*S6 ~ (1>Rb/1>d)*S a ) 

= ti p oj + rjM~ (cos (p)isb ~ sin {p)is a ) 
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The dynamic equation describing the direct current is 


did 

dt 


— (cos(p)*s 0 + sin {p)isb) 

(- sin (p)is a + cos (p)isb) ^ + cos {p)~^ + 
iq ^dt + COS ^ (pP'pRa + Pn p uip Rb - 7 i Sa + j 


+ sin(p) ( T)l3ip Rb - 0n p uip Ra - 7 isb + 


USb ^ 

(jL s ) 

i q (n p ij + + VP (cos {p)i> Ra + sin (p)^) 

+n p Lu(3 (cos (p)ip Rb - sin(p)^K a ) - 7 (cos(p)i Sa + sin(p)i S5 ) 
+ ( cos(p)usa + sin(p)usb) /o-L s 


i q n p uj + rjM : ^-+ t]/3ip d - ji d + 


Ud 

cfL s ' 


The dynamic equation describing the quadrature current is 


= ^(-sin(p)i Sa +cos(p)i5i,) 

= - (cos (p)i Sa + sin (p)isb) ^ - sin(p) + cos(p) ~- 

= ~ i d^~ sin (P) ( VPi’Ra + Pn p UJXp Rb - lisa + 

+ cos (p) (rifiipM - Pn p u)ip Ra - jisb + 

= ~id {n p u + r]Mi q /il; d ) + p/3 (- sin(p)V’ fia + cos (p)ip Rb ) 

~n p u/3 (sin (p)ip Rb + cos (p)tp Ra ) - 7 (- sin(p)i S a + cos (p)i S b) 
+ (-si n(p)usa + cos(p)usb) /oL s 

XL 

= -id.n p u - r)M i d i q / ip d ~ n P uPip d ~ 7*g H 7 - ■ 

aLs 


USb \ 

aL s ) 


Collecting the above equations together, a state-space model in the field- 



8. Induction Motor Control 501 


oriented coordinate system is given by 
uj 

MVv<? - (f/J)w - t l /J 

-ryipd + vMid (8.9) 

-7 U + ( r)M/aLRL s )ip d + n p ui q + r)Mi 2 q /ip d + u d /crL s 
-ji q - {M/aL R Ls)n p uipd ~ n p^U ~ vMiqid/ipd + u q /aLs 

n p u + riMi q /ipd- 

This model is now used to develop a very effective method of control. 
It is first assumed that all of the state-variables 0,o;, ip d , i dl i g ,and p are 
available for feedback. This would mean that one physically measures 0 , 
a;, isa, isb , iRa , and im and then uses these measurements to compute 
ip d , id, iq, and p in real time . In practice, one is rarely able to measure the 
rotor currents i^ a and This problem can be resolved using an observer 
to estimate p and ip d as will be shown later. Then i d and i q can be computed 
using the estimated value for p and the measured stator currents is a and 



FIGURE 8.2. Transformation to the field-oriented ( dq ) coordinate system. 


8.2.1 Current- Command Field- Oriented Control 

Note that the electromagnetic torque r = J pip d i q is now just proportional 
to the product of two state variables. However, the differential equations 


dt 

du 

dt 

d}Pd 

dt 

dz d 

dt 

d%q 

dt 

dp 

dt 
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for id and i q still contain quite complicated nonlinearities. One possibility 
to simplify these current dynamics is to use feedback cancellation; that is, 
let 

u d = -( aL s ) (-yid + rj/3ip d + n p ui q + riMi 2 q /ij) d ) + (a L s )v d 

( 8 . 10 ) 

u q = -(aL s )(-'yi q -Pn p ujip d -n p ui d -T)Mi q i d /ip d ) + (<TLs)vq 
so that (8.9) simplifies to 

dw/dt = pnp d i q - (f/J)u - r L /J 

di) d /dt = - 7 ] rp d + r}Mi d 

did/dt - v d ( 8 . 11 ) 

di q /dt = v q 

dp/dt = TlpUJ + TjMiq/'lpd 


For current-command control, one may choose 

v d — K d i / ( i d r — id)dt -b Kdp(idr ~ ^d) 

Jo 

V q — Kql I ( Jqr i q )dt -f" Kqp{iqr iq) 

Jo 

and by appropriate choice of the PI gains, i d —> idr and i q — > i qr . How- 
ever, in practice, this is not done. To explain, note that in applying the 
feedback (8.10), there is some uncertainty in the knowledge of the motor 
parameters and the state variables. The motor parameters Rp and Rs can 
vary significantly due to ohmic heating while Lp and Ls can also vary due 
to magnetic saturation. Furthermore, the state variables p and V'd must be 
estimated leaving uncertainty not only in their values, but in the currents 
i d and i q as the value of p is also needed to estimate them. 

Experience has shown that the effect of the nonlinear terms in (8.9) 
can be eliminated by forcing the system into current- command mode using 
high-gain feedback [66]. That is, one applies the PI current loops 


Vd = K d I I ( idr — i d )dt + K d p(idr — id) 

Jo 


U q — R-ql I {iqr i q )dt “f~ R q p{iqr iq) 

Jo 


( 8 . 12 ) 


directly to (8.9) to force i d and i q to track their corresponding references i dr 
and i qr , respectively. Values of the gains in (8.12) can be found that result 
in fast responses i d — ► i dr and i q — > i qr for the currents. Consequently, i dr 
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and i qr can then be considered as the new inputs for the control design 
where the system equations simplify to (i.e., are approximated as) 


d9 

dt 

duo 

dt 

<Wd 

dt 

dp 

dt 


= uo 

= ~ (f/J)u ~ Tl/J 

= -■#<* + riMi dr 

= n p u> + r]Mi q /ip d . 


(8.13) 

(8.14) 

(8.15) 

(8.16) 


Remark Note the the subscript “r” is not used on i q in (8.16). The reason 
for this is that one is only interested in controlling 9,oo, and but not 
p . However, one must estimate p (as well as ^ d ), and this equation will be 
used for that purpose using the estimated value i q rather than the reference 
value i qr . 



FIGURE 8.3. Block diagram of a current-command field-oriented system model. 

A block diagram for the current-command field-oriented system model is 
given in Figure 8.3. The “Flux Observer” block will be described in Section 
8.3.1. For now, the reader should just understand this block to represent 
an algorithm to compute p and 'ip d from measurements of isa^Sb, and u. 
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Field-oriented control consists of using i dr to force 'ip d to track the con- 
stant flux reference ^ d0 = Mi d q. As a consequence, equations (8.13) and 
(8.14) become 


d0 

dt 

(IhJ 

dt 


OJ 

A#««)V ~ (f/J)u - t l/ J 


(8.17) 

(8.18) 


so that there is now a linear relationship between the input i qr and the 
speed. To complete the control design, let 


9 r ef(t) 


Ore f{t) 

W refit ) 

= 

d$ I'e ^ j dt 

Ot-refi^) 


_ d?6 ref /dt 2 


be the mechanical reference trajectory the motor is required to track. The 
control of speed/position is then done through the input i qr . Specifically, 
choose 


iqr = {^° j (&ref ~ 9)d& + Ki(0 re f — 0) + K 2 (u) re f — Lj) 

+(//J)w + a re f ) //# d0 . (8.19) 

With the proper choice of the gains Kq,Ki, and K<i (see problem 8), 
9 — > 6 re f and u — > uj re f even with a constant load torque tr acting on the 
motor. 

The flux / ip d is regulated to a constant value by 

idr = f (ip d0 - ip d )dt + K lP p(ip d0 - 2p d ) + i d0 . (8.20) 

Jo 

That is, with proper choice of the feedback gains (see problem 7), ip d — > 
4>d0 = Mi d0- 

A block diagram of this trajectory tracking controller is given in Figure 
8.4. 

Remarks 

The roles of x^ d and i q ( i dr and i qr ) could, in principle, be reversed, but 
this is not done because the input i d s (w’s) ability to rapidly change d 
is limited by the rotor time constant Tr = 1/rj = Lr/Rr , which is not the 
case for i q (i qr ). 
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& ref ® ref a r ef ^dO ‘dO 


FIGURE 8.4. Block diagram of a trajectory tracking controller using a field-ori- 
ented controller. 

As 1S constant, one usually incorporates \ity d 0 directly into the con- 
troller gains as 

iqr — K 0 [ (firef ~ 0)dt + K\ (0 re f — 0) + ^2( w re/ — — + &ref (8.21) 

Jo 

where K 0 = K 0 /(nip d0 ), K x = K 1 /(fiip d 0 ),K 2 = K 2 /(p'ip d0 ), f = f/{Jfiip d 0 ), 
and at re f = a re f/(fiif > d 0 ). 









506 


8. Induction Motor Control 


Also, in practice, one typically leaves out the term d r in (8.21) and the 
term i d o in (8.20) and finds that there is no significant deterioration in 
tracking if the gains can be chosen large enough. 


8.2.2 Experimental Results Using a Field- Oriented Controller 

Some experimental results showing the type of servo performance that can 
be achieved are now presented [67]. The motor is a 6-pole ( n p = 3) 1 /12- 
horsepower two-phase induction motor with a squirrel cage rotor that is 
rated for 2.4 A (continuous) and 60 V. The rest of the hardware (see Fig- 
ure 8.5) consists of a Motorola DSP56 001 digital signal processing system 
for implementation of the control algorithm, two PWM amplifiers (±80 V 
and ±6 A), two analog- to-digital (A/D) converters to sample the stator 
currents, two digital- to- analog (D/A) converters to command voltage to 
the amplifiers, an electronic interface boards for the A/Ds and D/As, and 
a 2000 pulse/rev encoder (resolution of 360°/2000 — 0.18°) to sense the an- 
gular position of the rotor. The PC indicated in Figure 8.5 is used to write, 
edit, and download the assembly language programs to the DSP which ex- 
ecute the controller algorithms. The parameters were identified using the 
technique given in Stephan et al. [42] and are M — 0.0117 H, Rr = 3.9 
ft, R s = 1-7 ft,L* = 0.014 H ,L S = 0.014 HJ m 0.00014 N-m/rad/sec 
and J - 0.00011 kg-m 2 . The constant flux reference ip dQ was chosen to 
be ^ d0 = Mi d o = 0.0117(5.5/^2) = 0.0455 Wb. (See problem 13 for an 
explanation of the choice ido = 5.5/ y/2.) 



FIGURE 8.5. Hardware setup. 

Figure 8.6 is a plot of the measure motor position and its reference tra- 
jectory used to carry out the turn. This figure shows the controller was able 
to turn the motor 180° in 73 msec. The tracking of the motor position to 
its reference is close enough that they are indistinguishable in Figure 8.6. 
Their difference in encoder counts is plotted in Figure 8.7 where it is seen 
that the measured error is less than two counts [— 2(27r/2000) = 0.00314 
radians] for the entire move. 
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FIGURE 8.8. uj and uv e / in radians/sec versus time in seconds. From Bodson et 
al. [67], © 2004 IEEE. 


Finally, the quadrature current i q and i qre f — ot ref/^do are given in 
Figure 8.9 while the flux ip d and its reference 'tp dre f = are given in 

Figure 8.10. 



FIGURE 8.9. i q and i qre f in amperes versus time in seconds. From Bodson et al. 
[67], © 2004 IEEE. 
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FIGURE 8.10. and in webers versus time in seconds. From Bodson et 

al. [67], © 2004 IEEE. 


The PI current gains for the tracking error in (8.12) where chosen as 
K dI = 740, K dP = 6.4, K qI = 740, and K qP — 6.4. The gains for the 
trajectory tracking controller in (8.19) were set as 

K 0 = 1.07 x 10 6 

Ki = 7.04 x 10 5 (8.22) 

K 2 = 1.07 x 10 3 

and the gains for the flux regulator (8.20) were set to 


K+p = 1600 

K^i = 23000. 


(8.23) 


8.2.3 Field Weakening 

The torque is controlled through the quadrature current i q . Inspection of 
the fifth equation in (8.9) reveals that in order to maintain or increase i q , 
the voltage u q must be chosen such that di q /dt > 0, that is, 


> aLs'yiq + Mn p unp d /L R + aL s n p cji d + aLsr]Mi q i d /ip d 


M 2 


M 


Rr. 


= y-j- 2 -RR + Rsjiq + -jr-n P uip d + aLsn p u)i d + <jLs-j—i q Mi d /'4i d 
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where (8.6) was used. Consider the machine in steady state so that , tp d = 
Mi d and use the approximation Ls ~ Lr « M so that this inequality 
reduces to 


u q > ( Rr + R s ) i q + n p uj'ij) d + an p u;^ d + <jRni q . 

At higher speeds, the dominant term on the right-hand side of this inequal- 
ity is n v uj^) d . When the motor speed reaches a high enough speed, called 
the base speed cu 5 ase , the required voltage to maintain the current i q equals 
the maximum voltage V max the amplifier can produce. To get around this 
problem, the flux ip d is decreased at higher speeds. The standard way to 
choose the flux reference is given by 

, = / rp d 0 for M < LObase /o « 4) 

dr£f \ tdO^b ase / |w| for jwj > w base 

which is plotted versus uj in Figure 8.11. 



FIGURE 8.11. Flux reference for field weakening. 

The direct current %d T is chosen to force ip d to track i\) dre f specified by 
(8.24) so that above the base speed uJbase the term n p ujip d = n p uJbase^do 
constant. This reduction of ip d above u ; ba5e is referred to as field weakening. 
One way to choose the base speed u^base is to set n p oJbase^do — Knax or 
Ubase = Knax/^p^do)’ where V m&x is the (equivalent two-phase) stator 
voltage maximum. The trade-off here is that one can have the motor achieve 
speeds above the base speed, but less torque is produced as r = JpLxj) d i q so 
that for the same i qi decreasing / ip d means that less torque is produced. 

Another way to formulate the problem of selecting the flux reference is 
as a static optimization problem. That is, at each constant rotor speed u;, 
maximize 

T = J\J^d i <l ( 8 ‘ 25 ) 

subject to the constraints 

U 2 d + u 2 q < v^ x ,i 2 d + i 2 q < /£ ax . (8.26) 

Such an approach is given in Section 8.4 based on Refs. [68] and [69]. 
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8. 2. 4 Input - Output Linearization 


In the above field-oriented control scheme, the speed uj and flux ip d are only 
asymptotically decoupled [64], In other words, the speed equation (8.14) is 
linear only after 'ip d is constant. For high speeds, field weakening (i.e., 
decreasing is necessary so as not to exceed the stator voltage limit. 
Since in the field- weakening region, the flux reference varies as a function of 
the speed, the dynamics of f ip d then interfere with the dynamics of w. This 
coupling of the flux and speed dynamics can be eliminated by considering an 
input-output linearizing controller [64] [65] [70] [71]. Recall the system (8.13)- 
(8.16) repeated below: 


dB 

dt 

duj 

dt 

<hPd 

dt 

dp 

dt 

In this model, idr and i qr 


= UJ 

= v - U/J)w - tl! j 

= ~wl>d + r t Mi dr 

= n p uj + rjMi q /ip d . 

are the inputs. Let them now be specified by 


idr — ^1 

- 

v " 


(8.27) 


so that the system becomes 


dO/dt = uj 

duj/dt = U2 — {f / J)uj — tl/ J 
d'tpd/dt = —rji^d + rjMui (8.28) 

dp/dt = n v uj + gMiq/ipd- 


The flux dynamics are now decoupled from the speed dynamics. That is, 
the first three equations of (8.28) may be written as two decoupled linear 
subsystems 

d'lpd/dt — —rj'ifd + r)Mu\ (8.29) 

and 


dO/dt = uj 

duj/dt = U2 — (/ / J)uj — tl/ J. 


(8.30) 


The input U\ is chosen to force the linear system (8.29) to track a 
given flux reference trajectory ip dr , and the input U 2 is used to force 
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the linear system (8.30) to track a given mechanical reference trajectory 
(8 re f(t),oj r ef(t),a r ef(t))- After the input u 2 is specified in order to accom- 
plish the control task, the current reference i qr is then simply chosen to be 
V = u 2 /{vrtd)- 

As system (8.28) is linear from the inputs ui,u 2 to the outputs 
this controller is referred to as an input-output linearization controller. 
However, the overall system (8.28) is still nonlinear as the dynamics of p 
are nonlinear. The boundedness (stability) of p is guaranteed since it is an 
angle and reset to 0 every 2tt radians. 

The new inputs ui and u 2 may be chosen as follows: 

Let ip dre j(t) be a desired flux reference and choose 

U\ = %dr — K 1 pp{^) dre j — 'Ipd) T K-ipi [ {'ifcdref ~ d )dt "F idref (8.31) 

JO 

where idref satisfies 


dVdref/ dt = V^Pdre f + VM idref- 

With proper choice of the feedback gains K^p and K^j (see problem 10), 

V 7 d * V 7 dref * 

Let (0 r ef(t),u} re f(t), a re f(t ) ) be the mechanical reference trajectory the 
motor is required to track. Choosing 

u 2 = Ko [ (0 ref ~ 0)dt + K\(6 re f — 9) + K 2 (cu re f — cu) 

Jo 

+ a re f + (f / J)uj (8.32) 

and along with a proper choice of the gains Kq,K\, and K 2 (see problem 
11) results in 0 — > 6 re f and u — > uj re f even with a constant load torque rp 
acting on the motor. Figure 8.12 is a block diagram of the input —output 
linearization controller. The “speed observer” block will be described in 
Section 8.3.2. For now, the reader should understand it to be an algorithm 
to obtain an estimate uj of the speed c o from knowledge of and 0. 

Voltage Command Input- Out put Control 

An input-output linearization controller may also be designed for the full- 
order (voltage command) system model (8.11). Specifically, the transfor- 
mation 


UJ 

_A 

UJ 

a 

A 


i’d 

A_ 

< I’d 

td 

A, 

A 

-Wl’d + r l Mi d 


P 
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is applied to (8.11), resulting in 


duj/dt = a — (/ / J)(j — tl/ J 
da/dt - fj, ip' d i q + (fJ.ip d ) v q 
dipjdt = ip' d 
dip'Jdt = -rrip'd + (r)M)v d 
dp/dt = ripUi + r}Ma/(p,ip2). 



® ref ^ ref ^ ref ^ dref \iref 


FIGURE 8.12. Block diagram of an input -output linearization controller. 
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With Wd and w q being two new inputs, application of the feedback 


v d = + w d /(r}M) 

v q = -pip' d i q / (n-ipd) + w q /((iip d ) 


(8.33) 


results in the input-output linearized system 


doj/dt 

da/dt 

dipd/dt 

dip'Jdt 

dp/dt 


a - ( f/J)u - t l /J 

W q 

1>'d 

W d 

n p uj + rjM fia / ip d . 


8.2.5 Experimental Results Using an Input- Output Controller 

Some experimental results are now presented to show the increased per- 
formance that can be extracted from the motor using an input -output 
linearization controller [65] [69]. The motor and experimental setup is the 
same as that used for the field-oriented controller. 

An experiment requiring a point-to-point position move was carried out 
in which the motor was brought up to a speed of 8000 rev/min in 0.38 
seconds and brought down from 8000 rev/min to 0 rev/min in 0.265 sec (see 
Figure 8.15). The PI current gains in (8.12) were set at K dI = 9000, K d p = 
15, K q i = 9000, and K q p — 15. The PI gains for the flux tracking controller 
(8.31) were chosen as K^p = 10,000,7^/ = 420,000. The PID gains for 
the tracking error in (8.32) were chosen as Kq = 3.0 x 10 5 , K\ = 5.5 x 10 4 , 
and if 2 = 125. The sample rate was 4 kHz. 

Figure 8.13 is a plot of the position and its reference where the tracking 
is close enough that they are indistinguishable in this figure. The difference 
0 re f — 0 in encoder counts is given in Figure 8.14. The maximum error is 
34 encoder counts. 
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As Figure 8.14 shows, the final position error is zero at the end of the run 
which is a requirement of a point-to-point move. Comparing with Figure 
8.18, it is seen that the maximum position errors occur when either the 
acceleration or deceleration is at a maximum. This is especially true at 
about 0.1 sec where, in addition, the jerk (= da/dt ) is discontinuous. 

Figure 8.15 is a plot of the estimated speed and the reference speed. Note 
the excellent speed tracking despite the time- varying flux (see Figure 8.17). 



FIGURE 8.15. u) and a ; re / in radians/sec versus time in seconds. From Bodson 
et al. [65], © 2004 IEEE. 


Figure 8.16 is a plot of i q along with its reference i qre f — ot re f /(fMpdref)- 
Figure 8.17 shows a plot of ^ dre f an d where ^ dre f is the result of 
solving the static optimization problem of equations (8.25) and (8.26) (see 
Section 8.4 and Refs. [68] [69]). Figures 8.16 and 8.17 indicate that and 
i q vary significantly, yet the input— output controller forces the resultant 
torque r = Jy^\) d i q to provide smooth tracking of the position and speed 
as shown in Figures 8.13 and 8.15, respectively. 

The dashed line in Figure 8.18 is a plot of the reference torque r Te f 
(i a re f — t re f f J) corresponding to the position and speed references given 
in Figures 8.13 and 8.15. The solid line is a plot of the motors’ optimum 
achievable torque by the motor given the voltage and current constraints 
[i.e., the solution r optirnurn for r in equations (8.25) and (8.26)]. Note the 
closeness of the reference to the optimum. 
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FIGURE 8.18. r op timum and r re / in N-m versus time in seconds. From Bodson 
et al. [65], © 2004 IEEE. 

This high-speed experiment (i.e., the trajectories of Figures 8.13, 8.15, 
and 8.17) was attempted using a field-oriented controller and was not suc- 
cessful as the phase voltages exceed their limits. That is, the input-output 
linearization controller was essential for obtaining such high performance. 

Remarks This control algorithm depends on the inner PI current control 
loops working satisfactorily. That is, they must be given sufficient time, as 
well as sufficient source voltage, to track the current references. As pointed 
out above, the dominant term in the equation for di q /dt [fifth equation of 
(8.9)] is the back emf term given by Mn p u'ij; d / L r « n p u'ip d (see problem 
9). When n p is large, a small change in u results in a correspondingly large 
change in the back emf, making it difficult (i.e., takes time) for the PI 
current controller to overcome this disturbance in order to track the refer- 
ence i qr . Typically, induction motors do not have a large number of pole 
pairs; and even if they do (say n p = 12), they are not usually run at high 
speeds. Consequently, the PI current loops usually perform satisfactorily. 
On the other hand, permanent magnet stepping (synchronous) motors typ- 
ically have 50 pole pairs. In that case, the current dynamics must be taken 
into account (rather than swamped out by high-gain feedback) in order 
to achieve high performance. That is, for the same trajectory, less source 
voltage may be needed compared to the current-command input-output 
controller. (See Ref. [72] where voltage command was essential in achieving 
high-performance motion control of a 50-pole-pair PM stepper motor.) 




8. Induction Motor Control 519 


8.3 Observers 

The field-oriented and input-output controllers require the rotor flux link- 
ages in order to implement them. The simplest type of algorithm to estimate 
them based on observer theory is now presented. Also, when a position sen- 
sor is used, a speed sensor is typically not available. Instead, one usually 
numerically differentiates the position measurement to get the speed. How- 
ever, it is shown how a smoother estimate can be found using a speed 
observer. 


8.3.1 Flux Observer 

Recall from (8.4) the dynamic equations of the flux linkages are given by 

(*7 = 1 /Tr) 


= -Wl>Ra ~ n P^Rb + V^Sa 
d 

Rb = ~V^Rb + RpU'lpRa + VMlSb. 


(8.34) 


A straightforward way to estimate the fluxes xp Ra and ip Rb is to simply 
implement a real-time simulation of the equations (8.34) on the controller 
processor. That is, the currents i$ a and %sb are sampled from the motor 
through analog to digital (A/D) converters, the speed lj is known through 
a sensor and these quantities are then used to run the following real-time 
simulation of the flux linkage equations 


^Ra = Ra ~ Rp^Rb + V^Sa 

d * 

-fa^Rb = -rnpRb + RpUipRa + vMisb 


(8.35) 


on the controller processor. The solutions to these equations are then used 
as the estimates of the fluxes for use in the feedback control algorithm. 

Note that for this to work, it is implicitly assumed that (i) the model 
(8.34) is the correct dynamic model of the flux linkages, (ii) the parameters 
T) and M are known, (iii) the currents and speed are measured precisely, 
and (iv) the numerical integration of (8.35) is done accurately. Under these 
conditions, it is now shown that the flux linkage estimates given by the 
solution to (8.35) will converge to the correct values even if the initial 
conditions ^ Ha (0) and ^5(0) for (8.35) are unknown . This is important 
because it also implies the observer will work even in the presence of distur- 
bances. For example, suppose at time t\ there is noise on the measurement 
of cj(ti). Further, at time t\ + <5, say, the noise is no longer present on 
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the speed measurement. Then, for t\ < t < t\ + <5, the speed is measured 
as uj(t) -f n(t) rather than the correct value of uj(t). This incorrect mea- 
surement is then being used in (8.35) to calculate the estimates ^ Ra {t) 
and ^ Rb (t). Consequently, these estimates are now incorrect. However, for 
t > t\ + 5, the measured speed is again u;(£), that is, the correct value. 
Thus, one can model the situation at time t — t\ T 6 as (8.35) being the 
correct equations with the initial conditions ip Ra (ti +6) and ipRb(ti +5) 
being unknown. If the estimates from (8.35) converge to the true values 
irrespective of the initial conditions, the estimator (8.35) is able to recover 
from disturbances in the measurements. 

To show the convergence, subtract (8.35) from (8.34) to obtain error 
system 


£ Ra = ~V £ Ra n p U£Rb 
£ Rb ~ ~V s Rb+ ripWZRa 


(8.36) 


where e Ra = ^) Ra - e Rb = Rb - 4> Rb are the errors in the estimates. 
Consider a (Lyapunov) function defined by 

V(t) = {^R a {t) ~ + (^pRbW ~ $ Rb ( ^)) 

= 4a(t)+4*W- 

If it can be shown V(t) — > 0 as t — > oo, then i> Ra (t) — ► ip Ra {t), ifi Rb (t) — > 
ipRb(t) as t —> oo. To do this, compute 


dV/dt = 2 e Ra £R a + 2e Rb k Rb 

= Zzrcl (~V £ Ra ~ Tiptoe R b ) -f 2e m {-T)£ Rb + n p ujs Ra ) 
= -2r? (e 2 Ra + e 2 Rb ) 

= -277 V. 


That is, dV/dt = —2r)V with solution V^(t) = l/(0)e 2??t . Now, V(0) = 

(V’fla(O) - ^fla(O)) + (^flb(O) - ^flft(O)) is unknown, but — > 0 re- 

gardless of the value of F(0) and thus ^ Ra (t ) — > 'ipRait), i>Rb(t) Rb ( *) 

as £ — > oo independent of the initial conditions used for (8.35). 

The nice thing about the development of this observer based on the 
model (8.34) is that one is able to show that the estimate converges to the 
actual flux. An equivalent representation of the system (8.34) is its polar 
coordinate form. That is, defining 

P - tan_1 (^Rb/^Ra) 

1 Pd ~ \jlpRa + V’flb 
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one then defines a flux estimator by 

^ = n p uj + riMi q /rp d 

= n v ui + rjM (—isa sin(p) + isb cos(p) 

d'lbj 

-jj- = -V^d + V Mid 

= -rid + vM (isa cos (ft) + isb sin(p) ) . 


(8.37) 


As the estimator (8.37) is just the polar coordinate form of (8.35), it follows 
that its solution will converge to the true values for p and / ip d . The useful- 
ness of the representation (8.37) is that the variables and i q vary 

much slower than variables ^R a {t) and 7/># fe (t). For example, if the motor 
is running at a constant speed, the variables ip d ,id, and i q are constant 
no matter how high the speed. In contrast, ^R a {t) and t/> H 6 (£) vary the 
stator frequency, which at high speeds is quite large. This high frequency 
makes the numerical integration of (8.35) difficult in that a small time step 
is required. 

Remarks 

To implement either observer (8.35) or (8.37), 77 and M must be known. 
The parameter 77 = 1 /Tr = Rr/Lr and the resistance Rr can vary by 
100% due to ohmic heating of the rotor windings [2]. 


8.3.2 Speed Observer 

In a position (servo) control system, typically one has a position mea- 
surement (e.g., from an optical encoder), but a speed measurement is not 
available. It is standard practice in industry to compute the speed by a 
discrete differentiation of the position output (backward difference) from 
the optical encoder as 


&bd{kT) = 


0{kT) - 6{{k - \)T) 
T 


(8.38) 


where T is the sample period. The difference 0(kT) - 0((k - 1 )T) can be in 
error by no more than one count so that, using a 2000 pulse/rev encoder, 
the error in this estimate of the speed is tightly bounded by (27r/2000)/T. 
This noise is particularly significant at high sample rates and moderate to 
low speeds as less encoder counts are detected per sample period than at 
higher speeds. For example, in the experiment presented in Section 8.2.2 
where the motor is turned 180° in 73 msec, the top speed of the motor 
was less than 75 rad/sec and a sample rate of 8 kHz was required. In this 
circumstance, the error bound on the speed computed by differentiation 
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is (27 t/ 2000)8000 = 25.13 rad/sec. This is shown in Figure 8.19. However, 
this noise (the difference uj — Cjbd) has a high frequency, and for the most 
part the machine responds to the average value of Cjbd over several time 
steps, which is close to the actual value. 



0.01 0.02 0.03 0.W 0.05 0,06 0.07 0.08 0.09 


FIGURE 8.19. Ubd. and u re f in radians/sec versus time in seconds. From Bodson 
et al. [67], © 2004 IEEE. 

The speed estimate used to obtain Figure 8.8 (repeated in Figure 8.20) 
of Section 8.2.2 is much smoother and was computed using an observer. 



FIGURE 8.20. uj and uj re f in radians/sec versus time in seconds. From Bodson 
et al. [67], © 2004 IEEE. 
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This approach is now described. In the field-oriented coordinates, the 
equation governing the speed in an induction motor is given by 

uo 

vM’dh “ U/J)u (8.39) 

The quantities , ip d and i q are not known, but can be estimated as shown 
above. Thus, consider an observer defined by 

u + e^o-0) 

3 - (f/J)u + h(9 - 0). (8.40) 

Assuming that ip d i q — *■ if d i q fast enough so that there are essentially equal, 
one subtracts (8.40) from (8.39) to obtain the error system 

e 2 - t\e.\ 

-(f/J)e 2 -t 2 e l (8.41) 

where e\ = 6 — 6 and e 2 — lj — Cj. The characteristic polynomial for the 
error system is then 

det(s q i - -f/J ) = s2 + ^ + + M//V)- 

Choosing 

(.i = ri + r 2 - f/J 

@2 = nr 2 - £\(f/J) 

puts the roots of the characteristic polynomial at — r\ and — r 2 . It turns out 
in practice that this estimate of u is much better than plain differentiation 
of the position [67]. This estimate is then used for the speed feedback and 
in the flux observer (8.37). 

With the gains set as £i = 1.8 x 10 3 and £ 2 = 8 x 10 5 , the result of 
using the speed observer (8.40) is given in Figure 8.20. This same observer 
(with the same gain settings) was also used to obtain the speed estimate 
for the input output linearization controller in Figure 8.15. This approach 
to estimating oj can be modified to account for a load torque on the motor 
(see problem 25). A disadvantage of a speed observer is that the machine 
parameters must be known accurately [ju, f/J for (8.40) and r\ — 1/Tr,M 
for the flux observer] while the backward difference estimator (8.38) is 
independent of the machine parameters. 


de i 
dt 
de 2 
dt 


S_ 

dt 

dib 

dt 


dB_ 

dt 

duj 

dt 
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Remark The flux estimator (8.37) and speed estimator (8.40) are cou- 
pled; that is, to estimate the flux and speed, it is required to integrate the 
fourth-order system given by 

n p £o + rjM(-i S a sin (p) + i Sb cos (p)) /$ d 

-V^d + vM(i S a COS (p) + ISb sin(p)) 

i j + e x (d-0) 

l^d {~isa sin(p) + isb nos(p)) - (f/J)& 4- t 2 {0 - 0) 
where isa,isb and 6 are the measured “inputs” to this observer. 


dp 

dt 

<Wd 

dt 

de 

dt 

duj 

dt 


8.3.3 Verghese— Sanders Flux Observer * 

Using the observer (8.35), it was shown that the magnitude of the error 
v{t) = (ip Ra (t) - 'ip Ra (t ')) 2 + (ip Rb (t) - ip Rh (t ))' 2 went to zero exponentially 
as V(t) = V(0)e~ 2vt . For example, with Lr — 0.085 Henries and Rr = 0.8 
ohms, 7] = 9.4 so that V(t) = U^e -2 ^ 9 - 4 ^ = U(0)e _i /-° 5 and the error dies 
out after four time constants or 4 x 0.05 = 0.2 sec. It is usually preferable 
to force the error to go to zero arbitrarily fast rather than just as e ~ 2r]t . 

An ingenious approach has been given by Verghese and Sanders [73] that 
allows one to specify an arbitrary rate of convergence for the flux estimator. 
This was done by first observing that the four electrical equations in (8.4) 
may be broken up into two subsystems consisting of the flux system model 


d / 

It*** - 

-J^^Ra ~ n pU1pRb H 

MR r . 

T ISa 

Lr 

(8.42) 

It* Rb = 

Rr 

Rb ^ n P u; '^ Ra ^ 

MR r . 

~ T ISb 

Rr 



and the voltage measurement model 



The insight given by this decomposition is that a measurement of the 
voltages (assuming the currents and their derivatives are known) provides 
an estimate of the derivative of the flux linkages by equation (8.43), which 



8. Induction Motor Control 525 


in turn can then be used to force the flux error to zero arbitrarily fast. 
Specifically, consider the estimator based on (8.42) defined by 


d 7 

jt 4,Ra 


Rr i - M Rr . . „ , 

-7 —*pRa ~ n p 0J1p Rb + -7 ISa + k{u S a ~ U Sa ) 

L R Lr 


d 7 

Jt^ Rb 


Rr * ~ M Rr . . ^ x 

T—'lpRb + ^ 7 l Sb + k{USb ~ Usb) 

Lr Lr 


with the predicted measurements us a and usb given by 

n - , r di Sa , M Ra 

U Sa = iis*5«+aL S — + — — 


o - , T di Sb , M d-lpRb 

ust = KstSb + vLs-^ + j-—. 

These expressions for u Sa and usb (8.45) are then substituted into (8.44) 
and, after some rearrangement, result in the flux estimator given by 


d 7 

5 


M 

'- k Li 


Rr 7 7 . . 

~ n P UJ V Rb + 7 *So 


+ k(R-siSa + <*Ls ^ — «Sa)) 


(8.46) 




1 


-J^TpRb + n P uJ^ Ra 


MR r . 

H r l Sb 

Lr 


k(Rsisb JradjS ~§t~ ~ Usb ) 


The idea here is that the system (8.46) is implemented in real time using 
the measured voltages us a and usb and currents %s a and isb , the measured 
speed a;, and the motor parameter values. The solutions V> Ra and ^ Rb are 
then used as the estimate of the state variables ip Ra and 

To show that the estimator (8.46) works (i.e., 'ip Ra —► ^ Ra ,^ R6 -► ^ Rb 
if the gain k is chosen correctly), subtract (8.42) from (8.44) to obtain the 
error system 

= -f)e Ra - n p Lue R b -f k{u Sa - us a ) 
at 


— = - r?e R b + n v ue Ra + k(u S b - usb)- 

at 
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where e Ra = - ^ Ra , e Rb = i> Rb - $ Rb . 

Using (8.43) and (8.45), this is rewritten as 


d&Ra 

dt 


kM de Ra 

TlpCUCRb 4 “ ^ 


de Rb 

dt 


kM de Rb 

-V e Rb + n p u)e Ra + -J^'^dT 


or 


de Ra 

1 

(-V e Ra - n p u)e Rb ) 

dt 

1 - k(M/L R ) 

de Rb 

1 

(-V e Rb + n p we Ra ) 

dt 

1 - k(M/L R ) 


Use of the (Lyapunov) function 

V{e Ra ,e m )^{e 2 Ra + e 2 m ) /2 


(8.48) 


(8.49) 


(8.50) 


with the error system (8.49) results in 


dV_ 

dt 


deRa , deRb 
eRa—rr + e Rb' 


dt 


1 - k(M/L R ) 


dt 


( e Ra {-r]eRa - n p oje Rb ) + e Rb (-r)e Rb + n v ue Ra ) ) 


1 -k(M/L R ) 


( e Ra + e Rb) 


v 

1 — k(M/L R ) ' 


Clearly then, 


V(t) = V(0)e \l-kM/L R 

which can be made to go to zero arbitrarily fast by choosing the gain k close 
to (but less than) L R /M. Note that by choosing k > L R /M , the estimation 
error actually diverges. However, as L R = (14- cr R )M where a R > 0 is a 
small leakage constant [1], it is always true that L R /M > 1. Consequently, 
by choosing k < 1, one is assured of avoiding this problem. 

The estimator (8.46) requires the derivative of the current to implement 
it. This can be avoided using the method as described in Ref. [73]. Specifi- 
cally, (8.45) is substituted into (8.44) and rearranged by bringing all of the 
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terms with derivatives to the left-hand side, resulting in 


M \ dijj Ra disa Rr ", ", t MR r . 

l ~ k L^J ~ kcrLs ~df ^ -J-^Ra-npui>Rb + —[^- l Sa 


“I - k^Rgisa 'U’Sa'j 


(8.51) 


l _ k M_\di iEk _ kaLs ^s b Rr A . _ .A , MRr , 


LrJ dt 


dt 


y—i’Rb + n p 0Jip Ra + — — isb 
Rr Rr 


4- k(jRsisb — usb'j • 


Defining the auxiliary variables 


with inverse 


h = 

0 -*£)*'- 

k(j L s't’ScL 

£2 = 


— kaRsisb 

^Ra = 

4" k(T R / 

'(>-*£ 

II 

-0 

ft? 

^2 4- kaRsisb^j / 

i-‘T, 


(8.52) 


the system (8.51) has the form 
dz\ 


— fl (^1 ? ^2? ^Sai ^Sbi 'M'Sa) 


^ f 2^1-, ^2-)^ -i^S a-> ^Sbi u Sb) 


(8.53) 


where f\ and /2 are simply the right-hand sides of (8.51) after substituting 
the expressions for ij; Ra and il) Rb in terms of z\ and z 2 from (8.52). The 
real-time solutions to (8.53) are then substituted into (8.52) to obtain the 
flux estimates. 

Remarks As before, there are numerical issues to consider. In this case, 
the system (8.53) is driven by the stator currents which vary at the electrical 
frequency l>j$ — uj s iip + which can be quite large. This necessitates a 
small step size to accurately carry out the numerical integration of (8.53). 
An appropriate way to handle this issue is given in Ref. [73] (see problem 
22 ). 
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As in any model-based scheme, these estimates are sensitive to parameter 
error. In this case, the significant parameter is the rotor time constant 
Tr = I/77 as its value can vary as the rotor windings heat up or cool down. 
An analysis of this sensitivity is also given in [73]. A generalization of this 
observer is the Martin— Rouchon observer Refs. [74] [75] outlined in problem 
27. 


8.4 Optimal Field Weakening* 


In Section 8.2.3, field weakening was introduced as means to achieve higher 
speeds without violating the stator voltage constraints with the trade off 
being that the available torque is less. In that approach, the reference for 
the (magnitude of the) flux linkage was specified by (8.24). In this section, 
the general problem of extracting the maximum torque from an induction 
motor without violating the voltage or current constraints is addressed 
systematically. There has been considerable work in this area including 
the approaches in Refs. [71] [76] [77] [78] [79] [80]. Here the approach in Refs. 
[68] [69] is presented. The field-oriented model of the motor as given in (8.9) 
is used as a starting point and, in order to obtain a tractable solution, 
the problem is formulated with the machine in steady state. Specifically, 
consider the following formulation: 

Maximize the steady-state torque ( J\i = u p M/Lr) 


subject to the constraints 


n p M 

Lr 


ipdh 


u 2 d + u 2 q < Vl 

id + il < IL 


Remark The actual physical constraints are 


u Sa | ^ 1 ! / max? \usb\ ^ ^I'max 

|^Sa| ^ I'rnax? — ^max- 


However, at constant rotor speed in steady state, the voltages and currents 
have the form 


USa = v cos(c u s t 4 - <f>) 
usb = V cos(u) S t + (j)) 
isa = Icos((jj s t 4 - <p) 
isb = I cos(c u s t + ip) 
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where u>s is the stator electrical frequency. As a consequence, 

V 2 = u 2 Sa + u 2 sb = u 2 d + u 2 q <V 2 &x 

I 2 = isa “b *Sf> = ~b — ^max 

so that in steady state the conditions are equivalent. 

To proceed with the solution of the torque optimization problem, the 
system of equations (8.9) are written in steady state as 


0 = nip d i q - (//J)w - t l /J 
0 = -ip d + Mi d 


0 = -,^ + Hs 


(8.54) 

(8.55) 




\ t]M 

)U + -r-iPd + oL s n p ui q + ejL s M —' t + u d 
J L r f T R ip d 


i 2 

l Q 


(8.56) 


0 = - 


(M 2 R r 


M 


+ R s) h - n p^dJ^ - vL s n p wi d - aL s M^j- + u q 

\s.h7) 


■Jj = n p Lj + Mi q / (T R iJ> d ) = constant. 


(8.58) 


Using Ts = Lr/Rs , V ; ( z = Mi d , and making the substitution a = 1 — 
M 2 /(LsLr) into (8.57) results in (8.56) and (8.57) simplifying to 

^ = i d - aT s i q (n p w + (8-59) 

^ = iq + T s i d ( n p ui + ■ (8-60) 


8J,.l Torque Optimization Under Current Constraints 

In the case of only the current constraint being active, the problem reduces 
to maximizing 


r = 


n p M 


Ipdiq 


n„M 2 . . 

T T'd'iq 
L R 


(8.61) 


subject to the constraint 


ii 4 . = / 2 < r 2 

L d' L q 1 — i max ' 

Defining 

& — iq / ^d 

the expression for the torque may be rewritten as 

(5 


Hp Af 2 ^2 TlpM ^2 


Lr 


Lr 1 -j- S 


r -- 


(8.62) 
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Optimizing (max or min) the torque requires I = / max . Also, solving 
dr/dS = 0 gives S = ±1 and checking d 2 r/dS 2 at S = ±1 results in the 
maximum torque for I = / max and 5 = 1 (id = Im&x/V2) and the minimum 
torque for I = / max and 6 = -1 (id = -/ m ax/V2). 


Torque Optimization Under Voltage Constraints 

In the case of only the voltage constraint being active, the problem reduces 
to maximizing 

n p M . n p M 2 . . 

t = — — (8.63) 




Lr 


subject to the constraint 


^ + ^ = ^ 2 <^ m 2 ax - 

Again letting <5 = i q /id and using (8.59) and (8.60), the square of the 
voltage V 2 may be written as 

V^_ = U d+ u2 q 

R% R s 

= (« - °T S i, (-V- + ) + (h + ^ (v- + jT^)) 

= *3((l - oT s 5{n p uj + S/T r ) y + (<5 + T s (n p w + S/Tr) )" j 

(8.64) 


and the torque is then rewritten as 




Lr 


npM 2 y2 


LrR 2 s (1 - oT s 5 (n p co + 6/T r )) 2 + (6 + T S ( n p uo + 8/T R )f 


(8.65) 


Remark 

This expression for the torque is comparable to the standard torque-slip 
equation for the torque. Specifically, with c or — T 6/Tr the electrical 
frequency, S p = 1 / (cfujsTr) the normalized' pull-out slip, and S = (cos — 
n p uj)/ujs = ( 5/Tr)/ujs the normalized slip, this last expression for the 
torque reduces to (letting Rs — » 0) 


3 1 - a C7| 2 

T ~ Up 2 a u%L s S/S p + S p /S 


( 8 . 66 ) 


where Us — y/2/Z (V/V 2) (see problem 31). (V/y/2 is the two-phase equiv- 
alent rms voltage so that y/2/Z (V/y/2) is the line- to- neutral rms voltage 
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in the three-phase machine.) The expression (8.65) gives the torque as a 
function of the slip (6/Tr = uj s -n p u) ) with the rotor speed u held constant 
while the expression (8.66) gives the torque as function of the (normalized) 
slip with the electrical frequency ujs held constant. 

■ 

The denominator of (8.65) is always positive so that r > 0 for 5 > 0 
and r < 0 for 5 < 0. As the torque (8.65) is proportional to V 2 , the 
optimum torque is achieved choosing 5 to optimize (8.65) with V = V m&x . 
To compute the maxima and minima of r with respect to 5, one sets 


dr = n p M 2 y2 p(6) 

86 L r R s - a T s S {ti v oj + 5/T R )f + (6 + T s (n p u + 6/T R )) 2 J 
= 0 (8.67) 


where 


2 

p(6) = -3a 2 (Lj) <5 4 - 4a 2 (||) ( T s n p u ;) <5 3 

+ ( 2 " (i) - - (■ + (g)) y 

T 0 * S -f- 1 T ( Tgri-pU. 7 ) . (8.68) 


The solutions to p{8) give the values of <5 corresponding to local maxima 
and minima. Let So be a solution to p(S) = 0. The second derivative at 
such a Sq is given by 


8 2 r 
dS 2 


So 


n p M 2 . 


V 2 


p'($ o) 


((1 - °T s S ( n p u) 4- So/T r )) 2 + (5 0 4- T s {u p cj + S 0 /T R )) 2 j 

(8.69) 


x 
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where 


p'(S) = -12a 2 (g) 5 3 - 12a 2 (T s n p oj) d 2 

+ 2 ( Kt )~^ (rw) ’“( 1 + ( IO ) ) { 

= -<^12a 2 (J|) 5 2 + 12a 2 Q^) ( T R n p to)S 

+ 2 + 4(1 -<,)(!) + 2 (|) 2 + 2 *’(|) V*V-)’) . 

(8.70) 

The sign of p f (So) determines whether or not So corresponds to a local 
minima or a local maxima. 

Example 1 To study equation (8.68), consider an induction machine 
with parameter values n p — 3, Rs — 1.7 ohms, Ls = 0.014 H, R# = 3.9 
ohms, L r = 0.014 H, M = 0.0117 H, U max = 80 V, 7 max - 6 A , J = 
1.1 x 10 4 kg-m 2 and / = 1.4 x 10 -4 N-m/rad/sec. Figure 8.21 is a plot 
of the four roots of p(5) = 0 as the speed u varies from 0 to 8000 rpm. In 
this example motor, only two of the roots are real in this speed range. 



FIGURE 8.21. The four roots of p(S) — 0 for 0 < w < 8000 rpm. From Bodson 
et al. [69], © 2004 IEEE. 
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Solutions of p(S) = 0 

The polynomial p(S) is fourth order in 5 and our interest here is to de- 
termine which of the roots optimizes the torque. For lj > 0 and constant, 
there are two cases to consider; r > 0 and r < 0. 

r > 0 : The first case is r > 0 so that the machine is motoring. In 
this case <5 > 0 as both id and i q are positive. The Routh— Hurwitz test 
[37] [81] [46] (see problem 32) implies that p(S) = 0 has exactly one posi- 
tive root for all lj > 0. Furthermore, for any 6 > 0, it follows by equa- 
tion (8.70) that d 2 r/dS 2 < 0 so this unique positive root corresponds to 
a global maximum. In Figure 8.21, this unique positive root starts out 
at approximately 0.323 for lj = 0 and ends at approximately 2.2 for 
lj = 800 rpm. The asymptotic value of this root is found by dividing 
(8.68) by a 2 (Ts/Tfi) 2 ( Tsn p u ) 2 and letting u — > oo where it is seen that 

p(S)/ (a 2 {T s /T R f (Tsn^f) - (T R /T s f ( -6 2 + 1/a 2 ) and the positive 
root goes to 1 /a (= 3.33 in Figure 8.21). Further, as lj — > oo, 

t(< 5) -> r(l/cr) = (n p M 2 / L r R%) V 2 / ^2a(T s n p u R ) 2 'j . 

r < 0 ; The second case is r < 0 so that the induction machine is gener- 
ating. In this case, the minimum of r is sought (i.e., maximizing )t| with 
r < 0) so that 5 is negative with i q > 0 and id < 0. As p(6) is fourth 
order, it has four roots of which exactly one root is in the right-half plane. 
The remaining three roots all have negative real parts of which there are 
two possibilities. Either there are three real negative roots (two local min- 
ima and a local maximum) or there is one real negative root (single global 
minimum) and a complex conjugate pair with negative real parts. 

First consider the solutions of (8.68) for u small. In general, equation 
(8.68) has a unique negative root for sufficiently small speeds. To see this, 
let lj — 0 in (8.68) to obtain 



the quadratic formula gives 


5 2 


— b ± y/W^Aac 
2a _ 


(8.71) 


where — 4ac > 0 so that \Jb 2 — 4ac > b. Consequently, one must choose the 



534 


8. 


Induction Motor Control 


-f sign in (8.71) for 8 2 to be positive. Doing so, let 


A A 
Opos 


A — 
°neg — 


/ — 6 + Vb 2 — 4 ac 

(8.72) 

V 2 a 

1 —6 T \/b 2 — 4ac _ 

/ 2 a 

(8.73) 


be the (unique) positive and negative roots, respectively, of (8.68) for uj = 0. 
Note that 8 pos = 0.323 in Figure 8.21. 

At high enough speeds, there are always two local minima. To see this, 
rewrite (8.68) as 



It is now shown that one of the roots 8 — > ~Tru p uj as uj — > oo. To do so, 
let x = 8/ {Tru p uj) in (8.74) and divide through by — 3a 2 ^|A^ (Trti p uj) 4 
to obtain 


4 4 o 1 2 

* + 3 X+ 3 X 


1 + 2(1 - a) 



3a 2 (|f) (T R n p co) 4 

(8.75) 


Equation (8.75) shows that x — —1 is a solution as uj — > oo; that is, 
—T R n p uj is an asymptotic solution to p(8) ~ 0 for large uj. Substitution of 
8 = —TftripUJ into (8.69) shows that 9 2 r/d8 2 \^_ TRri u > 0 an ^ thus corre- 
sponds to a minimum. Also, t{—Trtl p uj) — > (n p M 2 / L rR%) V 2 / {Trti p ujr) 
as w -> oo. The other negative root corresponding to a local minimum 
is found by dividing (8.68) through by a 2 (Tr/Tr ) 2 (T R n p uj) 2 and letting 
uj — > oo to find 8 — ► —1/a. Again using (8.69), it is seen that this root does 
indeed correspond to a local minimum where 


2 ., 


as uj — > oo. Comparing the expressions for the torque at the two minima, 
it is seen that for uj sufficiently large, t(—Trti p uj) < r( — 1/a). As a conse- 
quence, — 1/a corresponds to an asymptotic local minimum while ~Trti p uj 
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corresponds to the asymptotic global minimum for the torque. In general, 
at sufficiently high speeds, the complex conjugate pair of roots must come 
together so that there are three negative real roots corresponding to the 
two minima and one local maximum. (From specific examples, it appears 
that the 8 corresponding to the global minimum is the negative root that 
starts 8 neg for u — 0 and remains real and negative throughout the speed 
range.) 

For the specific motor example used in Figure 8.21, there is a unique 
negative root for the speed range 0 < uj < 8000 rpm, that is, throughout 
the speed rating of the motor. However, it was shown above that if the 
speed is large enough, the complex conjugate pair of roots eventually come 
together. 

Example 2 Consider a motor with the parameter values n p = 3 , = 

1.85 ohms, L s = 0.244 H, R r = 2.1 ohms, L R = 0.244 H, M = 0.224 H, 
Idnax = 225 V, and / max = 15 A. Using these parameter values, Figure 8.22 
is a plot of r(8) versus 8 for the fixed motor speed cj — 200 radians/sec. 
The torque is a maximum (motoring) at 5 max = 5.7, but for generating, 
there is a global minimum at 8 a — —69, a local minimum at Sf, — —8.8, 
and a local maximum at 8 C = —20.8. 

Remark For future reference, the values of <^ c and 8 in Figure 8.22 
are where V = V m ax,I = An ax -In particular, for 8 V X C < 8 < 8% c , it turns 
out that I > / max ; for 8 outside of this interval, it happens that I < / max - 
This will be shown below. 



FIGURE 8.22. r(8) in N-m versus 8 for u = 200 rad/sec. At 81 c and <$ 2 C , both 
constraints are encountered (i.e., V = U max and I = /max)* The torque r(8) has 
a global minimum at <5 a , a relative minimum at 8b , and a relative maximum at 
8 C - From Bodson et al. [69], © 2004 IEEE. 
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Numerical Solution of p (8) = 0 

The complete set of solutions to (8.68) can be found with a Newton-Raphsor 
technique provided it is initialized properly. A closed-form approximate so- 
lution for 8 can be found if the slip u s i ip = i q /(T R i d ) = 8/Tr is small (in 
magnitude) compared to the stator frequency cjs = n p u + i q /{Tni d )\ that 
is, ujs ~ so that (8.59) and (8.60) become 


u d 

Rs 

Ug 

Rs 

t(5) 


— ^TgXgTl p {jJ 

— i q T TsidnpW 

!bMl V 2 

LrR 2 s (1 - aTsSn p cj) 2 + (5 + T s n p u>) 2 


Setting dr/d5 — 0 gives 


(8.76) 

(8.77) 

(8.78) 


^2 = 1 + ( T s 8n p u) f 

1 + ( aTsSripUJ ) 2 


or 


1 4 - (TsSn p uj) 

1 + (aT s 8n p uj) 2 


(8.79) 


At higher speeds for which aTs8n p uj » 1, this reduces further to 5 2 — 
1/a 2 . As shown above, 6 = 1/a corresponds to the global maximum for 
the torque r > 0 while the solution 5 — —1/a corresponds to a local 
minimum for the torque r < 0. Also, as shown above, S = —T^n p uj is the 
asymptotic solution for the global minimum. [Note that the slip in this case 
is oj s u p = S/Tr = — n p u) which is not small in magnitude and, therefore, 
the equations (8.76) — (8.78) do not hold.] 

To proceed with the numerical solution of (8.68), the global maximum 
is found by initializing the Newton— Rap hson algorithm with the positive 
square root of (8.79). In the numerical examples given here, five iterations 
were sufficient to obtain a solution in the speed range 0 < uj < 8000 rpm. To 
obtain the global minimum, the Newton— Raphson algorithm is initialized 
with 6 neg [see equation (8.73)] for speeds below 1 rad/sec and by -T r tl p uj 
for all higher speeds. In the numerical examples here, this initialization 
resulted in a solution after five iterations in the speed range 0 < uj < 8000 
rpm. 

Remark It is straightforward to show that the problem just considered 
of choosing 8 = i q /i d to maximize the torque r = (n p M 2 / LR)i d i q subject 
to the voltage constraint u\ + u 2 = V 2 < V^ ax is equivalent to minimizing 
the voltage -f u 2 = V 2 subject to the constant torque constraint r — 
(n p M 2 / LR)i d i q = constant. 
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8.4.3 Torque Optimization Under Voltage and Current 

Constraints 


The previous two subsections considered the problem of obtaining the opti- 
mum torque from an induction machine without violating the current and 
voltage constraints, respectively. At low speeds the back emf of the ma- 
chine is small and the inrush of current results encountering the current 
limits. At high speeds, the back emf is dominates and one encounters the 
voltage limits. Between these limiting cases, it is not surprising that one 
would encounter both voltage and current limits simultaneously. This is 
now considered. 

To proceed, rewrite (8.65) for the torque as 


r(S) 

Q{6,u)± 


7 ^-V 2 Q{5,u) 


Lr 


S/R% 


(1 - oT s 5 (n p u> + S/Tr )) 2 + (S + T s (n p cj + 6/Tr ] )) 2 ' 


Recall by equation (8.62) that the torque can also be written as 

0M 2 


r{S ) = ^-I 2 


Lr 1 4- £ 


2 * 


(8.80) 


(8.81) 


Equation (8.80) was convenient when operating at the voltage constraint 
while equation (8.81) was convenient when operating at the current con- 
straint. Under both constraints, the optimization problem is formulated as 
follows: Given 


r(<S) = 


n p M 2 t2 S 

T+p 


n p M 2 

Lr 


V 2 Q(S,oj), 


(8.82) 


for each fixed speed u ;, find the value of S that optimizes the torque (max- 
imum for motoring or minimum for generating) with V 2 < C and 
I 2 < /max- and appear linearly in (8.82), the optimal torque 

must occur with V 2 = V^ ax , or I 2 — /£ ax , or both. It has been shown in 
Section 8.4.2 that for a fixed voltage magnitude V the torque is optimized 
for some 6 satisfying dQ(5,u)/d6 = 0, while for a fixed current magnitude 
I the torque is optimized for S = =bl. For each fixed a;, let S opt ( u ; ) denote 
the value of 6 that optimizes the torque under both voltage and current 
constraints. Then at each such fixed speed, one of the following three cases 
must hold: 


Case I I 2 = /2 ax and V 2 < V£ ax =► S opt = ±1 
Case II V 2 = V 2 &x and I 2 < /£ ax =► dQ{6 opt ,u)/d5 = 0 

Case III I 2 = J’ ax and V 2 = V 2 ax =► lL*rH~ = VL.Q(Kt^) 

1 + o opt 
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Generating Mode 

The following algorithm is then used to obtain S op t and r(6 opt ) for gener- 
ator mode. 


1. Let Si = — 1 and compute r i, Vi according to 




A 


Vi 4 


71piVf 2 2 $1 

TT max TT^ 

Tl 


n p M 2 




If Vi > Knax, then r x is not the minimum torque and proceed to 
step 2. Otherwise, store the pair (5 i,t x ) as a possible optimum pair 
opt, t opt) and then proceed to step 2. 


2. Solve dQ(S,uj)/dS — 0 for its roots as explained in Section 8.4.2. 
There are then two possible subcases (a) and (b): 


(a) One real negative root S a (the other two complex conjugate 
roots). In this case, compute 


A n p M 2 iO/r \ 
r 2 - xWa,^) 

r 2 A T2 I + 

a “ (n p M 2 / Lr) S a ' 

If I a > I m ax , then go to step 3 as this solution violates the cur- 
rent constraint. Otherwise, store the pair (£ a ,r 2 ) as a possible 
candidate for (S opt , r opt ) and proceed to step 3. 

(b) Three real negative roots denoted as 6 a , 6b, and S c . In this case, 
let S a correspond to the global minimum, 6b correspond to the 
local minimum, and 6 C correspond to the local maximum (see 
Figure 8.22). Next compute 


Ta 


A 


Tb 


A 


“^" l raaxW<» w )^a — 


Ta 1 + <^q 

(n p M 2 / Lr) 6 a 

T b 1 + <5fc 

(n p M 2 / Ljt) S b 


If I a < / max , then store (8 a ,r a ) as a possible candidate for 
(S opt ,T op t) and proceed to step 3. Otherwise, check if /*, < / max 
is satisfied. If so, then store (^r^) as a possible candidate for 
{6 opt, t opt) and proceed to step 3. If not, just proceed to step 3. 
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3. Solve 


n p M 2 2 _±_ 

Lr max l + <5 2 


n p M 2 /o/r \ 
— 'VmsxQiM 


Lr 


and let 83 denote the value corresponding to the minimum torque 
and denote the minimum torque as r 3 . Store (<53, r 3 ) as a possible 
candidate for ( 8 opt ,r opt ). 


4. Choose r opt as the minimum value of the torque from steps 1, 2, and 
3 and 8 opt as the corresponding value of 8 . 


Motoring Mode 

The algorithm is similar, but simpler, in the motoring mode. 


1. Let 8 i = l and compute r 1, Vi according to 


r 1 


A 


Vi 4 


n p M 2 
Lr 


T 1 


_Sj_ 

1 + 6l 


npM* 

Lr 


Q{5i,u) 


If V\ > V max , then r\ is not the maximum torque and proceed to 
step 2. Otherwise, store the pair (5 i,ti) as a possible optimum pair 
[ 8 op t^o P t) and also proceed to step 2. 


2. Solve dQ( 8 ,ui)/d 8 = 0 for its roots as explained in Section 8.4.2. Let 
the unique positive root be denoted as 8 a and compute 


A n p M 2 /^i/ r \ 

Knax Q{.$a-s ^) 

A r 2 1 + 

(n p M 2 / L r ) 8 a ; 

If I a > / m ax, then go to step 3 as this solution violates the con- 
straint. Otherwise, store the pair (<5 a ,T2) as a possible candidate for 
{ 8 op t,r op t) and then proceed to step 3. 


r 2 
% 


3. 


Solve 


n p M 2 2 8 

~TI~ max TT^ 


n p M 2 \ 

“ ~Knax<2(<^) 


Lr 


and let 83 denote the value corresponding to the maximum torque 
and denote the maximum torque as r 3. Store (<5 3 ,t 3 ) as a possible 
candidate for ( 8 optj r opt ). 


4. Choose r opt as the maximum value of the torque from steps 1,2, and 
3 and 8 op t as the corresponding value of 8 . 
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Remark If the induction machine is operating in the generating mode, 
step 2 above can lead to interesting solutions when the machine is at both 
the current and voltage limits. For example, in step 2 of the generating 
mode, for either subcase (a) or (b), the global minimum at 8 a will typically 
result in 1 2 > ax . However, in subcase (b), the local minimum at 8^ 
(found under the voltage constraint only) can turn out to be the global 
minimum when the current constraint is also taken into account. This is in 
fact the situation depicted in Figure 8.22. Specifically, at oj = 200 rads/sec, 
step 1 violates the voltage constraint while for step 2 the global minimum 
at 8 a = ~69 violates the current constraint (it can be shown that for 
8^° < 8 < 8% c , I > / max ). The local minimum at St — —8.8 producing the 
torque r(8b) = —4.4 N-m does not violate the current constraint, that is, 

I K&b) = (r(S b )/ ( n p M 2 /L R )) (l + S 2 b ) /5 b < 

Going on to step 3 of the algorithm, one solves /^ ax <5/ (l + £ 2 ) = V* &X Q(8, cu) 
for its real roots to obtain 8\ c = -22.9, r (S\ c ) = -4.06 N-m and 8% c = 
— 116.4, 7 (^ 2 °) — -0.8 N-m which are indicated in Figure 8.22 (the other 
two roots are complex conjugates). Consequently, 8 opt = St, = -8.8 pro- 
duces the global minimum torque of r opt — -4.4 N-m. 


Numerical Solution of /£ ax £/ (l + S 2 ) = V^ ax Q(8,u;) 

Step 3 of the algorithm requires solving I^ ax 8/ (l + S 2 ) — V 2 ^ x Q(8 ,uj) for 
S with cj fixed. This is rewritten as a polynomial in 8 by 

+ (l + 2(1 - .) (S) + (S) + (g) (J-»n p c) 2 ^ « 2 

+ ^2(1 - a) (^) + 2 (g) ^ T r ti p ojS + 1 + (^) (T R n p oj) 2 (8.83) 

This equation does not lend itself to as complete an analysis as (8.68) 
because the coefficient of <5 in (8.83) is not zero as was the case for (8.68). 
The four roots of (8.83) are plotted in Figure 8.23. Upon computing the 
values of the torque corresponding to these values of 8 , it turns out the 
positive real root between 1 and 1.5 in Figure 8.23 is the root corresponding 
to the (global) maximum torque for speeds between 2940 rpm and 3330 
rpm. Similarly, the negative real root which is approximately between —1 
and —2 in Figure 8.23 corresponds to the (global) minimum torque (i.e., 
max | r) , r < 0) for speeds greater than 5410 rpm. These two sets of roots 
are easily found using the Newton— Raphson method and initializing it with 
8 = 1 and 8 = — 1 for the maximum and the minimum torques, respectively. 
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Real Part 


FIGURE 8.23. The four roots of /Lx<V (l + S 2 ) = V 2 ^Q(6,lj) for 0 < u; < 8000 
rpm. From Bodson et al. [69], © 2004 IEEE. 


Base Speed 

For low enough speeds, the machine is operating at the current limit to 
achieve optimum torque. The base speed uJb ase can be defined as the speed 
where the flux linkage magnitude tj) d is first decreased to avoid the voltage 
limit. Using the above analysis, a natural procedure to determine this base 
speed is possible as follows. Below the base speed, where 6 = S\ with 5 1 = 1 
for motoring and Si = — 1 for generating, the torque is given by 


r{d 1 ) = 


K P M 7 max 


maX l+£? 


The voltage required to achieve this torque is then 
y2 = 

n P M 2 n . 

— Q (5i,uj) 

L>r 

_ n p M 2 I^ ax (1 — crTs8i(npU> + <5i/Tfi)) 2 + (<5x + Tg (n p o> + <5, /Tr)Y 
L r 2 1 n p M 2 <5i 


Lr R 2 s 


R 2 S IL* 


((1 - crTsSi (n pW + S 1 /T R )) 2 + (<5 X + T s (n p u + 6 l /T R )) 2 ). 

(8.84) 
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To satisfy the voltage constraint, the condition V 2 < V 2 ax must hold. To 
compute the maximum speed for which this holds, set V 2 — V^ ax in (8.84) 
and rearrange to obtain 


2 Z m p = 6\+2{l-a)^-5\+ r ^5\(l + (7 2 8\)+iJ z Tlnl{l+a 2 6\) 

H13LX -a R 

+ u)2T s 8\n p ^l - o + (1 + cr2< ^i)) + !• 


Using the fact that <5 2 = 1, this simplifies to 


0 = u^Tjn 2 (l + a 2 ) + u2Ts8in p ^l - a + — (l + a 2 

+ 1 + 2(1 -a)g + ^(l+a 2 ) + 1-2-^-. 


(8.85) 


In a practical motor, V(? ax >> -R|/ 2 ax so that 


l+2(l-a)p- + p(l + t r 2 )+l-2 


V£ 


Tr 


t r 


‘RlH ax 


1 + 


-0 


v m 


^fmax 


<0. 


( 8 . 86 ) 

That is, the constant term of (8.85) is negative. The coefficient of u) is 
positive for S 1 = 1 and negative for 5 \ = —1. Using these facts, it follows 
using the Routh— Hurwitz stability test (see problem 33) that (8.86) has 
exactly one positive root each for S\ = 1 and for 5\ = — 1. For the motor 
parameter values used in Figure 8.21, the positive solution of (8.86) for 
S\ l is ujbase — 2990 rpm (motoring) and the positive solution of (8.86) 
for Si = —1 is ujbase = 5410 rpm (generating). These speeds can be seen in 
Figure 8.24. 


Numerical Results 

Here the motor used in example 1 (page 532 above) is analyzed in terms of 
the optimum torque it can produce. Its parameter values are n p = 3, Rs = 
1.7 ohms, L s = 0.014 H, R r = 3.9 ohms, L R = 0.014 H, M = 0.0117 
H, U m ax = 80 V, 7 max = 6 A, J = 1.1 x 10- 4 kg-m 2 and / = 1.4 x 
10“ 4 N-m/rad/sec. Using the above algorithm, the maximum and minimum 
torques were computed and are shown in Figure 8.24 versus uj with the 
corresponding S versus lj shown in Figure 8.25. 
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FIGURE 8.24. Maximum and minimum torque achievable versus uj (in rpm) 
for both optimal and standard field weakening. For the optimal field weakening, 
Ubase = 2990 rpm for motoring and uJbase = 5410 rpm for generating. From 
Bodson et al. [69], © 2004 IEEE. 



FIGURE 8.25. <5 versus lj in rpm corresponding to the maximum and minimum 
torque. From Bodson et al. [69], © 2004 IEEE. 
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FIGURE 8.26. Minimum torque versus w in rpm under just the voltage contraint. 
From Bodson et al. [69], © 2004 IEEE. 

The maximum torque is limited by the current constraint up to a speed 
of 2990 rpm and by the voltage constraint for speeds above 3330 rpm. 
There is a small speed range from 2990 rpm to 3330 rpm where both the 
voltage and current constraints are encountered. This last observation is 
more clearly illustrated in Figure 8.25. For the minimum torque, Figure 
8.24 shows it is determined by the current constraint up to 5410 rpm and 
then by both the voltage and current constraints for all higher speeds. In 
other words, the minimum torque under just the voltage constraint alone is 
never achieved because it requires too much current. This is demonstrated 
vividly by Figure 8.26, which is a plot of the minimum torque achievable 
with only the voltage constraint and no current constraint. Comparing with 
Figure 8.24, it is clear that the current limits prevent these large negative 
torques from ever being achieved. 

Comparison with Standard Field Weakening 

Recall that the standard approach to field weakening is to choose the flux 
as 

1/j dref M = ( t d0 /II f° r !i J W6ose (8.87) 

y'drej \ ^do^base/ M for \u\ > 0J baS e 

where ip d0 = M^o- For the machine of example 1 (page 532 above), the 
direct current reference is chosen as ido — 6/V% A to make the torque using 
the flux reference (8.87) equal to that of the optimal torque (i.e., choosing 
5 = 1 so that id = i q = Im&x/'J?) below the base speed. The base speed 
is chosen as Wbase — 2990 rpm (« 300 rads/sec) so as to coincide with the 
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speed at which the maximum possible torque achievable starts to decrease 
(see Figure 8.24). 

To provide a fair comparison of the two approaches to field weakening, it 
is necessary to determine the maximum torque that can be delivered under 
the standard field weakening approach without violating the constraints. 
The motor torque is Jfi'ipd'iq an( i> as the flux is determined by (8.87) at 
any constant speed, the optimum torque in this situation is determined by 
optimizing i q subject to the voltage and current constraints. To proceed, in 
(8.64) set V = V m& x ,i d (u) = ip dref (w) /M with ip dref (w) given by (8.87) 
and compute its roots. With <5 max the maximum real root of (8.64), the 
maximum i q subject to the voltage constraint is simply (5 max z^. Similarly, 
with S m i n the minimum real root of (8.64), the minimum i q subject to 
the voltage constraint is 5 m i n id- To account for the current constraint, one 
just takes the values of i q as just explained and tests if \i q \ < I q max — 
V^max “ If |zg j < /q max then i q is left unchanged and it is at its 

optimum value. Otherwise, i q is set to ±I qm ax where the + is taken if 
i q > 0 and the — sign is taken if i q < 0. Figure 8.24 shows the maximum 
and minimum torques computed using the standard flux reference. It is 
interesting to note that this maximum torque is essentially the same as 
that produced by the optimum torque provided that ido and ujbase are 
chosen as in the optimum torque case. 


The Optimal Flux Reference 

The algorithm above for computing <5 = i q /id to achieve the optimum 
torque under both voltage and current constraints was derived assuming 
constant speed. However, achieving the optimum torque is of particular 
interest in high-performance applications where the speed varies greatly. 
Here it is shown that the algorithm is indeed applicable to such applications 
due to the fact that the electrical dynamics of a machine are typically 
much faster than the mechanical dynamics. Figure 8.24 shows that the 
torque optimization will have a significant advantage during deceleration. 
In fact, the flux and current references used for the input output controller 
of Section 8.2.4 were developed using the algorithm of this section. The 
speed trajectory of Figure 8.15 shows the motor goes from 0 rpm to 8000 
rpm in 0.38 seconds and from 8000 rpm to 0 rpm in only 0.265 seconds. 
The corresponding position reference trajectory is given in Figure 8.13. For 
the speed reference trajectory of Figure 8.15 the corresponding optimum 
achievable torque T opt is shown as the solid curve in Figure 8.18 while the 
dashed curve is the torque reference r re /. Note that the torque reference 
is close to the optimum reference throughout most of the speed range. The 
quadrature current reference is chosen as 

A T ref 

w ■ w*., 
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where, as stated above, r re f is the dashed curve in Figure 8.18. The direct 
current reference is then specified as 


Iqref ^ ref 

5 {U ref) Jfl6(Uref) Ipdref 


where S ( u> re f ) is the optimal i q /id to optimize the torque and is shown in 
Figure 8.27. 

This derivation has been done under the assumption of constant speed 
so that choosing t/W/ = Mi re f would be consistent with this assumption. 
However, while the currents can be changed relatively fast, the flux may 
take time to build up. As a consequence, the flux reference is chosen as the 
solution to 


d'lpdref 


dt 


1 M . 

dref p^'dref 


^Pdref "b 


M T ref 

JflTfi S ( UJ r ef ) dref * 


Figure 8.28 is a plot of the commanded voltage to the amplifier where it is 
noted that the it stays quite close to the 80-V limit as the motor goes from 
0 rpm to 8000 rpm. 



FIGURE 8.27. Optimal <5 (u; re /(£)) = iq/id versus time for the speed trajectory 
of Figure 8.15. From Bodson et al. [69], (§) 2004 IEEE. 
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FIGURE 8.28. us a versus time. From Bodson et al. [69], © 2004 IEEE. 
Figure 8.29 shows the phase current i$ a versus time. 



FIGURE 8.29. is a versus time. From Bodson et al. [69], © 2004 IEEE. 

The flux reference 'ipdref an d (estimated) flux are shown in Figure 
8.17. The position reference and measured position are shown in Figure 8.13 
with the position error given in Figure 8.14 in encoder counts. This shows 
that the position error for the last 100 samples is less than one encoder 
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count verifying that the motor comes into the final position to a complete 
stop. 

The generalization of this approach to the situation in which the main 
magnetic path of the machine undergoes significant saturation has been 
considered in [82] [83] [84] . 


8.5 Identification of the Induction Motor 
Parameters* 

The induction motor parameters are the mutual inductance M, the sta- 
tor inductance Ls, the rotor inductance Lr , the stator resistance R Rl the 
rotor resistance Rr , the inertia of the rotor J and the load torque t l . 
Standard methods for the estimation of induction motor parameters in- 
clude the locked rotor test, the no-load test, and the standstill frequency 
response test (see problem 19 of Chapter 7). In Ref. [85], an automatic 
procedure is described in which a sequence of such tests is performed, each 
designed to isolate and measure a specific parameter. The method is ap- 
plied for the automatic tuning (self-commissioning) of an induction motor 
drive. In Ref. [86], another procedure is described, based primarily on the 
identification of the motor transfer function at standstill. The model is then 
refined to account for magnetic saturation and adaptation is included to 
compensate for the effects of heating. However, these approaches cannot 
be used online, that is, during normal operation of the machine. This is a 
disadvantage as some of the parameters do vary during operation. For ex- 
ample, field-oriented control requires knowledge of the rotor time constant 
Tr — Lr/Rr in order to estimate the rotor flux linkages and Rr varies 
significantly due to ohmic heating. Based on the work in Refs. [42] [59] [87], 
a method for identifying the parameters of the induction motor that can 
be implemented online is now described. To proceed, recall the state- space 
model (8.5) of the induction motor given by 


duj 

dt 

d^Rg 

dt 

d’fpRb 

dt 

disa 

dt 

disb 


(i-SblpRa ~ iSalpRb) ~ 

1 , M . 

-jrVRa - n p unP Rh + — z Sa 

1 . . M. 

~jr^Rb + n-pUtpRa + jriSb 

TfT^Ra + f^P^Rb - 7 iSa + -~U S a 
1 R cjL s 

jr^Rb ~ P^^Ra - 7 * Sb + 


( 8 . 88 ) 


dt 
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where again 

Tr = Lr/Rr, (7=1- M 2 / ( L s Lr ) 

/3 = M/ {oL s Lr) , 7 = Rsl WL S ) + M 2 Rr/ {cjL s L 2 r ) 

have been used to simplify the expressions. This model is then transformed 
into a coordinate system attached to the rotor where, for example, the 
current variables are transformed according to 


isx 


cos (n p 9) 

sin (n p 6) 

iSa 

iSy 


— sin (n p 0) 

cos (n p 6) 

isb 


An advantage of this transformation is that the signals in the moving frame 
(i.e., the {x^y) frame) typically vary slower than those in the (a, b) frame 
(they vary at the slip frequency rather than at the stator frequency). At the 
same time, the transformation does not depend on any unknown parameter 
in contrast to the field-oriented dq transformation. The stator voltages and 
the rotor flux linkages are transformed as the currents resulting in the 
following model [87]: 


disx 

dt 

disy 

dt 

< Wrx 

dt 

^Ry 

dt 

duo 

dt 


-~u Sx - 'risx + Jr^Rx + npfiunpRy + n p wi Sy (8.90) 
crLs 1 r 

~j^ u Sy -rfisy + jr^Ry ~ - n p ui Sx (8.91) 


M . 1 . 

Tr ISx ~ Tr Hx 
M . 1 

rp_ ^Sy r T_Tlly 


Tr ° y Tr 
(i'Sy'ipRx 


n p M 


JL r 


isxtpRy) - y- 


(8.92) 

(8.93) 

(8.94) 


8. 5. 1 Linear Overparameterized Model 

Measurements of the stator currents is a an d isb and voltages u$ a and usb as 
well as the position 0 of the rotor are assumed to be available (velocity may 
then be reconstructed from position measurements). However, the rotor 
flux linkages and 'ipRy are not assumed to be measured. Standard 
methods for parameter estimation are based on equalities where known 
signals depend linearly on unknown parameters. However, the induction 
motor model described above does not fit in this category unless the rotor 
flux linkages are measured. The first step is to eliminate the fluxes 'ip Rx 
and and their derivatives d%b Rx /dt and dipRy/dt. The four equations 
(8.90), (8.91), (8.92), (8.93) can be used to solve for 'ipR^'ipRy, d^^/dt, 
and d'lpfty/dt , but one is left without another independent equation(s) to 
set up a regressor system for the identification algorithm (see Chapter 2). 
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A new set of independent equations are found by differentiating equations 
(8.90) and (8.91) to obtain 


1 dugx 
(J -La dt/ 


d?isx , di S x P dil) Rx dip R du 

+ 7— - ~ ~ n v W R , 


dt 2 ' ' dt 

di>Sy 


Tr dt 

duj 


~ np “ dt 


Tbps'S y 


dt 


y dt 
(8.95) 


1 dlLgy 

cx L c dt 


d 2 is y , di Sy (3 dip R dip Rx du 

+ “ 7 + n ^-dT + H 

duo 


dt 2 ' 1 dt 

digx 


+n p uo- 


dt +TlpiSx df 


(8.96) 


Next, equations (8.90), (8.91), (8.92), and (8.93) are solved for 'ipRx.'ipRy, 
dipR X /dt, and dip Ry /dt and substituted into equations (8.95) and (8.96) to 
obtain 


0 = - 


d 2 i 


Sx 


d t 2 


, disy _ t 
+ ~dT np0J + 


1 dusx 
oLs dt 


— (7 + TFT ) 


1 . 


pM 


T r ' dt lSx ( T\ + 

1 


1 PM usx did . duo 

+ ISyTlMjT + jT-) + + n P^Sy ~ ctLs ( l + nfatj*) 


x (- 

- ' yis x n p ojaLsT R + is y n 2 uj 2 aLsT R + n p u>T R us x + T R us y ) (8.97) 


vL S T r —^ - '■{i S y<jL s T R - i Sx n p woL s T R n p uiaL s T R 


and 


0 = — 


d 2 i 


Sy 


dt 2 


disx 1 du Sv , 1 disy . , [3M 7 

~dT n ^ + - 1 h + + 55> 


- i S xn p ui(^r + + — — 

±R -Lr 


duo . duo 

Rtj TT^Sx d - ~ 


1 


cxL$Tr 


dis , 

dt 


oLsTr p dt vp dt cjLs{ 1 + n 2 uo 2 T^) 

x -._* _ r rji t • „ . ._r rn 1 disy ^ j- 2 

-jj- n p uoaLs±R 


7 i S xvL s T R + is y n p uoaL s TR + 


x(- 

+ 7 is y n p uJaL s T R + i Sx n 2 u) 2 aL s T R - n p ujT R us y + T R us x ) ■ (8.98) 

The set of equations (8.97) and (8.98) may be rewritten in regressor form 
as 

y(t) = W(t)K (8.99) 

where y € R 2 , W 6 R 2 * 15 , and K £ R 15 are given by 

1 1 


K 4 


’ s; ? iii f ^ 




1 


Tr 


<jLs cjLsTr crLs 
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W{t) = 


A 

disx 

dt 

_2, .2 _• dug x 

n p u i Sx dt 

iSx 

disx 

TlpljJISy - -y- 

i'Sx 

n p wisy 


.2 « 
1 

_2. 2; dUSy 

p & ’y dt 

iSy 

. di§y 

-n pWiSx - — 

~iSy 

-npwisx 


„2. pdisx , 3 ,3„. 

’ ~dT +n ^ 

,2. .2 diSy 3 3- 


_ dw ( disv 2 \ 

n ^~dt + n P^ is y + ~dt \ p ~dt + n P^ 5x ) np%Sy ~dt ~ n P u) “ lSx 


disy 


TtpU) ^ TipUJ isx T dt ^ dt J W'p'iSx ^ 7ipU) isy 


disx t m 2, 
dt 


-) 


dw 2 2. 
'"A - n p“ ^ 

cL; 2 2- 


5 “ 3 ‘s» 


d£ eft dt 2 

jl 

^ ^ ^ /7/,f a r 

IpW *Sx n p(-- d4 ^ - dt 2 


dt dt 


3 3- 2/ disydw 2d 2 lSy, 3 3 ^5x 2/ • ^ 2 ^Sy 

-nguAsx n^w— rf-— -w —ryr-)~ n pU w 


2/ 2dusx dw. 2 2 dw 

Tlp{w — US X W ) ^Sx TlpW U Sx TtpUSy df. 

2/ 2^Sy dw. 2 2, <&> 

^ agyW ) ^Sy TlpW USy ~f npUg x ^ 


and 


»w = 


d isx 
dt 2 


cL; 

TtpXgy TipUJ 


dZgy 

dt 


d % Sy 

- dt 2 


, dw dz § x 

+ np»s*7a + n P w_ ^r 


The system (8.99) is linear in the parameters. However, this system is over - 
parameterized , meaning that the components Ki of the parameter vector K 
are not independent of each other. The relationship between the parameters 
is 


K x = K 6 K 8 ,K 2 = K. i KlK 3 = K s K 14 ,K 5 = l/K 8 , 

K 7 = K 4 K 8 , K 9 = K 6 K%, Kxo = K 4 Ki, Kxx = Kf , 

X 12 = K 6 K$,K 13 = K 14 Kl,K lb = (8.100) 

so that only the four parameters and Xi 4 are independent. 

If the parameter vector is computed according to if = Z^ 1 jRvVy 6 IR 15 
as in Chapter 2, one would find out that the problem is numerically ill- 
conditioned. This means that small changes in the data matrices Rw and 
Rw y will lead to large changes in the computed value for K e M 15 and 
therefore the value of K could not be considered valid. Furthermore, there is 
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no guarantee that the components of K computed in this way would satisfy 
the constraints (8.100). Note also that not all five electrical parameters Rs , 
Ls , Rr , Lr , and M can be retrieved from the /fy’s. The four parameters 
K±,K§, Kg, and K 14 determine only the four independent parameters i?s, 
Ls, a, and Tr by 


Rs 


Ks~K a 

Ku 


1 Tr = K s , L s 


1 + k a k 2 

KiaKs ’ 


1 

1 + k 4 kI 


( 8 . 101 ) 


As Tr = Lr/Rr and a = 1 - M 2 / (L 5 L K ), only Lr/Rr and M 2 /L R 
can be obtained and not M, Lr and Rr independently. This situation is 
inherent to the identification problem when some of the state variables (in 
this case the rotor flux linkages) are unknown and is not specific to the 
method. If the rotor flux linkages are not measured, machines with dif- 
ferent Rr , Lr , and M, but identical Lr/Rr and M 2 /Lr, will have the 
same input/output (i.e., voltage to stator currents and speed) character- 
istics. However, machines with different Ki parameters, yet satisfying the 
nonlinear relationships (8.100), will be distinguishable. (For a related dis- 
cussion of this issue see Bellini et ai. [88], where parameter identification is 
performed using torque— speed and stator current— speed characteristics.) 


8.5.2 Nonlinear Least- Squares Identification 

In this section, it is shown how the linear least-squares method described 
in Chapter 2 is modified to account for the constraint (8.100). Recall from 
Chapter 2 that the least-squares problem is to minimize 

N 1 ,2 

E 2 (K) = ^2 \y(nT) - W(nT)K | = R y - 2Rj Vy K + K T R W K (8.102) 
subject to the constraints 

K x = K 6 K- 8 ,K 2 = K 4 KlK 3 = K s K 14 ,K 5 = l/K 8 , 
k 7 = k 4 k 8 , k 9 = K 6 Kl k 10 = K 4 Kl k u = Kl, 

K 12 = K 6 Ki,Ki3 = K 14 K%,K 15 = K x4 Kl. (8.103) 

On physical grounds, the parameters Kg, and K 14 are constrained 

to 


0 < Ki < 00 for i = 4, 6, 8, 14. 


(8.104) 
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Also, based on physical grounds, the squared error E 2 (K) will be minimized 
in the interior of this region. Let 


N 

E 2 (K P ) ± 1 v( nT ) - W{nT)K\ 


n— 1 


Ki=K 6 K 8 
K 2 =KiKl 


— Ry 


2 Rw y 


K 


Ki = K 6 K 8 
K 2 =K t Kl 


+ ( k t r w k ) 


k x =k 8 k s 

K 2 =K 4 Kj 


(8.105) 


where 

K p = [ K 4 K 6 K & K u ] T - 

As just explained, the minimum of (8.105) must occur in the interior of the 
region and therefore at an extremum point. This then entails solving the 
four equations 


n{K p ) 

A, 

dE 2 (K p ) 
dK 4 

(8.106) 

r 2 (K p ) 

A. 

dE 2 (K p ) 

dK 6 

(8.107) 

rz{K v ) 

A_ 

dE 2 (K p ) 

dKs 

(8.108) 

n(K p ) 

A, 

dE 2 (K p ) 

dK u 

(8.109) 


The partial derivatives in (8.106) — (8.109) are rational functions in the 


parameters K 4 , and K 14 . Defining 


Pi(Kp) 

A 

*«<*,)-* 

(8.110) 

P2(K p ) 

_A 


(8.111) 

Pz(Kp) 

A_ 


(8.112) 

Pa {Ep) 

A 

K 8 r 4 (K p ) = Ks- 

OJ\ 14 

(8.113) 


results in the pi(K p ) being polynomials in the parameters K 4 , Kq ) and 
K 14 and having the same positive zero set (i.e., the same roots satisfying 
Ki > 0) as the system (8.106) — (8.109). The degrees of the polynomials pi 
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are given in the following table. 



deg K 4 

deg K e 

deg Kg 

deg K14 

Pi(K p ) 

1 

1 

7 

1 

P 2{Kp) 

1 

1 

7 

1 

p 3 (K P ) 

2 

2 

8 

2 

Pi{K p ) 

1 

1 

7 

1 


All possible solutions to this set may be found using elimination theory as 
is now summarized. 

Solving Systems of Polynomial Equations [89] [90] 

The question at hand is “Given two polynomial equations a(K\ y K 2 ) = 0 
and b(Ki,K 2 ) = 0, how does one solve them simultaneously to eliminate 
(say) ^2?”- A systematic procedure to do this is known as elimination 
theory and uses the notion of resultants (see the appendix at the end of this 
chapter). Briefly, one considers a(K\, K 2 ) and b(Ki, K 2 ) as polynomials in 
K 2 whose coefficients are polynomials in K\. Then, for example, letting 
a{K\,K 2 ) and 5(ATi,iC 2 ) have degrees 3 and 2, respectively, in they 
may be written in the form 

a(K u K 2 ) = a 3 (K l )Kl+a 2 (K 1 )Ki+a l (K 1 )K 2 +a 0 (K 1 ) 
b{K\, K 2 ) = b 2 (K 1 )Kl + b 1 (K 1 )K 2 +b 0 (K 1 ). 

The n x n Sylvester matrix, with 

n = deg K2 {a(K 1; K 2 )} + deg Ki {b{K u K 2 )} = 3 + 2 = 5 

is defined by 


S a ,b(Kl) = 


ao(Ki) 0 bo^) 0 
ai(K x ) ao(K!) b^KJ b 0 {K x ) 
a 2 {Ki) a^K,) b 2 (K 1 ) b x (K x ) 

a 3 (K x ) a 2 (K i) 0 b 2 {K x ) 

0 a 3 (K x ) 0 0 


0 

0 

b 0 {K x ) 

bi(K x ) 

b 2 (K x ) 


The resultant polynomial is then defined by 

r(K x ) = Res(a{K u K 2 ),b{KuK 2 ),K 2 ) 4 detS^Kx) (8.114) 


and is the result of eliminating the variable K 2 from a(K 1,^2) = 0 and 
b(Ki,K 2 ) = 0. In fact, the following is true (see Refs. [89] and [90]). 

Theorem Any solution of a(ATi,AT 2 ) = 0 and b{K\,K*i) — 0 

must satisfy r(iCf) = 0. 

Though the converse of this theorem is not necessarily true, the finite 
number of solutions of r(K{) = 0 are the only possible candidates for the 
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first coordinate (partial solutions) of the common zeros of a(K\,K 2 ) and 
b(Ki,K 2 )- Whether or not such a partial solution results in a full solution 
is easily determined by back solving and checking the solution (see the 
Appendix). 

Using the polynomials (8.110) — (8.113) and a computer algebra software 
program (e.g., Mathematica [91]), the variable K 4 is eliminated first to 
obtain three polynomials in three unknowns as 

r P i P 2 (Ke,K s ,K u ) k Res(pi(K 4 ^ 6 , K 8 , K 14 ),p 2 (K 4 , K 6 ,K 8 , K u ), K 4 ) 

r p l p3 (K 6 ,K 8 ,Ku) = Res( Pl (R4,^6,^8,^14),P3(^4,^6,^8,^14),K4) 
rpl P 4(K 6 ,K 8 ,Ku) = Re S (pi(K 4 ,K 6 ,K S ,K U ), Pi (K 4 ,K 6 ,K8,Ku),K 4 ) 

where 



deg Kg 

deg Kg, 

deg .Ki 4 

' r plp 2 

1 

14 

1 

^plp3 

2 

22 

2 

U?lp4 

1 

14 

1 


Next Kq is eliminated to obtain two polynomials in two unknowns as 
U?lp2p3 (Kg 7 R"l4 ) Kgs^t p \ p 2 (Kq, Kg, K\4^ , v p \ p g(Kg, Kg, K\4^j , Kq^ 
^ p ip2p4(^8 ? ^ 14 ) — Res (r p i p 2 (K 6 , Kg, K 14 ), r p i P 4 (K 6 , Kg, K i4 ), K$ j 

where 



deg Kg 

deg K u 

^plp2p3 

50 

2 

^*plp2p4 

28 

1 


Finally Ar i4 is eliminated to obtain a single polynomial in Kg as 
r(Kg) = Res(r p i P 2 P 3 (K 8 , K 14)? 7 ’plp2p4(R^87 K 14 ), K \4 ^ 


where 

deg K8 M#s)} = 104. 

The parameter Kg was chosen as the variable not eliminated because its 
degree was the highest at each step, meaning it would have a larger (in 
dimension) Sylvester matrix than using any other variable. The positive 
roots of r(Kg) = 0 are found, which are then substituted into r p ip2 P 3 = 0 
(or r p ip2p4 = 0) and which in turn are solved to obtain the partial solutions 
(Kg, K 14). The partial solutions (Kg, K 14) are then substituted into r p \ p2 = 
0 (or r p i p 3 = 0 or r p \ p 4 = 0), which are solved to obtain the partial solutions 
(Kq, Kg, K14) so that they in turn may be substituted into pi = 0 (or 
P 2 — 0, or p 3 = 0, or p 4 = 0) which is then solved to obtain the candidate 
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solutions (/Q, Kq, K$, K\ 4 ). These candidate solutions are then checked 
to see which ones satisfy the complete system of polynomials equations 
(8.110) — (8.113) and those that do constitute the candidate solutions for 
the minimization. Based on physical considerations, the set of candidate 
solutions is nonempty. From the set of candidate solutions, the one that 
gives the smallest squared error is chosen. 


Computational Issues 

Due to the high degrees of the resultant polynomials, care must be taken 
to compute their roots. The data set is collected and brought into Mathe- 
matic A [91]. The matrices R y , Rw, and Rw y are then computed and their 
entries converted to rational form. Finally the roots of the resultant poly- 
nomials are computed in Mathematic A using rational arithmetic with 16 
digits of precision. 


Numerical Conditioning of the Nonlinear Least-Squares Solution 


After finding the solution that gives the minimal value for E 2 (K P ), one 
needs to know if the solution makes sense. For example, in the linear least- 
squares problem, there is a unique well-defined solution provided that the 
regressor matrix Rw is non singular (or in practical terms, its condition 
number is not too large). In the nonlinear case here, a Taylor series ex- 
pansion about the computed minimum point K* = [/Q, Kq , A^ 4 ] T to 

obtain (i y j = 4,6,8, 14) 


E\K P ) = e\k;) + \ {K P - k;] t [k p -k;]+-. (8.115) 


One then checks that the Hessian matrix 


d 2 E 2 {Kt) 

— is positive definite to 


dKidKj 

ensure that the data set is sufficiently rich to identify the parameters. Its 
condition number is also computed to obtain a measure of the numerically 
reliability of the computations [92]. 


8.5.3 Calculating the Parametric Error Indices 

The expression for the error index in Chapter 2 is still applicable for the 
nonlinear case. However, the method for computing the parametric error 
indices must be modified for the nonlinear least-squares estimation prob- 
lem. Here, the parametric error index is defined as the maximum value of 
SKi for i = 4, 6, 8, 14 such that 

E 2 {K; + 5K P ) = 1.25 E 2 {K;) (8.116) 

where SK p = [ SK 4 SK 6 SK 8 5K\ 4 ] T . Recall that in Chapter 2, 
E 2 (K* + SK P ) = 2E 2 (K*) was used rather than (8.116). The choice is 
somewhat arbitrary as explained in Chapter 2. 
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In words, for all 8K P that result in a 25% increase in the residual error, 
the parametric index is the maximum possible value of 8K Z . Mathemati- 
cally, for i = 4,6,8, and 14, one maximizes 

5Ki 


subject to (8.116). This is straightforwardly setup as an unconstrained 
optimization using Lagrange multipliers by maximizing 

SKi + A (e 2 {K* p + SK P ) - 1.25 E 2 (K;) ) (8.117) 


over all possible 5K P = [ 8K 4 5K $ 5Kg 8K\ 4 ] T and A. For example, 
with i = 4, the extrema are solutions to 


t , J(e 2 (k; + sk p )-i.25E1(k;)) 
1 + A d5K 4 

A d (E 2 (K; + 8K P ) - 1.25E 2 (K;)) 
d5K 6 

, d {E 2 (K; + 5K P ) - 1.25 E 2 (K;)) 
dSK 8 

d (E 2 (K; + 5Kp) - 1.25 e 2 (x;)) 
dSK 14 

E 2 (K; + 5Kp) - 1.25E 2 (K* p ) 


= 0 

= 0 

= 0 

= 0 
= 0. 


(8.118) 

(8.119) 

( 8 . 120 ) 

( 8 . 121 ) 

( 8 . 122 ) 


The equations (8.118) through (8.122) are transformed to five polynomial 
equations in the five unknowns 8K 4y SK§, 5Kg , 5K 14 , and A, and elimination 
theory is then used to solve this set. 


8.5.4 Mechanical Parameters 

Once the electrical parameters have been found, the two mechanical pa- 
rameters J, / (r i, = —f(J) can be found using a linear least-squares algo- 
rithm. To do so, equations (8.95) and (8.96) are solved for MiP Rx /Lr and 
Mil> Ry /L R , resulting in 


M^Rx/Lr 

M ^Ry/ L R 


1 /Tr -u 
v 1 /Tr 

disxf dt Ug x / (o'Ls'} + jisx Rp^jisy 

8&Syl u Sy/ (o-L S ) ~h 'jisy 4“ Rp^^Sx 


aL s 


1 


(1 /Tr) 


2 . 99 

nit o z 


Noting that 


Rs_ 1 1 M 2 _ Rs_ 1 1 
aL s °L S T r L r aL s aL s T r [ G) S ’ 


(8.123) 


(8.124) 



558 


8 . Induction Motor Control 


it is seen that the quantities on the right-hand side of (8.123) are all 
known once the electrical parameters have been computed. With Kiq = 
n p j = //J, equation (8.94) may be rewritten as 


dbJ 

dt 


(M/L R ) ( IpuJsy - Ip Ryisx ) -W ‘ 


Km 

K 17 


so that the standard linear squares approach of Chapter 2 is 
plicable. Then 


J = n p / Kie, f = n p Kn/ K\§. 


directly ap- 
(8.125) 


8.5.5 Simulation Results 

The algorithm is first applied to simulated “data” to see how it performs 
under ideal conditions. In particular, the simulations are helpful in eval- 
uating the usefulness of the parametric error indices. Here, a two pole- 
pair (n p = 2), three-phase induction motor model was simulated using 
SlMULiNK with parameter values chosen to be 

R s = 9.7 Q, Rr = 8.6 0, L s = L r = 0.67 H 
M = 0.64 H , a = 0.088, J = 0.01 1 kg-m 2 ,r L = 3.7 N-m. 

A 2048-line position encoder and 12-bit A/D converters were included in 
the simulation model in order to make the simulation data closer to actual 
experimental measurements. These values correspond to a 1/2-kW machine 
with a synchronous frequency of 50 Hz. These machine parameter values 
correspond to the following K values: 

Ki = 299.15, K 2 = 10.42, K 3 = 17.05, K 4 = 1717.18, #5 = 12.84 

K 6 = 3839.8, K 7 = 133.78, K s = 0.0779, K 9 = 23.31, K 10 = 0.8120 
Ku = 0.0061, K\2 - 1-82, K 13 = 0.1035, K u = 218.83, K lb - 1.328 

for the electrical parameters and to 


K 16 = 181.82, K 17 = 336.36 


for the mechanical parameters. 

Figure 8.30 shows the simulated speed response (from standstill) of the 
induction motor after a balanced (open-loop) set of three-phase voltages of 
amplitude 466.7 V and frequency 50 Hz was applied to the machine. 

The “data” u sb, isaiisb,&} were collected between 0 sec and 0.2 sec. 

The quantities , u , Syi diLRxj dt, du^y f dt , 'isxi "^Sy diRxf dt , di^yj dt , d tsxf dt , 

d 2 is y /dt 2 , u) = dO/dt , and duj/dt were calculated and the regressor matri- 
ces Rw , R y , and Rw y were computed. The procedure explained in Section 
8.5.2 was then carried out to compute K±,K§,K%, and Ki±. In this case, 
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there was only one extremum point that had positive values for all the Ki . 
The table 


Parameter 

True Value 

Estimated Value 

Parametric Error Index 

K 4 

1717.2 

1743.4 

13.23 

1 fe 

3839.8 

3917.5 

24.59 

K 8 

0.0779 

0.0780 

0.00031 

K 14 

218.8 

222.2 

8.27 


compares the electrical parameter values determined from the nonlinear 
least-squares procedure to their actual values (which are known only be- 
cause this is simulation data). Also given in the table are the correspond- 
ing parametric error indices. The residual error index for the parameters 
Ki, K 6 , and K 14 was computed to be 3.15%. 



FIGURE 8.30. Rotor speed versus time. 


Using these values, the scaled flux linkages Mip Rx / Lr and M^^/Lr 
were reconstructed according to (8.123) to estimate the mechanical para- 
meters K is and K\ 7. The table 


Parameter 

True Value 

Estimated Value 

Parametric Error Index 

K 16 

181.8 

195.3 

4.29 

A 17 

336.4 

359.3 

9.78 


compares the mechanical parameter values determined from the least-squares 
procedure to their actual values along with the corresponding parametric 
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error indices. The residual error index for the mechanical parameters K\§ 
and Kn was computed to be 4.26%. 

The Hessian matrix for the identification of the parameters K 4 ,Kq,K8, 
and K\ 4 was calculated at the minimum point according to (8.115), result- 
ing in 



7.534 

0.2175 

40.33 

-89.39 

\3 2 e\k;)\ 

0.2175 

18.04 

10.17 

-44.35 

\ dKidKj j 

40.33 

10.17 

5.308 x 10 4 

1.112 x 10 3 

-89.39 

-44.35 

1.112 x 10 3 

1.876 x 10 3 


which is positive definite and has a condition number of 1.88 x 10 4 . The 
table below compares the estimated machine parameters to their actual 
values. 


Parameter 

True Value 

Estimated Value 

Tr 

0.0779 sec 

0.0780 sec 

a 

0.088 

0.086 

L S 

0.67 H 

0.6698 H 

Rs 

9.7 ohms 

9.8 ohms 

J 

0.011 kg-m 2 

0.010 kg-m 2 

TL 

3.7 N-m 

3.68 N-m 


8.5.6 Experimental Results 

A three-phase, 0.5-Hp, 1735-rpm ( n v = 2 pole-pair) induction machine was 
used for the experiments. A 4096-pulse/rev optical encoder was attached to 
the motor for position measurements. The motor was connected to a three- 
phase, 60-Hz, 230- V source through a switch with no load on the machine. 
When the switch was closed, the stator currents and voltages along with the 
rotor position were sampled at 4 kHz. Filtered differentiation (using digital 
filters) was used for calculating the acceleration and the derivatives of the 
voltages and currents. Specifically, the signals were filtered with a low-pass 
digital Butterworth filter followed by reconstruction of the derivatives using 
dx(t)/dt = (x(t) — x(t — T)) /T, where T is the sampling interval. The 
voltages and currents were put through a 3— 2 transformation to obtain 
the two-phase equivalent voltages us a and usb which are plotted in Figure 
8.31. 

The sampled two-phase equivalent current is a and it simulated response 
^Sa_sim are shown in Figure 8.32 (the simulated current isa_ sim is discussed 
below). The phase b current isb is similar, but shifted by 7r/(2 n p ). The 
calculated speed u (from the position measurements) and the simulated 
speed u; S i m are shown in Figure 8.33 (the simulated speed u; S i m will also be 
discussed below). 




Current in Amperes Voltage in Volts 
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Time in seconds 


? IGURE 8.3 L Sampled two-phase equivalent voltages us a and usb- 



FIGURE 8.32. Phase a current isa and its simulated response ts a _sim 
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FIGURE 8.33. Calculated speed u and simulated speed - 

Using the data { us a , «st>, ism isb, #} collected between 5,57 sec to 5.8 sec, 
the quantities us x , du Sx Jdt , dus y /dt , isx4s y disxfdt , di$ y ]dt , d 2 is x /dt 2 , 

d 2 is y /dt 2 , and u? — dd/dt, duj/dt were calculated and the regressor matri- 
ces Em/, i? y , and EvMy were computed. The procedure explained in Section 
8.5.2 was then carried out to compute K 4 , Kq,K$, and /F 14 . In tMs case, 
there was only one extremum point that had positive values for all the FT*. 
The table below presents, the parameter values determined using the nonlin- 
ear least-squares methodology along with their corresponding parametric 
error indices. 


Parameter 

Estimated Value 

Parametric Error Index 

KA 

519.7 

185.8 

K 6 

1848.3 

796.4 

K 8 

0.1311 

0.0103 

KIA 

259.5 

59.4 


The residual error index was calculated to be 13.43%. The motor’s electrical 
parameters are computed using (8.101) to obtain 


Rs 

= 5.12 ohms 

(8.126) 

Tr 

= 0.1311 sec 

(8.127) 

L s 

= 0.2919 H 

(8.128) 

a 

= 0.1007 

(8.129) 
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By way of comparison, the stator resistance was measured using an ohmme- 
ter giving the value of 4.9 ohms and a no-load test was also run to compute 
the value of Ls resulting in 0.33 H. 

The Hessian matrix for the identification of the parameters iCj, K§, Ks, 
and K \4 was calculated at the minimum point according to (8.115), result- 
ing in 



0.0574 

0.1943 

-0.0034 

-0.7655 " 

( d 2 E 2 (K;) } 

0.1943 

2.584 

10.17 

-44.35 

1 dKidKj ( ' 

-0.0034 

10.17 

631.4 

193.8 

V J ) 

-0.7655 

-44.35 

193.8 

3012 


which is positive definite and has a condition number of 8.24 x 10 4 . 

Using the electrical parameters, the rotor flux linkages ( M/Lr ) 7p Rx and 
( M/L R ) 'fifty were reconstructed and used to identify the mechanical pa- 
rameters. The table below gives the estimated values and the parametric 
error indices. 


Parameter 

Estimated Value 

Parametric Error Index 

ATi6 

952.38 

126.92 

K\t 

0.5714 

0.1528 


The residual error index was calculated to be 18.6%. The corresponding 
values for the motor parameters J and / are then computed using (8.125) 
to obtain 


J = n p /Ki6 = 0.0021 kg-m 2 (8.130) 

/ = n p Kn/Ki6 = 0.0012 N-m/rad/sec. (8.131) 


Simulation of the Experimental Motor 

Another useful way to evaluate the identified parameters (8. 126) — (8.129) 
and (8.130) — (8.131) is to simulate the motor using these values with the 
measured voltages as input. One then compares the simulation’s output 
(stator currents) with the measured outputs. To proceed in this manner, 
recall that only Rs,Tft , Ls, and a can be identified, but this is all that is 
needed for the simulation. Specifically, defining 
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the model (8.88) may be rewritten as 


duo 

dt 

d^Rg 

dt 

d<t>Rb 

dt 

disa 

dt 

disb 

dt 


■ {isb^Ra ~ iSa4>Rb ) ~ ~J 
1 J 1 M 2 . 

TJTVRa ~ n p UJ< pRb + r l Sa 

-IR -iR Lr 


f~^ Rb + n P UJ( ^Ra 


+ 


1 M 2 


• -^--r-hb 

n R LtR 

~ j^ Ra + ~^L^ npu>< t >Rb ~ ^ Sa 

1 


+ 


<jL s 


V'Sa 


rh 


(8.132) 


where 

M 2 _ _ _ R s ^ 1 1 M 2 

L r ( a) S ’ 7 aL s oLsTrLr 


The model (8.132) uses only parameters that can be estimated. The exper- 
imental voltages shown in Figure 8.31 were then used as input to a simula- 
tion of the model (8.132) using the parameter values from (8. 126) -(8. 129) 
and (8.130) — (8.131). The resulting phase a current isa_s\m from the sim- 
ulation is shown in Figure 8.32, and corresponds well with the actual mea- 
sured current is a • Similarly, the resulting speed u S i m from the simulation is 
shown in Figure 8.33, where it is seen that the simulated speed is somewhat 
more oscillatory than the measured speed us. 

Remarks As explained above, M is not identifiable by the above method. 
However, it can be (and often is) estimated by assumin g that Lr = Lg 
(rotor and stator leakages are equal) so that M = y 7 LrLr (1 — a) = 
Lsy/l — a. For the above experimental motor, this gives M — 0.2768 H. 
Under this same assumption, an estimate for the rotor resistance is given 
by Rr = Lr/Tr ~ Ls/Tr = 2.23 ohms. 

The combined parameter identification and velocity estimation problem 
is considered in Refs. [93] [94] [95] [96] while in Ref. [97] the sensitivity of 
measurable outputs to the machine parameters are discussed. 

During operation of the machine, the values of the rotor time constant 
Tr = Lr/Rr and the stator resistance Rs change due to ohmic heating. If 
one is only concerned with the online identification (tracking) of these two 
parameter values, then the problem simplifies considerably. This particular 
case has been developed in [98] (see also [99]). 
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Appendix 

Elimination Theory and Resultants 

Given two polynomials a(x 1,22) and b(x 1,^2), how does one find their 
common zeros? That is, the values (# 10 , # 20 ) such that 


a(xio, X20) = b(x io,x 2 o) = 0 . 

Consider a(xi , x 2 ) and b(x\, x 2 ) as polynomials in x 2 whose coefficients are 
polynomials in x\. For example, let a(x i,x 2 ) and b(x\, x 2 ) have degrees 3 
and 2 , respectively, in x 2 so that they may be written in the form 

a(xi,X2) = a 3 (xi)x2 + a 2 (xi)xl + ai(xi)x 2 + a 0 (xi) 
b{x i,x 2 ) = b 2 (xi)xl+bi(xi)x2 + b 0 (xi). 

Then there exist polynomials ct(xi,x 2 ) and j 3 (xi , x 2 ) of the form 


a(xj,x 2 ) = ai(xi)x 2 + ao(xi) 

P(xi,x 2 ) = /3 2 (xi)xl+ P 1 (xi)x 2 + do(xi) 

that is, satisfying 

deg x2 {a(x!,x 2 )} = deg x2 {&(xi,x 2 )} - 1 

deg x2 (/3 (xi,x 2 )} = deg^ (a(xi,x 2 )} - 1 

and a polynomial r(x i) in one variable such that 

ol{xi,X2)cl{xi,X2) 4 - B(xi,X2)b(xi,X2) — r(xi ). 

The polynomial r(#i) is called the resultant polynomial So if a(x io,#2o) = 

b(x io,#2o) = 0, then r(xio) = 0. That is, if (# 10 , 3 : 20 ) IS a common zero 

of the pair {a(xi,X 2 ),b(xi,X 2 )}i then the first coordinate #10 is a zero of 
r(#i) = 0. The roots of r(xi) are easy to find (numerically) as it is a poly- 
nomial in one variable. To find the common zeros of {a(#i,# 2 ), b(xi,X 2 )}, 
one computes all roots # 1 *, i = 1 , ...,ni, of r(#i). Next, for each such xu, 
one (numerically) computes the roots of 

a(xii,x 2 ) = 0 (8.133) 

and the roots of 

b(xj iy x 2 ) = 0. (8.134) 

Any root X 2 j that is in the solution set of both (8.133) and (8.134) for a 
given Xu results in the pair (xu, #2 j) being a common zero of a(#i, # 2 ) and 
b{x \ , # 2 )- Thus, this gives a method of solving polynomials in one variable 
to compute the common zeros of {a(#i,# 2 ),^(#i,# 2 )}- 
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To see how one obtains r{x i), let 

a(xi,x 2 ) = a 3 (a:i)x 2 + a 2 (x\)xl + a 1 (x 1 )x 2 + a 0 (xi) 

b(x i,x 2 ) = b2(xi)xl + bi(xi)x2 + bo(xi). 


(8.135) 


Next, one sees if polynomials of the form 

a(xi,x 2 ) = a\{x\)x 2 + a 0 (^i) 

/ 3{Xi,X 2 ) = P 2 {Xi)x\ + / 3 1 (xi)x 2 +P 0 (xi) 

can be found such that 


(8.136) 


a(xi,x 2 )a(xi,X2 ) + / 3 (xi,x 2 ) 6 (xi,x 2 ) = r(xi). (8.137) 

Proceeding, the expressions (8.135) for a(xi, x 2 ) and b(x i,x 2 ) as well as the 
expressions (8.136) for a(xi , x 2 ) and P(x\ , x 2 ) are substituted into (8.137). 
Equating powers of x 2 , equation (8.137) may then be represented in matrix 
form as 


" u 0 (x;i) 0 6 0 (xi) 0 0 


’ <*o(xi) ‘ 


r(xi) 

ai(xi) oo(an) bi(xi) b 0 (x i) 0 


ai(x x ) 


0 

a 2 (xi) ai(xi) 6 2 (xi) £>i(xi) 6 0 (xi) 


P o(*i) 

— 

0 

03 (xi) o 2 (xi) 0 b 2 (xi) h(x i) 


Pii x i) 


0 

0 o 3 (xi ) 0 0 6 2 (xi) 


. /? 2 (xi) _ 


0 


The 5 x 5 matrix on the left-hand side is called the Sylvester matrix and 
is denoted here by S a ^(xi). The inverse of S a ,b(% 1 ) has the form 


s «>'> * 

where adj(5 a ,fe(a;i)) is the adjoint matrix and is a 5 x 5 polynomial matrix 
in Solving for oti(x i),^(xi) gives 


’ <*o(xi) " 


’ r(xi) ' 

ai(xi) 

Po(x\) 

Pl(.Xl) 

_ adj5 a ,(,(xi) 
det5 a ,b(xi) 

0 

0 

0 

_ P 2 {x l) _ 


0 


If r(x i) is chosen as r(xi) = det S a ^(xi), then 


’ cco(xi) ‘ 


" 1 " 

ai(xi) 


0 

Po(xi) 

= adjSa^xi) 

0 

Pl(xi) 


0 

_ p 2 (xi) _ 


0 



8. Induction Motor Control 567 


This then guarantees that 

a o (xi),ai(xi),0 o (xi),0 1 (xi),l3 2 (xi) 

are polynomials in x\. That is, the resultant polynomial is defined by 
r(#i) = detS aj &(xi) and is the polynomial required for (8.137) to hold. 

In summary, the polynomials {a(xi, x 2 ), b{x\, x 2 )} have a common zero 
at (xio, X 20 ) only if r(x 10) = det S a ,b{x 10) = 0- For an arbitrary pair of poly- 
nomials {a(x) 1 b(x)} of degrees n a and nt> in x, respectively, the Sylvester 
matrix S a ^ is of dimension (n G + rib) x (rc a + ns) (see Refs. [89] [90] [100]) . 

Remark It was just shown ’that if a(xio,X2o) = 6(xio,x 2 o) = 0, then 
r(xxo) — det5 a> 5(xio) = 0 as a simple consequence of (8.137). Does 


r{x 10) = det S a ,b(xio) = 0 
imply that there exists x 2 o such that 


a(xio,x 2 o) = b(x io,® 2 o) = 0? 

Not necessarily. However, the answer is yes if either of the leading coeffi- 
cients in x 2 of a(xi,x 2 ),b(xi,x 2 ) are not zero at #io 7 that is, 03(^10) 7^ 0 
or 62(^10) 7^ 0 (see [89] [90] [100] for detailed explanations). 


Example Let 


a(xi , X2) = x% -b x 2 + X\ 

b(x i,x 2 ) = —X 1 X 2 + x 2 4- 1. 


The resultant matrix is 


aoCxx) 

0 

bo (xi) 

0 


" Xi 

0 

1 

0 

ai(xi) 


61 (Xi) 

bo (xi) 


1 

X\ 

1 

1 

a 2 (xi) 

ai(xi) 

b 2(xi) 

b i(x x ) 


1 

1 

X\ 

1 

0 

a 2 (xi) 

0 

M x i) . 


0 

1 

0 

-xi 


and the resultant polynomial is 

r(xi) = det S ai b(xi) = {3 + x\)x\ 


with roots 

{0,0,jV3,-jV3}. 

The root at x\ — 0 gives 

a(0,x 2 ) = X 2 T x 2 — 0 
6 (0, x 2 ) = x 2 + 1 = 0 


making 


{( 0 ,- 1 )} 
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a common zero. 

The root at x\ = jy/ 3 gives 


with roots 
and 

with roots 


a(jy/3,x 2 ) = x\ + x 2 + jy / 3 = 0 


1 _ .%/3 3 .a/3 

2~ 3 2 ' 2 + 3 2 


b(Jy/ 3, £ 2 ) = -iVSxl -f X 2 + 1 = 0 


4 +70.28871. 


The only common zero is then 

Similarly, the root at x\ = —jy/ 3 results in the common zero 

(-jv^44r)- 

The set of common zeros of a(xi,X 2 ) and b(x 1 ,^ 2 ) is 

((0,-1), f jVS, - i 4) , (~m 3. i + i4) ) ■ 


Problems 

Mathematical Models of the Induction Motor 
Problem 1 State Space Form 

Derive the state-space representation (8.5) from the representation (8.f). 

Problem 2 Induction Motor Model in the Space Vector Formulation 
The derivation of the model ( 8 . 4 ) is easier using the space vector repre- 
sentation 

Rsis + L s f t i s + Mf t (i R e^ 6 ) = u s 

RRi R + L R f t i R + Mf t (i s e-^ e ) = 0 

n p Mlm{i s (i R e> n ’’ e )*} -r L = J^. 
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To see this , define new (fictitious ) fi.ux linkages as 

^ Ra + J'&Rb — hn^ np6 — LRiRe^ npe + Mi s 
and show that system of equations for the induction motor can rewritten in 


the space vector form as 



d . 

/ 1 \ 

, M . 

II 

% 

^-1 

1^ 


t R + J ^ 


M d 

d 

ILs — 

r R n^ +aLs 

Jt ls + Rs - S 

ii 

■i 1^ ’ 
< 

/ilm{i s (^ n n - 

A , _ 

TL 

J 


where p = n p M/{JL R ), <7 = 1 - M 2 /L S L R is the leakage factor, and 
Tr = Lr/Rr is the rotor time constant. This problem illustrates the power 
of the space vector representation as the manipulations of the equations are 
carried out using (complex) scalar variables rather than dealing with matrix 
multiplications, matrix inverses, and so on. 


Problem 3 Induction Motor Model in Terms of the Flux Linkages 

With Xsa , A sb the flux linkage in stator phases a and b respectively, define 

As = Xsa+jXsb = L s i s + Mi R e + i npe . 

Similarly, let X R a and X r^ be the flux linkage in rotor phases a and 6, 
respectively, and define 

A r — A R a + jXRb : = LrIr -f Mi s e J7llpe . 


(a) Show that the electrical equations of the induction motor may be written 
as 


(b) Using the fact that 


Rsls + j t - s 
RRirt + Jt- R 


Ms 

0. 


’ is 

1 

+l r 

-M ' 

As 

i R e + i npS 

“ L S L R - M 2 

-M 

+ Ls 

X R e +jnpd 


show that 


Rs 


L s L r - M 2 

Rr 


(Lr\ s - M\ R e+i np6 ) + - As 


L S L R - M 2 


{-M\ s e-^ 6 + L S \ R ) + -\ R 


Ms 

0 


Im{A 5 (A R e + ^)*}-r L = 


L s L r - M 2 


duo 

J ~dt 
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is a representation of the induction motor in terms of X s = Xsa+jXsb, X R — 
Xro. + JXrsj and uj. 

Problem 4 Field- Oriented Induction Motor Model 
The space vector model of the induction motor 


d , (l . \ , M . 

J t ±H = + 

M d , , d . 

Ms = L^di^« + ' lLs di , - s + Rsls 

f = /<In>{is(4 fi r} - y 

Z5 derived in problem 2 . Let + j^Rb = where / ip d = 

yfl’Ra + V’L, P - ta rr l {->pR b /^R a ) and further let = i d +ji q = i s e _ip , 
and u dq = u d + ju q = u s e~ jp . 

(a) Find the field- oriented space vector representation of the induction 
motor, that is, in terms ofip^p,^ = i d + ji q , and u dq = u d + ju q 

(b) Use the answer from part (a) to find a state space representation 
of the field- oriented induction motor model , that is, in terms of the state 
variables i d ,i q ,ty d , p,u>, and 6 and the inputs u d and u q . 

Problem 5 Stator Flux Induction Motor Model 

(a) The stator flux linkage is given by 

A s = Lsi s + M(i R eP n > e ) = Ase^. 

Rewrite the system model 

Rsis + Lsf t i s + M~(i R e^ e ) = u s 
RRi R + L R j t i R + Mj t (i s e-^ e ) = 0 

n p Mlm[i s {i R e^ e Y } - r L = 

in terms of X s ,i s , anduj. 

(b) Put the result from part (a) in state space form. 

Problem 6 f if d and ip q 

Show that cos (p) = ip Ra /ip d , sin (p) = ip Rb /ip d , and 



cos(p) 
~ sin (p) 


sin(p) 

cos(p) 


V’fla 

i’Rb 


where ^ q = 0. 
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Feedback Control and Reference Trajectories 

Problem 7 Tracking a Constant Flux Reference 

Let eo — Jo (i^do ~ an d e i = 'tfido ~ d anc ^ assuming that ip d0 = 

Mido, show how to choose the gains K^p and K^i in (8.20) so that eo (t) — > 
0, e\(t) — > 0 as t — ► oo. 

Problem 8 Trajectory Tracking via Field- Oriented Control 

Let eo = f 0 (0 re f — 0)dt, e\ = 0 re f — 9^2 — w re f — uj, and , assuming that 
'ipd = *PdO’ show how to choose the gains Kq,K\, and K 2 in (8.19) so that 
the closed-loop poles are in the open left-half plane located at — ri, — r 2 , — r 3 
(r\ > 0,r 2 > 0,r 3 > Q). If rp is constant, show that e\ (t) — > 0,e 2 (t) — > 0 
as t — * oo. (Hint: Review Chapter 2.) 

Problem 9 Back Emf 

Witt reference to the field- oriented model (8.9) of the induction motor, 
explain why Mn v uj'ij) d / Lp is the back emf. (The term “back emf ” refers 
to the voltage Vbackemf that results in energy conversion from electrical to 
mechanical, that is, '^cfUbQ.ckfiTfif — ruj. ) 

Problem 10 Tracking a Time Varying Flux Reference 

Consider the input- output linearization controller presented in Section 
8.2.4 * Let ipdref if) be a desired flux reference with idref chosen to satisfy 


dlpdref/ dt = -V^dref + VMidref- 


Choose 


U\ = idr = Kipp^dref ~ $d) + K *I [ i^dref “ ^d) dt + idref 

Jo 

and with eo = J^i^dref ~ ' l Pd) d t, e i = 'ipdref — ^dJ show how to choose the 
gains K^ P and K^j such that eo(t) — > 0, ei(t) — > 0 as t — > 00 . (In practice, 
idref is usually set to zero with no significant deterioration in tracking.) 

Problem 11 Trajectory Tracking Via Input-Output Linearization 

With e 0 - Jo (0ref ~ 9)dt, e\ = 6 re f — 9 , e 2 — w re f — oj show how to 
choose the gains K 0 ,K\, and K 2 in (8.32) so that the closed-loop poles are 
in the open left-half plane located a.t — n, — r 2 , — r 3 (7*1 > 0, r 2 > 0, r 3 > 0). 
Show that if rp is constant, then e\ (t) — > 0, e 2 (i) — > 0 as t — > 00 . 


Problem 12 Field Weakening 

Explain why field weakening is only needed when the induction machine is 
motoring (accelerating). That is, even if the motor is running at high speed, 
but one wants to decelerate it down to zero (so it is generating rather than 
motoring), then the voltage limit V max is not a constraint in bringing the 
fluxrp d back up to ip dQ . (However, most amplifiers are switching amplifiers 
and the blocking voltage rating of the switches must be respected.) 
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Problem 13 Maximum Torque 

In steady state the currents in a two-phase motor are of the form isa = 
I cos(cJst+<t>s)iisb = I cos(^s£T</>s— 7r/2) so thati 2 d0 +i 2 Q = i% a +i 2 Sh = I 2 . 
Show that the steady-state torque r = Jjj J / ip d0 i q o = JpMidoi q o subject to 
i d0 + iqo — I max * s maximized by choosing ido = i q o = Imax/V^- This is 
used only at lower speeds where the voltage constraint u 2 Sa +u 2 Sb < V max will 
not be violated . (Note that if for example, I max — 6.0 A, then one might 
choose ido = 5. h/y/2 so as to not operate at the current limit.) 

Problem 14 Closed-Loop Poles of the Field-Oriented and Input-Output 
Controller 

(a) Using the motor parameters given in Section 8.2.2 and the gams of 
the field- oriented controller given by (8.22) and (8.23), compute the closed 
loop poles of the mechanical trajectory tracking error system as well as the 
closed-loop poles of the flux tracking error system. 

(b) Repeat part (a) using the gain values of the input-output controller 
of Section 8.2.5. 

Problem 15 Simulation of an Input-Output Linearization Controller 

Let the parameters of the system be n p = 3, M — 0.0117 H, R r = 3.9 
Q, Rs = 1.7 Q,Lr = 0.014 H,Ls — 0.014 H, f = 0 N-m/ rad /sec, and J - 
0.00011 kg-m 2 , i d o = 5.5/>/2 7 'ifdo = Mi d o, u bcLS€ = 250 rad/sec, I max = 6 
A, Vmax — 60 V [ 42 ]. 

Simulate the complete input— output linearization controller for the in- 
duction motor. To simplify the matter, do the complete simulation in con- 
tinuous time and assume that both speed and position measurements are 
available. Specifically, 

Add the flux observer using equations (8.37). Check that this is work- 
ing by comparing p and ip d from the estimator with tan~ 1 (^ H6 / / 0 Ra ) and 

\f^ 2 Rb 4- from the simulation of the motor. Note from (8.37) that the 
direct and quadrature currents i d and i q are computed in the flux estimator. 

Add the PI current controllers described by (8.12) to the simulation so 
that the setup of Figure 8. 3 results . Check that current controllers are work- 
ing by commanding constant currents idr — ido an d i qr = i q o to see if 
id ' y idOi iq * iqO) respectively. 

Choose i dr and i qr as given in (8.27) where u± is chosen as given in 
(8.31) and u<i is chosen as given in (8.32). Let the flux reference be given 
by (8.24) where uJbase — 250 rads/sec and 'ipdo — Mido with ido = 5. 5/^2. 
Also, just take idref = 0* 

Add the trajectory generator to the simulation. 

(a) Try a trajectory specified by u; max = 75 rads/sec, t\ = 0.025 sec and 
Of = 7r. Set the gains of the system to obtain tracking of the mechanical 
trajectory (0 re f,cu re f) and the flux reference t/^ 0 , and run the simulation. 
Do you need to let the flux f tp d build up before starting the 180° turn? 

(b) Try a high-speed trajectory specified by o; max = (27r/60)8000 = 838 



8. Induction Motor Control 573 


rads/sec, t\ = 1.5 seconds , t<i = +0.1 sec (#/ = u; max t 2 j* *5ei the gains of 

the system to obtain tracking of the mechanical trajectory (0 re /,u/ re /) and 
£de flux reference 'ipdref > an d run simulation. 

Problem 16 i dre f 

Given a mechanical trajectory mechanical trajectory (0 re /,cu re /, a re /) ? 
show how to obtain the reference current idref corresponding to the flux 
reference ^ dre j specified by ( 8 . 24 )- 

Problem 17 Nested Loop Control Structure [2] 

Consider the (nested loop) control structure of Figure 8.34 following Fig- 
ures 12.14 and 12.27 of Ref . [2]. The block labeled “induction motor” is con- 
sidered to be the model (8.9) with the decoupling feedback (8.10) applied, 
that is, the system (8.11). Using the model (8.11), and the controller given 
in Figure 8.34 vjith r j) dre f given by (8.24), do an analysis of this controller. 
In particular, with ^ dre j constant, can you show how to specify the con- 
troller gains so that the closed-loop system is stable? What if ^ dre f * s not 
constant? 





FIGURE 8.34. Nested loop control structure for the induction motor. 

Field Energy and Torque 

Problem 18 Torque from Conservation of Energy 

(a) Multiply the fourth equation of (8.9) by aLsi d , the fifth equation of 
(8.9) by crLsiq and add to obtain 

id.Ud + iqUq = {id + iq) + ° L sl (*d + %) - {v M/L R )-ip d i d 

+ (n p M/L R )u)Tp d i g . 

(b) In Chapter 6 it was shown that the field energy (the energy stored in 
the magnetic field of the air gap) is given by 

Wfi e id(isa, iSb , iRa, iRb, 9) = -^Ls^Sa + *lb) + 2 + *Rb) 

+ Mi Sa (iRaCos(9) - i Rb sin(0) ) + Mi Sb (i Ra sin(0) + i Rb cos(9) ) . 
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Show that in the (isay isby ^ m ? CJ ) coordinate system , the field energy 

is given by 

Wfieid = -Ls(i 2 Sa + 4) + 2 ^ 2r °' + 2 Tr ^ Sa + 

and therefore in the dq coordinate system it is given by 
Wfieid = -oLs{i 2 d + ig) + - J^fd- 
(c) Conservation of energy (power) requires that 

+ Rs(i%a + l Sb) + R-R^Ra + 4 ) + Tu} = iSa.U S a + iSbUSb 

where toj is the mechanical power produced. Rewrite this in the field- oriented 
coordinate system and compare with the answer to part (a) to conclude that 
t = (n p M/L R )ijj d i q . 

Observers 

Problem 19 Discretization of the Flux Observer 

Using Euler’s approximation for the derivatives , that is, 

^Ra(kT) « (iP Ra ((k+l)T)-i> Ra (kT))/T 
i> Rb {kT) « ^ Rb {{k + \)/T)~^ Rb {kT))/T 

a discretized version of (8.34) is given by 

ipRattk + 1 )T) = (1 - r]T)ip Ra (kT) - n p Tu{kT)^ m {kT) + V MTi Sa (kT 
rP Rb ((k + l)T ) = n p Tbj{kT)ip Ra {kT) + (1 — T]T)ip Rb {kT) + r]MTisb(kT) 

An observer for this discretized system is then a discretized version of (8.35) 
given by 

Ra(( k + l ) T ) = (1- TjTWnaikT) -n p Tu(kT)-ii; Rb (kT) + r]MTis a (kT ] 

i> Rb {{k+l)T) = n p Tw(kT)i> Ra (kT) + (1 - rjT)^ Rb {kT) + rtMTi Sb {kT) 

Simulate this discrete version of the observer (8.35) with the inputs to the 
motor given by us a = V cos (wst), usb = V sin(u;s£), c o$ = (27r)60 rad/sec, 
V = 80 V, and r R = 0. Plot out the discrete estimates if Ra and ifi Rb and 
compare with the actual values ip Ra andijj Rb , respectively. Try sample rates 
of 2 kHz, 10 kHz, and 20 kHz. 

Problem 20 Stability of a Discrete Flux Observer 

Consider the stability of the discrete-time flux estimator of problem 19, 
define 


e Ra ((k + l)T) 4 ip Ra ((k + 1)T) - i) Ra {{k + 1)T) 
e flt> ((fc + l)T) 4 ^ 6 ((fc + l)T)-4((Hl)r) 
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and show that these error variables satisfy 


1 

ct> 

to 

p 

+ 

t— 1 

5 


1 - jjT 

—n p uj(k)T 

eRa(kT) 

e m ((k + l)T) J 


n p w(k)T 

1 -t]T. 

eRb(kT) 


Next , define the discrete-time function V(kT) as 

V(kT) = e 2 Ra (k,T) + e 2 Rb (kT) 


and show that 


V((k + 1 )T) = ((1 - r)T) 2 + (, n p cu(kT)T ) 2 ) V(kT). 

Use this to find the conditions on the sample period T and speed uj such that 
V(kT) — ► 0 as t —> oo. In particular , find the value of T that minimizes 
(1 — pT) 2 4* (n p u; m ax^) 2 , where u; max is the maximum speed the motor is to 
be run . With w max = 27 t(60) rads/sec and sample rates of 330 Hz, 1 kHz , 
and 10 kHz , is the system (8.35) stable? Are your results consistent with 
your simulation? 

Problem 21 Discretization of the Flux Observer in the Field-Oriented 
Coordinate System 

Simulate a discrete-time version of the equations (8.37). Plot out the 
discrete estimates p and 7p d , compute — cos(p) and ^R b = sm (p) 
and compare with ip Ra and ip Rb , respectively. Try sample rates of 330 Hz, 
1 kHz, and 10 kHz. 


Problem 22 Discretization of the Flux Observer Equations [73] 

Consider another discretization of the flux equations (8.34) by writing 
them in the form 


d_ 

dt 


" TpRa " 


i’Rb 



rtpU) 

V 


IpRa 
V 7 Rb 


-h 7]M 


iSa 

isb 


(a) Assuming that u;(t),isa(t)i and isb(t) are constant over the sample 
period T , show that 


'tpRadk + 1 )T) 

_ J-ril+n p u,(kT)J)T 

IpRaikT) ‘ 

TpRbdk + I)?") 

t 

TpRb(kT) 


+ ^J e ( ~’ ?I+n '’ u,(feT)J)(T ' t 4Mdt 


isa(kT) 

isb(kT) 


1 ° i t a r ° -i " 

0 1 J ’ 1 0 ■ 


where I = 
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( b ) Using the expressions 

J e at cos (bt)dt = 
J e a ^ T ~^ cos(b(T - t))dt = 
j e at sin(bt)dt = 
j e a( - T - t '> sin( 6 (T - t))dt = 
show that 

J-r)l+n p u(kT)J)T 


and 

f‘ 


a 2 4 - b 2 


(acos( 6 £) 4 6 sin( 6 t)) 


0 a(T-t) 


a 2 + b 2 

~at 


(acos(5(T — £)) + 6sin(5(T — t))) 


a 2 4 6 2 

^a{T— t) 

a 2 4 b 2 


( asin(bt ) — bcos(bt)) 

(asin( 6 (T - t)) - 6 cos( 6 (T - t))) 


- e -vT 

0 

cos (n p uj(kT)) 

— sm(n p u>(kT) 

0 

e~ vT 

sin (n p uj(kT)) 

cos(n p oj(kT)) 


^(-7]I+n p uj(kT)J)(T-t) ^ _ 


t / 2 4- ( n p uj(kT )) 2 

c-^d^Jtr) 4- 7] -e~^ T d 2 {kT) - n p uj(kT) 

e-^ T d 2 (kT) + n p u){kT) e~^ T di{kT) + 77 


where 


di (kT) = -7] cos(n p u(kT)T) 4 n p u(kT) sin(n p uj(kT)T) 

d 2 (kT) = — 77 sin(n p a;(A:T)T) — n p a;(/bT) cos(n p u;(fcT)T). 

(c) Use this discretization of the flux linkage equations to define an ob- 
server. 

(d) With the flux estimate error defined by 

e Ra ((k + l)T) 4 ^ a ((Hl)T)-^ a ((Hl)T) 

e Rb ({k+l)T) 4 ^ 6 ((Hl)T)^ K # + l)r) 

itse the (Lyapunov) function 

V(kT)±e 2 Ra (kT) + e 2 Rb (kT) 

to show that 

V((k 4 l)T) = e~ 2r)T V(kT). 

(e) Simulate this discrete-time flux observer with the inputs to the motor 
given by us a — V cos(uJst ), usb = V sin (wst) where ojs = (27t)60 rad/sec 
and V = 80 V 7 tl = 0. Plot out the discrete estimates if Ra and (f Rb , and 
compare with their actual values and ^ Rb ’ Try sample rates of 330 Hz, 
1 kHz , and 10 kHz. 
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Problem 23 Flux Observer Based on Position Measurements [67] 

Consider the flux observer (8. 37). Make a change of variables from (p^f) 
to (s,ip d ) where $(t) = p(t) — n p 0(t) and show that 

= r\M (-isa sin(p) + i S b cos (p) ) 

= -vi’d + "n M (fSa cos (fi) + i S b sin (p) ) 


ds 

dt 

dip d 

dt 


where 

p(t) = n p 6(t) + s(t) 

is an estimator for p,f) d . Note that this flux estimator requires the stator 
currents and rotor position, but not the rotor speed. 

Problem 24 Speed Observer 

(a) Implement a discretized version of the speed observer 


- = co + c{e c -e) 

^ = mV’A + Zi{O c -0) 


using the Euler approximation for the derivatives where 0 c (t) = f^Nit) in 
which N ( t ) is the position of the motor in encoder counts. Set the inputs to 
the motor as us a — V cos (cost), usb — F sin (cost) (uis — (27r)60 rad/sec, 
and V = 80 V). To simulate the encoder count N , simply set N = 
floor(^M$), w h e re floor(x) is the largest integer less than or equal to x. 

(b) Compare the speed estimate u; from the observer with that obtained 
from numerically differentiating the output of the encoder as 

cji(kT) = (0 c (kT) — 0 c ((k — 1)T)) /T. Also, compare with the actual speed 
lj. Try sample rates of 1 kHz, 2 kHz, and 10 kHz. 

(c) Show that a (Euler) discretized version of the error equations for the 
above speed observer are given by 


ci {k + 1) 


e-2 (k + 1) 



1 — t\T 


T 

1 


ei (k) 

e2(k) 


where T is the sample period, t\ and I 2 are the observer gains, e\ (k) = 
9 c [kT) — 0(kT) and 62 (h) = co(kT) — u(kT). Compute the eigenvalues of 
the error system in terms ofT , I\, and 1 2 • Is the discretized speed observer 
stable , that is, are the magnitudes of the eigenvalues less than 1 for the 
gains and sample rates chosen in your simulation? 
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Problem 25 Speed and Load-Torque Observer 

Consider a modification of the speed observer to estimate any constant 
(or, slowly varying) load torque. Specifically, with the load torque tl as- 
sumed constant, consider a speed and load- torque estimator given by 


6j i (9 — $) 

+ h{9 -0) 

o + e 3 ( e - e ). 

(a) With e\ — 9 — 0,62 — u — Cj, and e 3 = r^/J - fi/J, find the 
equations describing the error system assuming if d i q = if d i q . For an ap- 
propriate choice of the observer gains £ 1 ^ 2 , and £ 3 , show that e(t) = 
(ei(t),e 2 (t),e 3 (t)) — > 0 as t — > 00 . 

(b) Assume that ip d i q ^ bat that their difference is constant. That 

is, let e t /j == p'lfffq — pi^ d i q be constant. Show that it still true that e\ (t) = 
9(t) — 9(t) — ► 0 and e 2 (t) = uj(t) — cj(t) — + 0 as t — » 00. 


dd_ 

dt 

duj 

dt 

d(r L /J) 

dt 


Problem 26 Flux and Speed Observer 

Consider the following approach to estimating the flux linkages and speed 
simultaneously. The stator currents is a and isb and flux linkages and 
ip R b are rotated by the angle n p 9 to obtain 


isx 

A_ 

cos (n p 9) sin (n p 9) 

iSa 

i'Sy 


— si n(n p 9) cos (n p 9) 

i'Sb 


Rx ’ 

A 

cos(n p $) 

sin(n p 9) 

’ i’Ra " 

Ry . 


— sm{n v 9) 

cos (n p 9) 

i^Rb 


The currents is x and is y are known as the angle 9 is measured. Note also 
that \jj Rx = \ Ra and if Ry = A Rb , that is, they are the actual flux linkages in 
the rotor windings as given in (8.2). In order to estimate the load torque , 
it is modeled as a constant so that its dynamic equation is taken to be 
d{rL/J)/dt = 0 . 

(a) In terms of the new state variables isxfisy,i> Rx — ^ Ra , and % ’) Ry = 



8. Induction Motor Control 579 


'^■irs y show ifhat 


djpRx 

dt 


dj’Ry 

dt 

dO 

dt 

duo 

dt 

djjjJJ) 

dt 


R& MR r _ 

-~T-W Kx + “7 KSx 

Rr i , iMRiR . 


uo 

f 

fJ-iisyipRx - i-Sxi’Ry) - -jU - t l /J 

-0. 


The key point here is that in this state-space representation, the ( unmea- 
sured) speed u) has been eliminated from (the flux equations. 

(b) Define an estimator for the flux linkages, speed, and load torque by 


d)pRx 

dt 



MRr. 


Lr 


't'Sx 


d^Rx 

dt 

dO 

dt 

duo 

dt 

d(r L /J) 

dt 


Rr 

La 


~—^Ry + 


MRr. 

~TT tSv 


u> + ii{6 - 0) 

f 

ViiSyi’Rx ~ iSx^Ry) - 


0 + ^3 (0-0). 




With e Rx = ip Rx - if Rx , e Ry = ip Ry - i> Ry , e 0 = 6 - 6, e w = w - ui, and 
e TL = t i,) J — tl, show that the error system is given by 


deg x 

dt 

de R y 

dt 

deg 

dt 

de^jj 

dt 
de T L 
dt 


Rr 

} — CRx 

Lr 

Rr 

-~j— eR y 

Lr 

- ti(0 - 0) 


P'if'Sy^'Rx iSx^Ry) ^ T£/ $) 

0 -e s ( 6 -d). 


(c) As long as the currents i$ x and is y are bounded (consistent with the 
assumed current- command operation), show that the error system is stable. 
Note that the rate of convergence of the error dynamics of this observer is 
still limited by the rotor time constant Tg = Lg/Rg = 1 fr\ [73 f 
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Flux Observers with an Arbitrary Rate of Convergence 

Martin and Rouchon [74] [75] have developed an observer that generalizes 
the results of Verghese and Sanders [73] presented in Section 8.3.3. Specif- 
ically, their method results in an error system with complex eigenvalues 
whose rate of convergence can be arbitrarily specified. This is outlined in 
the next problem. 


Problem 27 Martin- Rouchon Observer [74] [75] 

The equations in space vector form may be written as 


R s is + j t h 


d • d ^ 

Rr1r + dt~ R 


u s 


0 


(8.138) 


where i s = is a + jisb , and so on, and the flux linkages and currents are 
related by 

As = *Sa+j\ Sb = L s i s + Mi R e +30R 

(8.139) 

A r — + j\Rb — L R i R + Mi s e~ J0R . 

(a) Rearrange the first equation of (8.139) to obtain 

iR eje R = jj (As - Lsis) 

and show that substituting this into the second equation of (8.139) results 
in 

A R ei eK = jj-A s + <jMi s 
where cr = 1 - M 2 /(LsLr). 

(b) Multiply the second equation of (8.138) by e~^ eR and substitute the 
expressions fori R el 9R and X R e j 9 R from part (a) into (8.138) to show that 
the electrical equations have the equivalent form 

d 

— Ac - 

dt 


dt ls 


- Rsis + u s 

(Rr — 3 u ^r)As - ( RrLs + RsTr jwaLRLs)is + Lru s 


ctL r Ls 

(c) Consider the observer proposed in Refs. [74] [75] given by 
-^As = -Rsis + cx(i s - z s )(Rr - juL R ) 


d_, (Rr ~ juL R )\ s ( RrLs 4- RsLr JucfLrLs)^ + Tru s 

ctL r Ls 

gg (is ~ IsKRr ~ juL R ) 

oL r Ls 


dt s 


+ 
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where c\ and c 2 are complex gains to be chosen. 

(d) Set e x = A s - X s and = i s -i s and show the error system is given 


by 


d 

dt~ x 

£ 
dt~ i 


-{Rr- juL R )c i£, 
( Rr -JwLr) 


ctLrLs 


More compactly, one may write 

= {Rr - jajL R ) 


d_ 

dt 


Li 


0 

1 


(La ~ c 2 Li) ■ 


-ci 

1 


ctLrLs ctLrLs 


C2 



’ £a " 


. £< . 


= (Rr - juL R )Ae 


(8.140) 


with the obvious definitions for e and A. 

(e) Show the eigenvalues of A can be arbitrarily assigned by choosing c\ 
and C 2 appropriately. 

(f) Show that the solution to (8.1 40) is given by 

e(t) = e( Rlit ~ i 9 W L ^ A e{0). 

(g) Show that c\ and c 2 can be chosen so that s± = si a + jsib$ign(0(t)) and 
s 2 = S 2 a + js2bsign(0(t)) are the eigenvalues of A with si a < 0, S\b < 0, 
52a < 0, 526 < 0. That is, they are the roots of the polynomial 


s 2 + 


c 2 


-s + 


Cl 


<jL r Ls cjLrLs 


(As ci and C 2 are complex gains , this is possible to do with s± and s 2 not 
being complex conjugates.) 

(h) Assuming Si / s 2 , show that the error e(t) is a linear combination 
of the complex exponentials 

si a RRt + si b sign(6{t))L R 0{t) + j (si b sign(6(t)) R R t - si a L R 6{t) ) 
S 2 aRRt + s 2b sign{6(t))L R d{t) + j (s 2b sign(0(t)) R R t - s 2b L R 6{t) ) 


which decay to zero. 

Remark One may choose «i6 = S 2 b = 0 to simplify the expressions in part 
(h). However , as explained in [74] [75], there is an advantage in choosing C\ 
and c 2 such that S\ and s 2 are not real. After the rotor position increases , 
L R 6(t) typically is much larger than R R t so that a faster convergence rate 
results by having sib and S 2 b both negative. 
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Dynamic Feedback Linearization 

The concept behind feedback linearization is to find a coordinate system 
transformation such that the nonlinear dynamics represented in the new 
coordinate system can be canceled out by state feedback. This is a quite 
appealing approach when such a transformation exists. This theory has 
been worked out in that (checkable) necessary and sufficient conditions exist 
to determine the existence of such a transformation (see the excellent books 
by A. Isidori [52], H. Nijmeijer and A. J. van der Schaft [101], and R. Marino 
and P. Tomei [102] that described this theory is detail). However, it turns 
out that the system model (8.5) [or equivalently, the system model (8.9)] 
of the induction motor is not feedback linearizable [64]. Furthermore, the 
reduced-order model (8.13) — (8.16) with Inputs i dri i qr and state variables 
u, , ip d ,p is also not feedback linearizable. However, a quite interesting result 
is that for some dynamic systems which are not feedback linearizable, the 
addition of integrators in some of the inputs can result in the (higher-order) 
system being feedback linearizable [103] [104] [105]. This is a phenomenon of 
multi-input systems, in that a single-input system is dynamically feedback 
linearizable if and only if it is (statically) feedback linearizable [105]. This 
approach is explored in the next two problems. 


Problem 28 Addition of an Integrator to the d-axis Input [106] [107] 
Consider the current command induction motor model as given in the 
system model (8.13)— (8.16) whose inputs are taken to be i dr and i qr . A so- 
called dynamic feedback linearization controller can be found by the addition 
of an integrator to the d axis of field- oriented model. Specifically , define 
Xi = cu, #2 — x 3 — P an d x 4 ~ i<tn 6 x 4 ) dt = v\ y v 2 — i qr so that the 
equations are now 


dxi/dt 
dx 2 /dt 
dx^/dt 
dx^/dt 


fix 2V2 — rifJ 
-r)x 2 T rfMx 4 
n p x 1 4 - TfMv 2 /x2 

Vi. 


More compactly , this may be written as 


^ = f(x)+g 1 vi 


+ 9 1V2 


with 


fix) = 


- r L /J 


' 0 ‘ 


IXX 2 

-tjx 2 + rjMx 4 

, 9i = 

0 


0 

n p x 1 

0 

» 92 — 

rjM/x 2 

0 


1 


0 


€ M 4 . 



8. Induction Motor Control 583 


(a) Consider the nonlinear state-space transformation given by 


zi = x 2 

Z 2 = -77X2 + T)Mx 4 

Z3 = Xi - fix\xzjr)M 

z 4 = ^x 2 x 3 (x 2 - Mx 4 ) - x\x\ - t l /J. 

M rjM 

Show that in these new coordinates , the system equations become 

= ai(x) + viftn + t; 2 6 i 2 (x) 

= 2:4 

= a 2 (x) + 6 2 1 + V 2&22 (x) 


dz\ 

dt 

dz 2 

dt 

dzz 

dt 

dz 4 

dt 


where 


a i(x) 
a 2 (x) 


= -r](-riX2 + r\Mx 4) 


f-trip 


— - 277M/XX3X4 -f 677^X2X3X4 - 4 /xn p XiX 2 X 4 H T77 r ^ x 2 


77MJ 


+ ■— ( — 477 /HX 2 X 3 4- Ann p x\x\) 


and 6n = r]M,bi 2 (x) = -2/1x2X3,621 - 0,622(2:) = — 2 /x(— 770:2 + #x 4) - 

Aj 

t)M 2 ' 

(b) Show that application of the feedback 


*>1 


' 6 n 

&12 

-1 

Tii — ai(x) 

_ ^2 


^21 

h 22 


Ti 2 - a 2 (x) 


results in two decoupled second-order linear systems 


dzi/dt = 2( 2 

dz 2 /dt = ui 
dzs/dt = ^4 

dz 4 /dt = u 2 . 


(c) The controller is singular when 


det 


611 

&21 


&12 

&22 


= -2rjM n(-r)x 2 4- r)Mx 4 ) - p 2 n p x f = 0. 
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Rewrite this singularity condition in the dq coordinates and show that it 
becomes 

— {2rjM jj)dip d / dt - p 2 n p ip d = 0. 

Remark 1 This singularity can be avoided by choosing, for example, the 
input ui to regulate ip d to a positive constant so that d^ d /dt = 0. On the 
other hand, during field weakening when i[ d is reduced, this condition just 
restricts how fast ip d can be decreased, that is, 


0 > dipjdt > = -(— 


2rjM 


2 JRr 




At start-up of the motor, when the flux is brought up from zero to its nom- 
inal value, the singularity is not encountered as d'i[ d /dt > 0. 

Remark 2 Note that none of the state variables zi are linearly related 
to the speed cj. Consequently , dO/dt = lj is not a linear function of the Zi 
so that the position cannot be appended to the coordinate system defining 
the Zi ’s without losing linearity of the system. That is, if dO/dt = ui = x\ 
is appended to the Zi coordinate transformation, then it is straightforward 
to show that the resulting system is not feedback linearizable (a similar 
situation arises in the case of a shunt- connected DC motor [55]). This 
situation also complicates the speed control design , as the speed is indirectly 
controlled through the input U2 vis-a-vis Z3 = x\ — px\xzj (rjM) = uj — 
pipdP/ (vM). For example, if a constant speed loq is desired, Z3 = cuo - 
pTpdP/ (vM) must be tracked using the input U2> This is sensitive to errors 
in the parameter values, as well as errors in the estimation of the state 
variables ip d and p. 


Problem 29 Addition of an Integrator to the q-axis Input [106] [107] 

It is quite natural to consider adding an integrator in the q axis of the 
system model (8.13)— (8.16) rather than the d axis for comparison. To pro- 
ceed, let x\ = u, x 2 = ty d , X3 — p and X4 = i qr , dx^/dt = V2,V\ = i dr so 
that the system (8.13)— (8.16) becomes 


dxi/dt 
dx 2 /dt 
dxz/dt 
dx4 / dt 


PX2X4 - r L /J 
—r]X2 -f rjMvi 
n p x 1 + rjMx4/x2 
V 2 ' 


More compactly, this may be written as 


dx 

dt 


= f(x)+givi +giv 2 


with 


PX2X4 - r L /J 


0 


' 0 ‘ 

-TJX 2 

. 9i = 

r)M 

> 92 = 

0 

n p x 1 + T)Mx4/x2 

0 

0 

0 


0 


1 


€ M 4 . 
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A feedback linearizing transformation is then 


z\ = xi 

Z2 = pbX 2 X 4 — T l! J 
z 3 = X 3 

z 4 = n p Xi -b tjMx 4 /x 2 . 


faj Show that in these new coordinates , the system equations become 


where 


dzi 

dt 

dz 2 

dt 

dzz 

dt 

dz 4 

dt 


Z 2 

ai(x)+t>i&u + v 2 b u 

z 4 

a 2 (x) +U1621 +v 2 b 2 2 


a i(x) = —r)iix 2 x 4 

/ \ 2 * /r TXpX L 

a 2 (x) = ^n p x 2 x 4 + rj M !L — 


and bn = r]Mpx 4 ,bi 2 -- pX2,b 2 i -■ —rj 2 M 2 x 4 /x 2 ,b 2 2 = r]M/x2- 
(b) Show that application of the feedback 


Vl 


' bn 

b\2 

-1 

U\ — ai(x) 

. v 2 . 


b 2 i 

t>22 


u 2 - a 2 {x) 


results in two decoupled second- order linear systems 


dz\ / dt — z 2 
dz 2 / dt = U\ 
dz$ /dt — z 4 
dz 4 /dt = u 2 - 


results in two decoupled second- order systems as in the d-axis case. 
Remark This controller is singular when 

= 2 ? 7 2 M 2 /i— = 2 t 7 2 MV^Z: = o. 

Wd 

This singularity condition is comparable to the condition that the torque 
r = Jp , tp d i q = Jpx 2 x 4 7^ 0 given in Ref. [108]. However , in contrast to Ref 
[108], the approach here requires only a single transformation, and the re- 
sulting controller requires relatively little feedback computation. A drawback 


det 


bn bi 2 

&21 b 2 2 
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here is the requirement that the quadrature current be nonzero (ip d > 0 is 
straightforward to maintain and is common to other controllers [1] [64] [70]^. 
Consequently , to use this controller would require switching to another con- 
trol strategy when it is desired to change the sign of the torque . Note that , 
in contrast to the case where the integrator was in the d axis , one of the 
transformed state variables is the speed , which is easily controlled using 
the input u\. By appending the state variable zq = 0 to the z-coordinate 
transformation gives a feedback linearizing controller for position control. 
However , to avoid the singularity of the controller , it is still required that 

iq 0. 

Problem 30 The Induction Motor is a Flat System [74] [109] 

Another way of viewing dynamic feedback linearization is through the no- 
tion of flatness of a system. The concept of a system being flat is due to 
Michel Fliess [109] and has been applied to the induction motor by Martin 
and Rouchon [74]. The book [110] by H . Sira-Ramirez and S . K. Agrawal 
presents a nice introduction to the theory of flat systems in terms of ap- 
plications and the book [111] by G. Conte , C. H. Moog and A. M. Perdon 
presents a nice introduction to the underlying mathematics. To motivate 
the concept of flatness, consider the Chua circuit example discussed by Sira- 
Ramirez and Agrawal ([110], p. 196), which is modeled by the third-order 
nonlinear system 

p (— Xi + x 2 - x\ (l - x\)) (8.141) 

X\ — X2 x% (8.142) 

—qx2+u (8.143) 

where p and q are known constant parameters. Let the (flat) output be 
y = x\. The state can be written as function of y and its derivatives as 
follows: 

xi = y 

X 2 = y/p + y + y(l -y 2 ) (rearranging (8.1fl)) 

x 3 = ^(y/p + y + y(i-y 2 )) + (y/p + y + yCL-y 2 ))-y 

= y/p + (2 + 1/p) y - 3y 2 y + y(l - y 2 ) (rearranging ( 8 . 142)) 
or, more compactly, 

x = <p(y,y,y) e R 3 . 

Also, the input u can be written as function of y and its derivatives by 


dx\ 
dt 
dx 2 
dt 
dx 3 

dt 
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rearranging ( 8 . 14 3) to obtain 

u = f t {y/ p+ ( 2 + 1 / p ')y~' iy2 y + y ( 1 ~y 2 f +y(y/p+y+y( l -v 2 )) 

= V/p + (2 + 1 /p)y - 6 yy - 3 y 2 y + y- 3 y 2 y + ( q/p)y + qy + qy{ 1 - y 2 ) 

(8.144) 

= <t>(y, y, y, v) e R- 

The notion of flatness refers to defining an output variable y such that both 
the state and the input can be written as a function of this output and its 
derivatives. Thus, the Chua circuit model is a flat system. To see why the 
notion of flatness is useful , in the Chua circuit example define the new state 
variables z\ = y,z 2 = y, and z 3 = y so that 

dzi 

dt 
dz 2 
dt 
dz 3 

dt 

However, by equation (8.144), 
y = pu-p ((2 + 1 /p)y - 6 yy - 3 y 2 y + y - 3 y 2 y + (q/p)y + qy + qy{ 1 - y 2 )) 
so that setting 

U = (2 + 1 /p)y - 6yy - 3 y 2 y + y- 3 y 2 y + (q/p)y + qy + qy( 1 - y 2 ) + v/p 
the system becomes 

dz\ 

dt 
dz 2 

dt 
dz 3 

dt 

which is a linear system. Furthermore , the flatness property allows a straight- 
forward design of the reference trajectory and reference input. Specifically, 
let y r ef(t) be the desired reference output so that 

%ref = T {Vref litre f,Vref) C M 
u ref — {jjref , Vref ■> Href , V ref) ^ ^ 

Zref ~ [l/ref, Vref, Vref] C M 


= ^2 
= ^3 

- V 


= z 2 
= z 3 

= y- 


are the reference signals. 
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Remark For single-input systems, flatness is equivalent to feedback lin- 
earizability of which the Chua circuit is an example. For multi-input sys- 
tems, flatness implies the system is dynamically feedback linearizable [110]. 

(a) Consider the space vector formulation of the induction motor model, 
that is, 


Rsis + L s f t i s + (i R e> n > e ») = u s 
RRi R + L R f t i R + Mf t (i s e-^) = 0 
n p M } - t l = J 

where i s = is a + jisb, i R = iRa + jiRb, U.s — u Sa + jusb- With 

As = ^Sa+jXs b = Lsis + Mi H e +3TLp0R 
A R — X Ra + j\ R b = L R i R + Mi s e~ jTlpeR 

the electrical equations of the induction motor may be written as 

n . d . 

Rsls + ffl—s — Ms 
RrIr + fff^R = 0 - 

In problem 8 of Chapter 6, it was shown that using 


is 

1 

+Lr 

-M ' 

As 

i R e +3npdR 

“ L s L r - M 2 

-M 

+Lg 

A R e +jrip0R 


a model for the induction motor in terms of the flux linkages is 

Jk ^ + = 

j0-(-MAse-^»* + i s i fi ) + |i s = 
Im{A s (AHe + ^«)*} - r L = 

gLsLr 

dOg _ 
dt 

Show that 

~ T ~f ~ Im {As(AK e+jnp(?H r} = -Im HrAr} • 

c iLsLiR 


Ms 

0 

T dujR 

dt 

U)R. 
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(b) Show that 


du) 

J ~dt 


Im {IrAr} - r L 

Ar ^ — T L 


Rr 


dt 


1 \ 2 d 

~ T R R dt pR ~ TL 


where X R = X R e 3pR . 
(c) Show that 


is a flat output. That is, show that 


yi 

A_ 

e 

. yi . 


Pr 


A r = v 1 (y,y,y) 

A r = <£ 2 (y,y,y,y) 
ils = <£(y,y,y, y, y )- 

Explicitly compute the functions ^ , and <£. 

fdj WTien zs the transformation singular? 


Optimal Field Weakening 


Problem 31 Torque Expressions 

Show that with us = n p u+S/T R the electrical frequency, S p = l/(ousT R ) 
the normalized pull out slip, S = (us — n p u)/us = (5/T R )/us the normal- 
ized slip, and letting Rs 0, the torque expression 


T = 


n P M 7 y 2 6 

LrR 2 s (1 - a T s 6 (n p uj + 5/T R )f + (5 + T s {n p uj + 5/T R )f 


reduces to 


where Us 


3 1 

r — n„T 


a Ua 


p 2 a u%L s S/S p + S p /S 


2V_ 
3 y/2 


. ( V / y/2 is the two-phase equivalent rms voltage so 


that y/2/3 (V/y/2) is the line-to-neutral rms voltage in the three-phase ma- 
chine.) 


Problem 32 Positive root of p(5) — 0 

Use the Routh-Hurwitz test and the expression (8.68) to show thatp(8) = 
0 has exactly one root in the right-half plane for all u > 0. 


Problem 33 Base Speed 

Use the Routh-Hurwitz test to show that equation (8.85) has only one 
root satisfying u > 0 for 6 1 = ±1. 
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PM Synchronous Motor 
Control 


Starting with a mathematical model of the PM synchronous machine, a 
field-oriented controller is developed for high-performance control. Experi- 
mental results are presented to illustrate the methodology. Following this, 
a systematic approach to field weakening is developed based on maximizing 
the torque obtainable from the machine without violating the voltage or the 
current constraints. Next, it is shown how the least-squares identification 
procedure developed in Chapter 2 can be used to determine the parameters 
of a PM synchronous machine. Finally, the structure and operation of PM 
stepper motors are described. 


9.1 Field-Oriented Control 


The approach presented here for high-performance control of a PM syn- 
chronous machine is based on the development in [72] [112]. To proceed, the 
two-phase model of a PM synchronous machine with sinusoidally wound 
stator phases and n p pole pairs is given by (see equation (6.40) of Chapter 
6 where n v = 1) 


Ls 

Ls 


dlSa 

dt 

d%Q\) 

dt 

cluj 

J ~dt 

dO 

dt 


-Rsisa + Km sin (n p 6 )u + u Sa 


- Rsisb - K m cos(n p 0)cj -p u S b 


Km{-isa sin (n p 6 ) 4- i S b cos {n p 6 )) - r L 


UJ. 


(9.1) 


This is also the two-phase equivalent model of a three-phase PM synchro- 
nous machines [see equation (7.81) in Chapter 7}. Equation (9.1) is the 
starting point for the design of a field-oriented controller for the PM syn- 
chronous machine. For synchronous machines, the dq transformations of 
the phase voltages and currents are given by 


U d 

A 

cos(n p 0) sin(n p 0) 

USa 

Ug 


— sin(n p 0) cos(n p 0) 

USb 

id " 

A 

cos(n p 0) sin (n p 0) 

^Sci 



— sin (n p 9) cos (n p 0) 

isb 


(9.2) 

(9.3) 
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The direct current id corresponds to the component of the stator magnetic 
field along the axis of the rotor magnetic field, while the quadrature current 
i q corresponds to the orthogonal component. The application of the dq 
transformation to the original system (9.1) yields the system of equations 


L s — 
s dt 

= —Rsid + UpUjLsiq + Ud 

(9.4) 

L s — 
s dt 

= -Rsiq - UpWLsid - K m 0J + U q 

(9.5) 

duo 

J ~dt 

— K m i q T L 

(9.6) 

dO 

dt 

= U 

(9.7) 


where Ud is the direct voltage, u q is the quadrature voltage, id is the direct 
current, i q is the quadrature current, cj is the angular velocity, and 9 is the 
angular position. In this coordinate system, the transformed currents id and 
iq vary approximately at the mechanical frequency of the motor. These 
variables typically have bandwidths in the range of 0—100 Hz compared 
with 0—5 kHz bandwidth for u $ a , u sb , isa and i$b- 

The resulting dq system model (9.4) — (9.7) is still nonlinear, however 
the nonlinear terms can now be canceled by state feedback. Specifically, 
choosing Ud and u q to be of the form 


Ud — Rsid — UpUjLsiq 4- LsVd 

(9.8) 

U q = Rsiq + UpULsid + Km U + L S Vq 

(9.9) 

results in the feedback linearized system 
did 

id = Vd 

(9.10) 

dig 

~dt = Vq 

(9.11) 

^ = (K m /J)i q - t l /J 

(9.12) 

dO 

= U). 

dt 

(9.13) 


Note that the original fourth-order system has been transformed into a 
first-order linear system (9.10) and a third-order linear system (equations 
(9.11)— (9.13)) which are decoupled from each other. As a consequence, 
linear control techniques can be used for the system (9.10) — (9.13) in these 
new variables. 

9.1.1 Design of the Reference Trajectory and Inputs 

The linearized system (9.10)— (9.13) is decoupled. However, constraints on 
the magnitude of the voltages introduce couplings. To achieve a desired 
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(reference) speed u re f and acceleration a re /, the required quadrature cur- 
rent is found from equation (9.6) to be 

J f 

tqref ~ ^ &ref T ^ OJ re f 

where = —fu is now assumed. The quadrature component i q of the 
current produces torque while the direct component id does not produce 
any torque. However, in order to attain higher speeds, it is necessary to 
apply a negative direct current to cancel the effect of the back emf of the 
motor. Specifically, note from equation (9.5), the back-emf term in the 
dq coordinates is K m uj and a decoupling control law as in (9.9) requires 
that u q cancel this back-emf term. For example, in the experiments to be 
presented below, K m = 0.19 V/rad/sec so that the back-emf voltage at a 
speed of 2000 rpm (209 radians/sec) is about 41 V. However, the source 
voltage for this motor is only 40 V, so that cancellation of the back emf 
would lead to saturation at the input. However, if id were forced to be 
negative (field- weakening) by the correct choice of Vd, the term —n p u)Lsid 
would help to cancel the back-emf term — K m w [see equation (9.5) or, 
equivalently, equation (9.9)]. The design of an appropriate reference for id 
is thus essential to avoid saturation of the phase voltages at high rotor 
speeds. 

The desired (reference) direct current idref is found by maximizing the 
torque, that is, K m i q at constant speed subject to the constraint u^ + u 2 = 
u 2 Sa + u 2 Sb < V^ ax where V max is fixed. In order to obtain a tractable 
solution, the optimization is carried out at constant speed under steady- 
state conditions. Under steady-state conditions, the relations (9.4) — (9.7) 
become 


Ud = Rsid ~ n p u)Lsi q 

XL q — Rs^q T UpUjLsid 4“ R-m^ 

K rn iq — 'Tl* 


The actual physical constraints for usa^Sb are °f the form |us a | < Vmax , 
|usfc| < Vmax rather than u 2 Sa -f u 2 Sb < V^ ax . However, in steady-state 
operation, these conditions are equivalent (see problem 1). Using standard 
optimization techniques, the maximum is found to correspond to 


'Uqref (^) 


'U'dref (^) 
/ U'qref( {j j) 

idref (k-0 


- - - V n 

y/R% + (n P coLs) 2 
u p ujL s 
R s 

n p Rs K m tv 
R 2 s + {n p uL s ) 2 ‘ 


(9.14) 

(9.15) 

(9.16) 


The inverse tangent of (9.15) is often referred to as the optimal lead angle 
[113] [114] [115]. It is the angle advance that the phase voltages us a and 
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usb need to be commanded relative to n p 6 (corresponding to the posi- 
tion of the rotor) to achieve the maximum torque at any given speed uj 
without violating the voltage constraints. The relationship (9.16) gives the 
corresponding direct current as a function of speed required to obtain the 
maximum torque. Although (9.14) through (9.16) were derived assuming 
constant speed, it will be seen below that they are very useful even under 
dynamic conditions. 

Choosing the direct current to be negative as in (9.16) is referred to as 
field weakening. This comes from considering the terms 


- n p ojLsid ~ K-mOj = - ( n p Lsid + K m ) uj 

in (9.5) where, as the value of K m is proportional to the strength of rotor’s 
magnetic field, making id < 0 is viewed as weakening this field. A more 
general approach to obtaining the current references that also take into 
account the current constraints is given in Section 9.2. 

After specifying a desired mechanical reference trajectory d re f,uo re f, a re f , 
the corresponding state trajectory We/} V e /,cu re /,0 re / and reference in- 
put voltages Udref, u q ref are computed. They are chosen to satisfy the 
system equations (9.4) — (9.7), that is, 


L S 


didref 

dt 


L S 


diqref 

dt 


J 


duo re f 
dt 

dO re f 

dt 


— f^S^dref T" npLO re f L si qref T 'U'dref (9.17) 


— 77 siqref TlpUJref sidref ^mUJref T Uqref (9.18) 

~ Kmiqref f UJref (9.19) 

: UJref (9.20) 


The desired quadrature current is found by solving (9.19) for i qre f and its 
derivative di qre f/dt is then found by differentiating this expression. The 
desired direct current idref is given by (9.16) with uj replaced by o; re /, and 
its derivative is found by simply differentiating this expression. Doing these 
calculations gives 


idref 


'Iqref 


didref 

dt 


diqref 

dt 


^pLsKm^^-e f 
77g T (n p uj re f Ls)^ 


J 


K m aref+ K 


f 


UJref 


2K m n p uj 

re [LsR | 

(Rl + (n p uj ref Ls) 2 y aref 


t J doCref 
Km dt 


+ ~r? Qref' 
rt m 


(9.21) 

(9.22) 

(9.23) 


(9.24) 
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Solving (9.17) and (9.18) for Vdref and v qre f results in 


'U'dref 7/ S d~ Rsidref '^'p^ref^ J S^ j qrej 


V'qref — i J S “ 


dt 

tqref 

dt 


(9.25) 


~f“ Rsiqref d" ^p^ref^S^dref d" Fm^ref (9.26) 


where the expressions in (9.21) through (9.24) are substituted into their re- 
spective places on the right-hand sides of (9.25) and (9.26). An important 
point here is that these references are chosen so as to not violate the cur- 
rent and voltage constraints, which typically requires some trial and error. 
For example, if i qre f is too large, then the mechanical trajectory must be 
modified so that a re f is decreased [see equation (9.22)]. 

Remark Note that Udref,u qre f are not given by (9.14) and (9.15) be- 
cause these are constant speed values for the voltages. Rather, one sets 
(9.21) as the desired direct current and (9.21) as the desired quadrature 
current, and then chooses the reference input voltages according to (9.25) 
and (9.26). 


9 A .2 State Feedback Controller 

Subtracting the system model (9.4)— (9.7) from the reference model (9.17) — 
(9.20) gives 


dt &dref id) 

^ S dt^ qre f ~ ^ 

J ±^ ref -U) 

j t (e TeJ -e) 


Rsi^dref id) d - npid re f L$i qre f TlpLjL g% q 

d - 'U'dref ^d (9.27) 

Rs {iqref iq ) ripU) re j Lsidref 4 “ ripUjLgid 

F-mi^ref &) d - a qre f %L q (9.28) 

Fmiiqref iq) Oj) (9.29) 

<jJref—W. (9.30) 


The first step in specifying the state feedback control law is to use a feedback 
linearizing controller given by 


Ud — TipOJ L si q d~ ndref d" ripUJ re jLsi q ref LsVd (9.31) 

U q ~\~Tlp(x) L S%d d - 0>q re f TlpLd r ^j I^sidref ^S^q (9.32) 

where Vd and v q are new inputs yet to be defined. Substituting equations 
(9.31) and (9.32) for Ud and u q into (9.27)— (9.30) results in the linear 
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system of equations 

^5^ ( idref id) = Rs (idref id) 4“ ^ d 

(iqref iq) — Rs(iqref iq) ^mi^ref T ' 

(iOref ~ Km{iqref ^g) fi^ref 

ref ^) ~ W re f 6U. 

Define the tracking error as 


(9.33) 

(9.34) 

(9.35) 

(9.36) 


€\ I'dref 1 d 

€2 iqref iq 

e= e 3 = Uref - U (9.37) 

C4 &ref @ 

. e 5 J L fo(0ref(r) -0(r))dT 

where the integrator is added to the controller to eliminate any steady-state 
error due to constant disturbances (see Chapter 2). Using (9.33)— (9.36), 
the error (9.37) satisfies 


Rs/Ls 

0 

0 

0 

0 " 

r i /l s 

0 

0 

- -Rs/Ls 

- -K m /Ls 

0 

0 

0 

1 /Ls 

0 

K m /J 

-f/J 

0 

0 

e+ 0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

1 

0 

L 0 

0 


where v = [ Vd v q ] T . More compactly, 


de 4 _ 

— — Ae + Bv 
at 

with the obvious definitions for A and B. Through the use of a nonlinear 
state transformation, input transformation, and nonlinear feedback, a lin- 
ear time-invariant error system has been obtained. The input v is chosen 
as the linear state feedback 

v = -Ke (9.39) 

where K is taken to be of the form 

*=[*" 0 0 0 ° 1 (940) 

0 k 22 *23 (-24 k 2 5 • " 


The closed- loop error system is then 

d i = ( A - B K)e. 

Using the techniques of Chapter 2, one can choose K such that the closed- 
loop poles of A — BK are placed at any desired location (see problem 2). 
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9.1.3 Speed Observer 

The above controller design assumed full state measurements. However, a 
typical hardware setup provides only the current measurements and the 
position measurements. In order to estimate the speed from the position 
measurement (optical encoder) and current measurements, a reduced-order 
observer can be implemented according to 

% = u + ttf-O) (9.41) 

at 

^ = (K m /J)i q -(f/J)6j + e 2 (e-6) (9.42) 

where £\ and £ 2 are the observer gains and i q is a known input to the 

observer as isaj isb , and 6 are measured. Subtracting (9.41) from (9.7) and 
(9.42) from (9.6) results in 

~~ = e 2 £ 1^1 (9.43) 

at 

§ = -(//J)e 2-^1 (9.44) 

where £\ = 6 — 0, e 2 = w - Co. One can then choose the observer gains 
£i,£ 2 such that (t) — > 0 ,£ 2 {t) — > 0 at any prescribed rate (see problem 3 
and Chapter 2). 

A block diagram illustrating the state feedback controller for a PM syn- 
chronous motor is given in Figure 9.1. 



®ref ^ 'ref *qref *dref V dref V qref 


FIGURE 9.1. Controller block diagram. The state feedback controller is the com- 
position of (9.31) and (9.32) with (9.39). 
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9A.4 Experimental Results 

The PM motor used in the experiments has n p = 50 pole pairs, two stator 
phases, and the following parameter values 7 max = 6.0 A, F max = 40 V, 
R s = 0.55 ft, L s = 1.5 mH, Km = 0.19 N-m/A, J = 4.5 x 10~ 5 kg-m 2 , 
and / = 0.0008 N-m/rads/sec. The hardware setup used to implement the 
feedback controller consisted Motorola’s Advanced Development System 
(ADS) including a Motorola DSP56001 digital signal processor, a DSP 
extension board, two Aero tech 20-kHz PWM amplifier, and the above PM 
motor with a 2000-counts/rev optical encoder. 



FIGURE 9.2. Experimental setup. The motor is connected to a linear positioning 
table through a ball screw. 

The data acquisition board was built by Aerotech, Inc. and has four 8- 
bit A/D converters for sampling the voltages and currents, two 12-bit D/A 
converters to output the control voltages and a timer chip that is used to 
set the sample rate and to count the optical encoder pulses. 

The control algorithm described above was tested on two different tra- 
jectories. The first one was a fast point-to-point move in which the motor 
turned 0.97T radians in 30 msec. The second move forces the motor up to 
a speed of 3000 rpm and brings it back down into position. This move was 
chosen to study high-speed control of the PM motor where the use of the 
reference trajectory (9.21) is required. 

Sample Period and Observer Gains 

A sample rate of 10 kHz (T = 100 /xsec) is required due to the high number 
of pole pairs. Specifically, the motor reaches speeds up to 3000 rpm, which 
corresponds to an electrical frequency of (27r/60) x 3000 x n v = 1.57 kHz 
for n p = 50. 

The observer gains for both moves were chosen as t\ — 5272 and 
1.2 = 7.0 x 10 6 , resulting in both closed-loop poles at —2646. The ob- 
server computation, that is, the integration of the system (9.41), (9.42) as 
well as the control algorithm is carried out every T = 0.1 msec (10 kHz). 

As shown below (see Figure 9.5), the observer performed well and was 
essential to get the controller to track the particular demanding trajecto- 
ries used (see Figures 9.3 and 9.5). It is reported in Ref. [72] that a speed 
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estimator based on the backward difference estimate cv(kT) = [0{kT) — 
0((k — 1 )T)]/T did not result in closed-loop tracking for these same trajec- 
tories. As explained in Ref. [72], this is due to the fact when the velocity 
is computed by differentiating the position, the resolution of the veloc- 
ity depends on the sample rate as well as the resolution of the encoder. 
Note that a 2000-counts/rev encoder gives a minimum velocity resolution 
of (27r/2000)/T (see Chapter 2), which for T = 1/10 4 sec, gives a resolution 
of 31.4 rads/sec or 300 rpm! As the reference trajectory for speed (Figure 
9.5) requires the motor to go from zero to 141 rads/sec (1350 rpm) in 10 
msec, a sample rate of 10 kHz results in 100 iterations through the control 
loop in this time. On the other hand, a sample rate of 1 kHz would give 
a speed resolution of 3.14 rads/sec, but only 10 control loop iterations! 
The simple difference algorithm will work if a 50, 000-counts/rev encoder is 
used (see Ref. [112]). However, this is not a practical choice for an industrial 
setup due to the cost and the fact that such an encoder is typically limited 
to lower motor speeds to work properly. (See Chapter 2 for more details on 
how an optical encoder works.) 


Control of a 1.8-mm Move 


A typical high-performance application for a PM synchronous motor is in a 
positioning system. Specifically, consider the requirement to have the motor 
move (point-to-point) a small linear positioning table 1.8 mm under 30 msec 
using a smooth mechanical trajectory so as to not excite vibrations in the 
table. The specified position 6 re f , speed uj re j = d6 re f/dt and acceleration 
a re f = dujref/dt are chosen to make the table move 1.8 mm. This turns 
out to be a 0.97T radian turn of the motor as the motor is attached to the 
linear stage through a ball screw. Figures 9.3 and 9.5 show the desired 
position and speed references 6 re f and cj re /, respectively. That this move 
represents a very stringent performance requirement can be seen in Figure 
9.6, which shows that the corresponding the reference input Vdr goes below 
—25 V leaving less than 15 V for the feedback controller. Furthermore, the 
current i qre f is shown in Figure 9.8 and is over 4 A (limit of 6 A) in order 
to achieve the required torque Kmi q . 

In the implementation, the gains for the 1.8-mm move were set as 


K = 


1.06 x 10 4 0 0 0 0 

0 1.78 x 10 4 3.40 x 10 2 3.80 x 10 6 1.07 x 10 7 


to place the closed- loop poles at —18178 for the first-order subsystem and 
at —11047, —28.3, — 54.89 ± jll90.7 for the fourth-order subsystem. Figure 
9.3 gives the actual and desired position response for the 1.8-mm move 
of the positioning table (corresponding to a 0.97T radian rotation of the 
motor) using the state feedback controller of Figure 9.1. The last part of 
the position response is shown in more detail in Figure 9.4, showing that 
the motor achieves the required final position within one encoder count. 
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The desired and estimated (observer) speeds are shown in Figure 9.5. 


w vs. wd, 1.8 mm Move, 1350 RPM, SFC 



FIGURE 9.5. Co and a ; re / for the 1.8-mm move. From Bodson et ah [72], © 2004 
IEEE. 


Desired Direct Voltage, 1.8 mm Move, 1350 RPM 



FIGURE 9.6. Vdref for the 1.8-mm move. From Bodson et al. [72], © 2004 IEEE. 
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Figures 9.7 and 9.8 show the tracking of the currents id and i q . 


id vs. idd, 1.8 mm Move, 1350 RPM, SFC 



FIGURE 9.7. id and idref for the 1.8-mm move. From Bodson et al. [72], © 2004 
IEEE. 


iq vs. iqd, 1.8 mm Move, 1350 RPM, SFC 



FIGURE 9.8. i q and i qre f for the 1.8-mm move. From Bodson et al. [72], © 2004 
IEEE. 
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The position and speed tracking are very good despite large fluctuations 
in the measured /calculated currents id and i q . 

Current Fluctuations in id and i q 

Simulations show that the fluctuations in the currents shown in Figures 
9.7 and 9.8 are due to the limited resolution of the position measurement 
(2000-counts/rev encoder) and not to the PWM noise [72]. Specifically, the 
oscillatory behavior is present in the simulation when a 2000 counts/rev 
encoder was modeled, but not when a 50, 000-counts/rev encoder was mod- 
eled. As pointed out above, Figure 9.4 (note the units are in counts not 
radians) shows that the motor stays within one encoder count of the fi- 
nal position after 30 msec, which is the highest accuracy the controller can 
achieve with any given encoder. The oscillatory behavior of Co at the end of 
the run in Figure 9.5 is a direct result of integrating the oscillating quadra- 
ture current i q , that is, the noise due to quantization of the position 6 . 
Consequently, the estimate of speed Co is responding to the noisy oscilla- 
tions in i q and does not indicate that the controller is not maintaining the 
correct final position. 

Remark It is straightforward to show that a permanent magnet DC 
brush motor with a torque constant of Kt = 0.2 N-m/A (if m = 0.19 N- 
m/A for the stepper motor used here), a moment of inertia J = 3.6xl0 -4 
kg-m 2 (the inertia is much larger than the stepper motor due to windings 
on the rotor), voltage ceiling limits of ±80 V, and a peak current limit of 
22 A is unable to make such a move under 30 msec. This is due to the fact 
that field weakening is not possible. However, the above PM synchronous 
motor with voltage limits of ±40 V and current limits of 6 A can indeed 
make such a move. 

Control of a 3000-rpm Run 

Figure 9.9 shows the actual and desired (reference) position using the con- 
troller to bring the motor up to 3000 rpm. The actual and estimated speeds 
are shown in Figure 9.10. Again, the tracking of the mechanical trajectory 
is quite good despite oscillatory behavior in id and i q (see Figures 9.12 and 
9.13). These oscillations are again attributed to the lack of resolution in the 
2000-counts/rev encoder. Note also that the reference input Vdref (Figure 
9.11) reaches —30 V, leaving less than 10 V for the feedback controller. 

In the implementation, the gains for the 3000-rpm run were set as 

K = 

' 2.587 x 10 4 0 0 0 0 

0 2.446 x 10 4 6.031 x 10 2 2.935 x 10 6 1.004 x 10 7 _ 

to place the closed- loop poles at —26314 for the first-order subsystem and 
at —24727, —3.4, —101 ± jS 93 for the fourth-order subsystem. 
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iq vs. iqd, 3000 RPM, SFC 



Time (s) 


FIGURE 9.13. i q and i qre f for the 3000- mm move. From Bodson et al. [72], © 
2004 IEEE. 

9.1.5 Current Command Control 

In the previous section the motor was voltage-controlled. The experiments 
presented there used a PM synchronous motor with n p = 50 pole pairs, 
making voltage control essential to obtain high performance. To explain, 
the equations of the PM machine are (9.4) — (9.7) which are repeated below. 


did 

Ls-rr = -Rsid + ripUiLsi q + u d 

(9.45) 


L s — Rsi q TLpUJ L S^d d" U q 

(9.46) 

T du _ „ ■ 

J i, — R-m^q T L 

(9.47) 

<w 

—~ = uj 

dt 

(9.48) 


Equations (9.45) and (9.46) show that n p ujLs is an impedance to changing 
id,iq through the input voltages Ud,u q . With n p large, the time it takes 
to change a current through an input voltage can be of the same order 
of time it takes to change the speed through i q . This made it essential in 
the previous section (where n p = 50) to design a voltage controller that 
accounts for the impedances n p ujLs in the current equations. However, it 
is also common to find PM synchronous motors with n p = 2 rather than 
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rip — 50. In this case, the impedance is 25 times less and one does not 
usually need to use voltage control, but, rather, current control methods 
can be employed. That is, using a PI current controller of the form 


Zlq — Kp(iq re f fa) H - Kj 


Ud — Kp(idref id) d" Kj 


I {iqref iq)dt 

Jo 

I (j'dref iq)dt 

JO 


(9.49) 

(9.50) 


and adjusting the gains appropriately, i qre f — * fa > fare/ — ► id fast enough 
that one can consider i q ~ iqref, id ~ fare/- Then a (mechanical) trajec- 
tory tracking controller can be designed based on the reduced-order system 
model 


— = ( K m /J)i qref -T L /J 

dO 


(9.51) 

(9.52) 


where i qre f is now considered as the input. Figure 9.14 is a block diagram 
illustrating a current command configuration. Experience shows that this 
works quite well if the number of pole pairs n p is small. Equations (9.51) 
and (9.52) are identical in form to a DC motor so that, as in Chapter 2, 
one can choose a trajectory tracking controller in the form 

iqref = ~T7 ( [ {@ref 0)dt ~h K\{0 re f 0) 4* K2 {f^ref ^) d" &ref 

\ Jo 

and choose the gains Kq , K\, and K 2 such that 6 — * 6 re f,oo — > w re f despite 
any constant load torque tl acting on the motor. 



FIGURE 9.14. Current command control of a PM synchronous motor. 
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One often chooses idref = 0 in (9.49) if the speeds are not too high. 
However, field weakening may be required if one desires to run the machine 
at high speeds. In this case, the general approach to field weakening given 
in the next section would be a useful way to specify idref • 


9.2 Optimal Field Weakening* 

Maximization of the torque produced by electric motors is an important 
practical consideration, as optimization may yield the use of a smaller mo- 
tor for a given application, or higher performance for a given motor. In 
this section, the problem of extracting all the available torque from a PM 
synchronous motor is considered. More specifically, given any fixed speed uj 
as well as the current and voltage constraints / max and V max , respectively, 
it is shown how the voltages and currents in the machine must be cho- 
sen to obtain the optimum torque without violating the constraints. The 
approach here is from the development in Refs. [116] [117]. 

As shown in the previous section, one of the reasons the available torque 
of electric motors decreases at high speed is due to the voltage limits. 
This is because the source voltage must overcome the increasing back-emf 
voltage to the detriment of building up the stator currents. Maximization 
of the torque at high speeds requires the use of field-weakening which, for 
synchronous motors, may be achieved optimally using a relatively simple 
strategy. At low speeds, the current limits restrict how much torque can 
be produced and the voltage limits play no role. At intermediate speeds as 
well as higher speeds, both the voltage and the current limits are active 
or just the voltage limits. This section provides algorithms to compute 
the speeds at which transitions occur between these modes, and describes 
control strategies required in each case. 


9.2.1 Formulation of the Torque Maximization Problem 

The state-space model in the dq coordinates is 


Ls— = -Rsid + n v ujL s i q + u d 


L s — 
S dt 


did 

dt 

diq 

dt 

,duj 

dt 

d6 

dt 


— Rsiq TLpUJ L-rnid Uq 


R-miq T L 


Cl?. 


(9.53) 

(9.54) 

(9.55) 

(9.56) 
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For a constant speed d, equations (9.53)— (9.55) yield 

Ud — ffi'S’i'd TlpUJ L S^q 

Uq — R S iq “I” TlpUJ L S%d + Km^ 


(9.57) 

(9.58) 

(9.59) 


The objective here is the maximization of the electrical torque K^ig within 
the voltage and current constraints. The voltage and current constraints are 
incorporated into the problem statement by using the fact that, at constant 
speed, the phase voltages and the phase currents are sinusoidal, with peak 
magnitudes given by + and ^Ji d + respectively. Therefore, the 
phase voltages bounded by Vm ax and the phase currents bounded by / max 
yield constraints in the dq variables given by 


v ± yfe + t$<v m 




(9.60) 

(9.61) 


9.2.2 Speed Ranges and Transition Speeds 

Because the torque may, in theory, be made arbitrarily large by increasing 
the voltage and current levels, optimal operation under constraints is al- 
ways achieved with the limits on either the currents, the voltages or both 
being reached. A typical motor is characterized by three ranges of speed: a 
low-speed range where operation is constrained by the current limit only, 
an intermediate speed range where operation is constrained by both the 
voltage and the current limit, and a high-speed range where operation is 
constrained by the voltage limit only. 

At a specific speed, torque maximization will be achieved for a specific 
choice of id and i q for a current controlled drive, or a specific choice of 
Ud and u q for a voltage controlled drive. The optimal values are denoted 
by i* d , i* , u d , and u*. At each such speed, the torque optimization will 
result in the machine being at one of the three constraint conditions: (i) 

V — Vktaxj (ii) / — /max? or (hi) V — V^nax?/ = /max* Knowing what 
the solution is for each of these three possible constraint conditions, it 
remains to determine the speeds at which the system transitions from one 
constraint to another. The speed at which the system transitions between 

V = V^ax and V — = /max is referred to as the first transition speed 

and is denoted by u)\. Similarly, the speed at which the system transitions 
between I = / max and V — K max ,/ =- / max is referred to as the second 
transition speed and is denoted by ^ 2 - These speeds can be calculated 
after having obtained the form of the optimal solution in each speed range. 
In the analysis that follows, only the case w > 0 is considered because 
straightforward symmetry arguments easily yield the case uj < 0. 
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Case 1: Optimization under just Current Constraints 

First consider the case where only the current constraint is active. In this 
case, the optimum i* d must be zero and i* = ±J max to optimize the torque. 
The overall solution is simply 



= 0 

(9.62) 

iq M 

= i/ max 

(9.63) 

K M 

= T( n p uLs I max ) 

(9.64) 


= 4= Rs^max 4 R-m ^ - 

(9.65) 


where the positive sign is chosen for positive torque and the negative sign 
is chosen for negative torque. 


Case 2: Maximization under just Voltage Constraints 


Torque maximization under the voltage constraint alone yields a solution 
which is referred to as optimal field-weakening and is well known (cf. Ref. 
[1], p. 266, and Ref. [114]). To obtain the solution, one solves (9.57) and 
(9.58) for id and i q , so that 


id 

1 

Rsu d + n v uL s (u q - K m cj) 

_ *9 . 

“ Z$(v) 

7 XpUjLgUfi 4“ R'S (^f/ R m^) 


(9.66) 


where Zg(uj) = R? s 4 ( n p cuLs ) 2 * Choosing (f so that Ud = V cos {(f), u q = 
V sin {(f), the current i q is given by 


-n p ujLsV cos {(f>) -}- RsV sin {(f) — RsK m cj 

^IM ' 


(9.67) 


Equation (9.67) shows that the maximum current i q , and therefore the 
maximum electrical torque, is obtained for 


V 


_d_ 

~d4> 


{-n p ujL s cos {(f) 4 Rs sin {(f)) 


±Vm 


0 


where the positive sign is chosen for positive torque and the negative sign 
is chosen for negative torque. Solving the second of these equations gives 
tan {(f*) = — Rs/{n v u)Ls ). The optimal u d and u* therefore satisfy 


n p ujLs 

Rs 


tan {(f*) 


(9.68) 


This equation gives the value of the optimal lead angle for voltage-controlled 
drives. Equation (9.68) yields 


sin (<n Rs/Zs(oj) 
cos ((f)*) = — n p uLs /Z s (u>) 
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and therefore 


* / \ , UpuLs T/ 

u d ) — i 7 ( \ Vmax 

Zs(u>) 

(9.69) 

* / \ 1 Rs x r 

u q \^) — . . Vmax ■ 

Zs(U>) 

(9.70) 


where the 4- sign is for positive torque and the — sign is for negative torque. 
Using these values for the voltages, one finds the resulting direct current 
i* d is given by [see (9.66) and (9.68)] 


( TlpCdLs ) [KjyiUj') TlpLgKjnUJ 

“ R% + (ripUjLs) 2 ' 


(9.71) 


which can be viewed as the optimal field weakening current (compare with 
(9.21)). Similarly, the quadrature current is given by 


iq M = 


^VmaxZsi 1 *}) Rrn^dRs 

z|h ■ 


(9.72) 


Note that if Rs — 0, then the motoring and braking quadrature currents 
are the negative of each other. 


Case 3: Maximization under Voltage and Current Constraints 

In the case where both the voltage and the current constraints are active, 
the optimization reduces to the solution of a system of algebraic equations, 
because there are as many constraints as degrees of freedom. The steady- 
state equations (9.57) and (9.58) are substituted into u d + u 2 = V^ ax and 
after some rearranging, results in 

+ 2 RsK m uriq T 2n p LsK Tn oj 2 id = I7^ ax . (9.73) 

Eliminating id using i d + i 2 = Im ax leads to a quadratic equation for i* of 
the form 

a M i*q +P(u)iq + 7 M = 0, (9.74) 

where 

a («) ± 4-RWKl + 4nfr>*L%Kl (9.75) 

0 M = -4 R s K m u{Vl ax - K 2 m u? - Z 2 s {u)I 2 max ) (9.76) 

7 («) = (V 2 ax - KW - z 2 s {u)l 2 max f - AI 2 max nyL 2 K 2 m . (9.77) 

In this case, where both the voltage and the current constraints are active, 
f3 2 (a;) — 4a (cj) 7 (a;) > 0 (see problem 4) and equation (9.74) has two real 
roots 

-0 (w) ± \J /? 2 M - 4a (u) 7 (w) 

2a (uj) 


iq M = 


(9.78) 
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with the positive sign for motoring and the negative sign for braking. It 
then follows that 

M (9-79) 

u* d = Rsi* d ~ n p cuL s iq (9.80) 

u* = + n p cjL s i d -f /f m w. (9.81) 

Again note that if Rs — 0 (=> /3 (cjj) = 0), the motoring and braking 

quadrature currents are just the negative of each other. 

First Transition Speed uq 

As previously explained, the speed at which the system transitions between 
V = F max and V = V m&xi l = / max is referred to as the first transition speed 
and is denoted by aq. To calculate uq, consider the machine to be operating 
under the current constraint only so that i q = ±/ ma x and find the value 
of the speed for which the voltage limit is first encountered. Specifically, 
substitute (9.64) and (9.65) into u 2 d (a;) -f u 2 (lj) = V£ ax and rearrange to 
obtain the following equation for the first transition speed: 

(Km (np^slmax) 2 )^ + 2K rn K Tn I 7nax CJi = V^ ax . (9.82) 

The equation has two real roots uq pos > 0 and uq neg < 0 (see problem 5). 
The positive root uq pos corresponds to the case of positive torque. The neg- 
ative root corresponds to the braking mode, that is, |uq neff | is the transition 
speed when i q — — / max (see problem 5). If Rs = 0, uq ne5 = — u ; \ pos . 

Second Transition Speed u ;2 

Similarly, the speed at which the system transitions between I = / max 
and V = V m ax ,/ = / max is referred to as the second transition speed and 
is denoted by u> 2 . To calculate cl? 2 , consider the machine to be operating 
under the voltage constraint only so that u d ,u* are given by (9.69) and 
(9.70) resulting in the currents (9.71) and (9.72), then find the value of the 
speed for which the current limit is first encountered. Specifically, substitute 
the currents (9.71) and (9.72) into i d (uj) -j- i q (u>) = J^ ax and rearrange to 
obtain 

Z 2 S (w 2 ) (V 2 ax + (K m io 2 ) 2 - Z 2 S (uj 2 ) I 2 max ) = ±2K m oj 2 R s V max Z s (u J2 ). 

(9.83) 

Upon canceling Zs (<*> 2 ) and squaring both sides, one obtains 

Zl («a) ((V 2 ax - R 2 s I 2 max ) - (n 2 v L 2 s I 2 max - K 2 m )u> 2 ) 2 = (2 K m R s V max ) 2 w 2 . 

(9.84) 

This is a cubic equation in u 2 of the form 

( x — a) 2 (x + b) = cx, 


(9.85) 
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where 


x 


a 


c 


<A 

T/2 _ r>2 t2 

v max ri S 1 max 

nlL%P max -Kl 

R% 


(n-pLs ) 2 

(2 K m RsV m 


c ) 2 


(n p L s ) 2 (nlLpl ax - K 2 m f 


(9.86) 

(9.87) 

(9.88) 

(9.89) 


To study the roots of equation (9.85), rearrange it as 


1 


x 

° (x — a) 2 (x + b) 


= 0 . 


(9.90) 


Its root locations can then be found using the properties of the comple- 
mentary root locus [37] [46] [81], that is, the root locus corresponding to a 
zero at x = 0, a pole at x = —6, a double pole at x = a, and a negative 
gain k = — c. This analysis is now broken down into two cases. 


Case 1: a > 0 

The most common situation is the one in which a > 0. The quantity V^ ax — 
R^I^nax > 0 for any practical motor, so that the case a > 0 actually means 
that nlL%P max - Kl > 0. In this case, the complementary root locus is 
shown in Fig. 9.15. For c > 0, there is one negative root x < — b : a positive 
root x < a, and a positive root x > a. As x = the root x < — b is 
extraneous and therefore ignored. To understand which of the other two 
roots may apply, rearrange equation (9.83) to obtain 

Z 2 s (uj)(n 2 p L 2 s I 2 max - - a; 2 ) = ±2K m o J R s V max Zs{u>). 

(9.91) 

This expression shows that the root satisfying x < a corresponds to positive 
torque (TV^,^) while the root satisfying x > a corresponds to the negative 
torque (-F max ). 



FIGURE 9.15. Locus of roots for x = of (9.90) with a > 0. 
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Case 2: a < 0 

The solutions of (9.90), or equivalently ((9.85),. when a < 0 are now con- 
sidered. This case requires K m > n p LsImax ^ t>tiis case, there is never a 
second transition speed in brake mode, while in the motor mode, there is 
either no second transition speed, or two second' transition speeds (that is, 
two speeds a; 2 iand cj 2 2 where the system transitions between the V = V ma _ x 
constraint region and the V = V m&X) I — / max constraint region. 

In the case a < 0, there are two possibilities for the complementary root 
locus as shown in Figure 9.16. These two possibilities are determined by 
the break-away points which are the roots of 

dc d (x - a) 2 (b + x) _ (x - a)(2x 2 + bx T ab) _ n /n nrA 

dx “ dx x ~ x* ~ [ } 

The solutions of this equation that belong to 1 the complementary root locus 
are 


Xbl 

Xb2 

XbS 


a 

-b+Vb 2 -8ab 

4 

—b — \/b 2 — 8 ab 
4 


if - a > b. 


(9.93) 


The second root Xb 2 is the only break-away point on the positive real axis 
and therefore the only one that has physical significance. For roots of (9.90) 
to be real and positive, the given value of c must be greater than or equal to 
the value corresponding to the break-away point x^- In other words, there 
are two positive roots X 2 i,X 22 (9-90) satisfying X 21 < Xb 2 and X 22 > ^62 

if and only if 


1 — c 


Xb2 


{x b 2 - a) 2 (6 + x w ) 


> 0. 


(9.94) 


Note that, as a < 0 (that is, < 0), both X 21 and X 22 satisfy 

(9.91) [equivalently (9.83)], with + sign chosen (+Tdnax) rather than the 
sign (— VJnax). In other words, both transition speeds W 21 =y/x 2 u ^22 = 
yfx 22 are associated with the motoring mode in contrast to the case a > 0 
where they were split between the two modes. As a result, there is no second 
transition speed in the brake mode. In motor mode, there are actually four 
speed ranges in this case. They are, in order of increasing speed, constrained 
by (1) current limits (2) current and voltage limits (3) voltage limits and 
(4) current and voltage limits. 
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FIGURE 9.16. Locus of roots for x — uj\ of (9.90) with a < 0. (a) —a < 6. (b) 
—a > b. 

Although hypothetical motor parameters can be selected to obtain the 
case with a < 0 and two second transition speeds, they do not correspond to 
realistic motors. The typical case is the one in which (9.94) is not satisfied, 
and there is no second transition speed in either motor or brake mode. 
Then, there are only two speed ranges for torque optimization: a low-speed 
range constrained by current limits, and a high-speed range constrained by 
voltage and current limits. Examples of both the typical case (Figure 9.15) 
and the atypical case (Figure 9.16) are given next. 


9.2.3 Two Examples 

The motor chosen for consideration is a three-phase PM synchronous motor 
(BM 500 from Aerotech Inc., Pittsburgh, PA) whose parameter values are 
given by L = 9.3 x 10 -4 H, R$ = 0.25 ohms, J = 13.9 x 10 -5 kg-m 2 , K = 
0.198 N-m/A and n p = 4. The limits are given by 7 max (continuous) = 18 A, 
An ax (peak) = 55 A, and Vb us (bus voltage) = 160 V. The motor bearings 
are rated for 10,000 rpm or about 1000 rads/sec, which is taken to be 
the maximum speed of the motor. The corresponding equivalent two- phase 
parameters are (see the first appendix at the end of this chapter) L$ = 
L + L/2 = 14 x 10 -4 H, K m = (y/3/2)K = 0.243 N-m/A, / max (continuous) 
= (v /, 3/2)z raax (continuous) = 22 A, 7 raax (peak) = y / 3/2i max (peak) = 67.4 
A, Knax = y/3/2(2/n)V bus = 124.8 V. 

Continuous Current Limit 

With 7 max = 22 A and P max = 124.8 V, Figure 9.17 is a plot of the 
maximum torque for V = I7 max , Figure 9.18 is a plot of the maximum 
torque for I = / max , and Figure 9.19 is a plot of the maximum torque for 
V — V ma _ x and I = 7 max , all as a function of the speed uj (see the second 
appendix at the end of this chapter). Both positive and negative torques 
are given. The curves give the torques obtained by the three strategies, 
accounting for the voltage and current limits. 
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FIGURE 9.19- Maximum torque in N-m versus speed in rad/sec with I = /max 
and V — Umax. 



FIGURE 9.20. All three torque components in N-m versus speed in rad/sec. 

Figure 9.20 is a plot of all three torque components where it is seen that 
the actual maximum (minimum) torque attainable is the largest (smallest) 
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of the three curves at each speed (the outer envelope of the curves). 

In this case, the first transition speed for the motor mode is u \ pos = 592 
rads/sec (see Figures 9.18 and 9.20), while the first transition speed for the 
brake mode is oj\ neg = 635 rads/sec (see Figures 9.18 and 9.20). Note that 
there are no second transition speeds. As one can see from Figure 9.17, 
the reason for this situation is that the torque curve obtained with optimal 
field- weakening (that is, operating at the voltage limit V = V m &x) falls 
rapidly due to the current limit. The torque is zero at the speed where the 
optimal field- weakening current is equal to the maximum current, leaving 
no torque-producing current. For this reason, a solution accounting for both 
current and voltage limits must be used at high speed. 


Peak Current Limit 

Now consider the peak current limit so that / max = 67.4 A and V m&x = 
124.8 V. Figure 9.21 is a plot of the maximum torque for V = P max , Figure 
9.22 is a plot of the maximum torque for I — /max, and Figure 9.23 is a 
plot of the maximum torque for V = P max and / = / max , all as a function 
of the speed u. Both positive and negative torques are given. The curves 
give the torques obtained by the three strategies, accounting for the voltage 
and current limits. 



FIGURE 9.21. Maximum torque in N-m versus speed in rad/sec with V = Umax- 
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FIGURE 9.24. All three torque components in N-m versus speed in rad/sec. 

Figure 9.24 is a plot of all three torque components. Again, the actual 
maximum (minimum) torque is simply the maximum (minimum) of the 
three curves at each speed. In this case, the first transition speed for the 
motor mode is pos = 288 rads/sec (see Figures 9.22 and 9.24) while 
the second transition speed for the motor mode is u\ p0 s = 320.6 rads/sec 
(see Figures 9.21 and 9.24). The first transition speed for the brake mode 
is wineg = 340.8 rads/sec (see Figures 9.22 and 9.24) while the second 
transition speed for the brake mode is 0 J 2 neg — 383 rads/sec (see Figures 
9.21 and 9.24). 

Simulation 

The above analysis assumed constant speed, steady-state conditions. To 
see how this approach works under non-constant speed conditions, a time- 
domain simulation can be performed (see problem 8). In this simulation, the 
continuous current limit of / max = 22 A and voltage limit of V m & x = 124.8 V 
are used with the motor driven by the maximum possible torque until the 
speed reaches approximately the maximum speed 1000 rads/sec (10,000 
rpm or the rated speed of the motor bearings). As shown above, this motor 
with the continuous current limit of 22 A has only the two modes 


V 

— Frnax 

(9.95) 


= 0 

(9.96) 

iq(“) 

= d:/ max 

(9.97) 
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and 


V = 

km ax 7 7 — 7 max 

(9.98) 

= 

-0M ± - 4a(w)7(u>) 

(9.99) 

2a(oj) 

*d( w ) = 

I T2 7 '*2 

y X max °q 

(9.100) 


with 

= ARWKl + An^LlKl 
P(uj) 4 - 4 R s K m uj{Vl ax - - Z 2 s {uj)I 2 max ) 

7M = {VL X ~KW-Zl^)ll ax f- All ax nyL%Kl 

where the positive sign is for motoring and the negative sign is for braking. 
Consequently, for maximum positive torque, the current commands are 

(9.96) and (9.97) with the + sign up to kq pos — 592 rads/sec and then 

(9.99) and (9.100) are used as the current commands with the sign for 
higher speeds. For negative torque, the current commands are (9.96) and 

(9.97) (with the — sign) up to u?i neg = 635 rads/sec and then (9.99) and 

(9.100) are used as the current commands (with the — sign) for higher 
speeds. A basic block diagram for running the motor with maximum torque 
is given in Figure 9.25. 



FIGURE 9.25. Block diagram for commanding maximum torque. 
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The normalized optimal values i^/I mdLX and i*/I mBlX are graphed in Figure 
9.26 corresponding to the normalized speed ^normalized — tu/ (27rl0000/60)) 
given in Figure 9.27. 



FIGURE 9.26. Optimal direct and quadrature currents versus time in seconds. 

Figure 9.27 shows that the motor reaches the speed of 10,000 rpm in 
about 40 msec. 



FIGURE 9.27. Normalized speed versus time in seconds. 
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FIGURE 9.28. Normalized current and voltage versus time in seconds. 


The normalized magnitude of the voltage V/V mdL , x where V — yj u\ T v? q 

and the normalized current /// ma x where I — are s ^own in Figure 

9.28. Note that the voltage has peaks which are greater than the normalized 
limit of 1 at those times when the commanded current i* undergoes step 
changes from the maximum positive value to the minimum negative value 
(or vice versa). The PI current controller given by u q = K p (i* q — i q ) + 

Ki Jq (i* — i q )dt [see equation (9.49)] is commanding a large voltage due to 
the large step change in the error i * — i q at these points in time. However, 
the voltage actually applied to the motor in the simulation was limited to 
Pm ax? indicating that these commanded overvoltage peaks have no effect 
on the performance. 

Remarks Of course, the general situation is that one is not always re- 
questing maximum torque from the machine. One possibility is to set the 
direct current id — zj(u;) so that the maximum torque is always readily 
available. 

Note that the most complicated calculations are square roots and cubic 
roots so that the whole set of computations could be performed in real-time 
if the motor parameters were determined online, using an identification 
procedure such as described in the next section. 

In general, there is an intermediate speed range where both the volt- 
age and the current limits are reached. Consideration of this speed range 
not only provides the complete solution to the problem, but also provides 
a smooth connection between the solutions for the low and high speed 
regimes. Further, there are cases where the optimal operation at high speed 
is determined solely by the joint voltage/current limit solution. In such 
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cases, the conventional optimal field weakening formula never provides the 
optimum torque. 


9.3 Identification of the PM Synchronous Motor 
Parameters* 


This section requires an understanding of the material in Chapter 2 on 
least-squares identification. The identification of the parameters of a PM 
synchronous machine are conveniently carried out with the model in the 
dq coordinate system given by 


L s — 

dt 

— -RsU T TipOjLsiq + Ud 

(9.101) 

L s ^ 
5 dt 

= -Rsiq - n p uL s id ~ + u q 

(9.102) 

1 

dt 

— R-miq T L . 

(9.103) 


For the identification of the motor parameters, the load torque is now taken 
to be a linear combination of viscous friction and coulomb friction given by 

TL = -fa - /cSgn(w) 

where 

( 1 , u> > 0 

sgn(u;) — < 0, cj = 0 

[ -1, a; < 0. 

The model (9.101), (9.102), (9.103) is rewritten in regressor form as 

y(nT) = W{nT)K (9.104) 


where the output vector y, regressor matrix W, and parameter vector K 
are defined as 


y(nT) = 


Ud(nT) 

u q {nT) 


€ K 3 , 


0 


W{nT) = 


%d{nT) - n p <jj{jiT)i q (nT) 0 

di fnT) 

i g (nT) — ^ f n p oj(nT)id(nT) c a(nT) 

0 0 —i q {uT) 


0 

0 

du(nT) 

dt 


0 

0 

£ j(nT ) 


0 

0 

— sgn(u;(nT)) 


E M 3x6 
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and 

K±[R S L s K m J f f c ] T G R 6 . 

As the model (9.101), (9.102), (9.103), or equivalently (9.104), is linear 
in the parameters, the linear least-squares technique of Chapter 2 applies 
directly. The error equation (9.105) is formed by subtracting the actual 
(measured) output y{nT) from the estimated output W(nT)K to obtain 

e(nT) = W{nT)K - y(nT) € M 2 . (9.105) 

If the model (9.104) of the motor were exact, and the voltages, currents, 
position, and speed could be measured exactly, then there is a parameter 
vector K such that e(nT ) — 0 for all time. However, (9.104) is not exactly 
satisfied due to modeling errors, nor can the voltages, currents, and so on. 
be measured exactly. In other words, the error e(nT ) is never zero for all 
time. By definition, for any value of the parameter vector K , the residual 
error E 2 (K) is equal to the sum of the norm squared error e T (nT)e(nT) 
over an interval [noT,niT], that is, 

E 2 (K) = Y e T (nT)e(nT) (9.106) 

n=no 

71 J rp 

= Y (w(nT)K -v(nT)) (iV(nT)K - y(nT)). (9.107) 

n=n o 

The least-squares estimate K* is the one that minimizes the residual error. 
Expanding (9.107), the residual error becomes 


E 2 (K) = Y (y T ( n T)y{nT) — y T (nT)W(nT)K - K T W T (nT)y(nT) 

n= no 

+ K T W T (nT)W(nT)K^ 

N / N \ 

= Yy T ( nT M nT ) - y T ( n T)w (nr ) \k 

77. = 1 \7l=l / 

- K t ( Y W r (nT)y(nT)) + K T ( Y W T (nT)W (tiT)\k . 


\n= 1 

Making the definitions 


Rw= Y W T (nT)W(nT) e M 6x6 , 

71=770 

ni 

R yW 4 Y y T (nT)W(nT) e K lx6 , 

71=710 


711 

R Wy = Y W T (nT)y(nT) e K 6xl 

71 = 710 
Tlj 

R y = Y y T (nT)y(nT) G R 

71 = 77-0 
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it is written compactly as 

E 2 {K ) = Ry- RywK - K T R Wy + K t R w K 

-Ry RyW R w R\Vy {R R w R\Vy ) R\\ ( R R i\/ Rw y ) 

(9.108) 

where it is assumed Rw is invertible (The machine is sufficiently excited). 
The residual error is then minimized by choosing 

K = K* = R^Rv/y (9.109) 

This approach is the standard least-squares approach presented in Chapter 
2 . 


Error Index 

The residual error indicates how well the measured output y{nT ) fits the 
linear model W(nT)K. A residual error of zero would indicate a perfect 
match for every point n. However, as noted above, due to noise, quantiza- 
tion errors, and unmodeled dynamics, the actual residual error is greater 
than zero. To quantify this fact, recall that the notion of an error index 
was developed in Chapter 2. Specifically, if all the parameters were set to 
zero, the residual error would be equal to E 2 ( 0) — R y . As E 2 (K*) is the 
minimum residual error, it must be less than or equal to R y . Using these 
two facts, an indication of how well the least-squares solution fits the data 
is found by defining a residual error index as 



Multiplying this by 100, the error index can be viewed as a percentage of 
how well the data fits the linear relationship (9.104). 


Parametric Error Index 

The residual error index indicates how well the data set fits the model, 
but gives no indication as to how well the parameters are determined from 
the data. In Chapter 2, the idea of a parametric error index was developed 
to address this issue. Recall that to define the parametric error index, 
variations in the parameters that cause the residual error to double were 
considered. The residual error due to a variation of S K = K — K* = 
K-R^Rw y in the parameters is given by E 2 (K) = E 2 (K*)+5K T Rw^K, 
which follows directly from (9.108). Setting E 2 (K) equal to 2E 2 (K*) yields 


E 2 (K*) = 5K t R w 6K. 


(9.111) 
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If there were just a single parameter (so that Rw is a scalar), this would 
give an estimate of the parametric sensitivity as 

SK = ./IpE . 

Y Rw 

The general solution to (9.111) for K E M n was derived in Chapter 2 and 
is given by 

SK t = ^E 2 (K*)(R w l ) u 

and is taken to be the parametric error index. The percent parametric error 
index is then defined by 

PEi = ^ x 100. (9.112) 

This index is equal to the percentage change in the parameter jFQ corre- 
sponding to a doubling of the residual error and provides an indication of 
how sensitive the residual error is to each parameter estimate. For exam- 
ple, if PEi = 10%, then the residual error E 2 (K) is doubled for only a 
10% change in the ith parameter relative to the optimal estimate K* and 
therefore E 2 (K) is relatively sensitive to the estimated value of K z . PEi 
can be interpreted as a measure of the order of magnitude of the errors on 
the parameters. 

The parametric error indices were chosen to correspond to a doubling of 
the residual error. As pointed out in Chapter 2, this is an arbitrary as well 
as a conservative choice; it means that one looks for a parametric varia- 
tion that would lead to an increase of error equal to 100% of the minimum 
residual error. If another level had been chosen, all the parametric error 
indices would have been scaled by the same constant factor. The paramet- 
ric error indices are especially useful to compare relative sensitivities of 
different parameters and to give some idea of the values of the errors to be 
anticipated. 

9.3. 1 Experimental Results 

Experimental results from Refs. [118] [119] are now presented to illustrate 
the identification procedure. A 50-pole-pair ( n p — 50) PM synchronous 
machine is used with a 2000-pulses/rev encoder. Input voltages were com- 
manded to the motor so that it would accelerate reasonably fast while not 
going over their limits. The sampling frequency is T — 50 kHz (see the 
subsection below on signal processing). Figure 9.29 shows both the current 
i q resulting from the input voltages and the simulated current i qs i m result- 
ing from a simulation using the identified parameters and the same input 
as the experiment. Similarly, Figure 9.30 shows the corresponding speed 
response w and the simulated speed cu s . 
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FIGURE 9.29. i q and i qs im for the identification experiment. From Blauch et al. 
[119], © 2004 IEEE. 

Using the data collected between 0.01 sec and 0.03 sec, the parameters 
were computed according to (9.109) and their percent parametric error 
according to (9.112) and are given in the table below. The residual error 
computed using (9.110) was found to be 12%. 


Parameter 

Estimate 

Parametric Error 

Rs ohms 

0.269 

399% 

L s H 

0.0027 

47.6% 

K m N-m/A 

0.515 

19.8% 

J kg-m 2 / sec 2 

0.000187 

312% 

/ N-m/rad/sec 

0.0032 

5040% 

fc N-m 

0.0693 

4500% 


For comparison, the resistance Rs was measured using an ohmmeter and 
was found to be 0.6 ohm. By locking the rotor at 0 = 0, phase a is just 
a simple RL circuit [see equation (9.1)] with a time constant of Ls/Rs * 
Commanding step voltages to phase a and computing the decay rate (time 
constant) in the current response, Ls/Rs, was found to be 0.0024/0.6 = 
0.004, giving a value of Ls = 0.0024 H for the inductance. The value of the 
resistance computed using the static rotor tests is further from its least- 
squares value than the value of the inductance. This is simply due to the fact 
that the value of Rs is not very significant compared to the value of n p u)Ls 
if the speed is just a little above zero. Note that in Figure 9.30 the speed is 
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10 rad/sec or higher after 0.01 sec so that n p ujLs > 50 x 10 x 0.0024 = 1.2 
while Rs = 0.27 ohm. That is, the value of Rs does not impact the value 
of the residual error compared to the value of Ls, and this is reflected in 
the relative values of their parametric errors. 



FIGURE 9.30. uj and uj s \ m for the identification experiment. From Blauch et al. 
[119], © 2004 IEEE. 


Note that the corresponding simulations in Figures 9.29 and 9.30 show 
a good correspondence with the actual measured data. 


Two-Stage Identification 

Note from the table above that values of the parametric indices of the 
friction parameters / and f c indicate that they are much more uncertain 
than the stator resistance value, and that the moment of inertia J appears 
to be almost as uncertain as Rs - However, recall that the parametric indices 
are not absolute indicators of error. In fact, by doing the identification in 
two stages (i.e., first identifying the electrical parameters Rs , Ls , and K m 
and then using these values to identify the mechanical parameters J, /, and 
/ c ), the values of the parametric indices are significantly reduced though 
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the computed values of J, /, and f c remain the same. In more detail, let 


W elec (nT) A 

Velecip'T} = 


id{nT) 

i q (nT) 

Ud(nT) 

u q {nT) 


di d (nT) 

di q fnT) 

dt 


~ n p u}{nT)i q {nT) 
+ n p o;(nT)z c i(nT) 




so that 
Defining 


yelecijlT-'') I^e/ec(^'0^eZec- 


wi 

RW' Uc = Y W eiec (nT)W elec (nT) 6 K 2x2 

TL—TLq 

n i 

Rw el€C y = Y W eiec(nT)y e i ec (nT) e R 3xl 

n—riQ 

Ryw eU c = E e m 1x3 

TI—TIq 

n i 

fiy.ec = ^ ^ y elec^T^yelecfaT) G K, 

n=no 

the optimal estimate in the least-squares sense is then given by 

Kelec = Rw^RW'ieeV 

Using the same data as above, the parameters and parametric errors were 
computed and are given in the table below. The values of the parameters 
are essentially the same as before. 


Parameter 

Estimate 

Parametric Error 

Rs ohms 

0.268 

399% 

L s H 

0.0027 

47.6% 

K m N-m/A 

0.515 

19.8% 


Next, using the value of K m just found, the mechanical parameters are 
identified. To proceed, let 


W mech (nT) 4 w(nT) S gn (u;(nT)) 

" J 

ymech(jlT) = K m i q (nT), K mec h = f 

fc 
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so that 

2/mec/i(^T) — ^mec/i (^■^ , ) -^mec/i • 

Also, let 


R w mech 


R W mech y 


R yWmech 


R 


2/eiec 


Til 

= E W Lch(nT)W mech (nT) e M 2 * 2 

n=no 

= £ Wl ech (nT)y mech {nT) e M 3xl 

n=no 

= E yl ech {nT)W mech {nT) € R lx3 

n=n o 

7li 

= yrnvch{ n T)y7nech{nT) G M, 

n=no 


so that optimal estimate in the least-squares sense is given by 
Kmech. = 

The parameter estimates and their parametric errors are 


Parameter 

Estimate 

Parametric Error 

J kg-m 2 / sec 2 

0.000187 

13.2% 

/ N-m/r ad/sec 

0.0032 

214% 

fc N-m 

0.0693 

191% 


The error index was 10%. Note that parameter estimates are the same 
as before, but the parametric errors are significantly reduced and the error 
index is reduced slightly. However, the parametric errors still show the same 
relative uncertainty in that the estimate of J is much more certain than 
the values of / and / c . 


Signal Processing 

A few words about processing the signals and 0 when n p is large are 

in order. Recall that the currents is a and isb are sampled and id and i q 
computed according to 


'id 


cos (n p 0) 

sin(n p #) 

i'Sa 

_ iq . 


sin(n p i9) 

cos(n p 0) 

iSb 


(9.113) 


As the number of pole pairs is n p = 50, a mechanical speed of 3000 rpm 
corresponds to an electrical frequency of 1.57 kHz. So, even if one samples 
at 50 kHz, a delay of one sampling period corresponds to a rotor movement 
of n p T x (3000 rpm/60^) x 360° = 18° for n p = 50, T = 1/ (50 x 10 3 ), 
and, therefore, a phase lag in i d and i q of this same amount. A phase shift in 
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the measurement of the phase currents leads to a rotation by the same angle 
in the dq coordinates. Consequently, as the electrical torque is proportional 
to i g only, such a shift could significantly affect the torque. For this reason, 
the delays present in the system must be accounted for precisely [119]. Due 
to the zero-order holds, the D/A converters create a delay between the 
commanded and actual voltages equal to half the sampling period. A delay 
is also caused by the time required to measure the state variables, calculate 
the dq transformation, and send the new commanded voltages. The PWM 
circuit also contains a low-pass filter to reduce circulation in the voltage 
regulator of the high-frequency noise. The filter has a DC gain of 1 and a 
cutoff frequency of 10 kHz. The delays due to the filter, PWM inverter, and 
zero-order hold were combined into a single delay of approximately 1.6T. 
If the commanded voltages are used (rather than the measured voltages), 
they must be delayed by this amount to reflect the voltages effectively 
applied to the motor. However, if n p is small, these delays are typically of 
no significance. 

Another issue of significance in the experiments is the filtering of the noise 
before processing by the least squares algorithm. The collected currents 
and voltages were transformed into the dq coordinate system according to 
(9.113) and were filtered in order to remove as much of the measurement 
(PWM) noise as possible. A third-order Butterworth filter was used with a 
cutoff frequency of 500 Hz for the dq currents and 100 Hz for the dq voltages. 
This filtering was performed twice, forward and backward, to avoid the 
introduction of delays using the Matlab function filtfilt (see Chapter 2). 
To obtain all the necessary signals for the identification procedure, the 
derivatives were reconstructed using the backward difference calculation 
dx(kT)/dt = (x(kT) — x((k — 1 )T)) /T. As such a reconstruction enhances 
high-frequency noise, the derivatives are filtered again using a third-order 
Butterworth with a cutoff frequency of 500 Hz. 


9.4 PM Stepper Motors* 

Motion (servo) control systems often use a particular type of permanent 
magnet machine called the stepper motor. Permanent magnet stepper mo- 
tors are synchronous electric machines, but have a quite different construc- 
tion than the PM synchronous machine described in Chapters 6 and 7. A 
typical PM stepper motor consists of a stator made of soft iron equipped 
with windings/coils and a permanent magnet rotor. As shown in Figure 
9.31, the rotor has two sets of teeth (left and right in Figure 9.31) which 
are out of alignment with each other by a tooth width. Typically, there are 
50 teeth in each set; one set is magnetized as south poles and the other set 
is magnetized as north poles, resulting in n p = 50 pole pairs. 
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FIGURE 9.31. Cutaway view of a PM stepper motor. Drawn by Sharon Katz. 
From Section 9.7 of Ref. [120] and reproduced with permision of Marcel Dekker. 

A photograph of a PM stepper motor is shown in Figure 9.32 where the 
rotor has been pulled out for viewing purposes. 



FIGURE 9.32. Photograph of a PM stepper motor with the rotor pulled out from 
the stator. Courtesy of Prof. J. Douglas Birdwell of The University of Tennessee. 


The stator by itself is shown in Figure 9.33 and ha s eight windings. Four 
of these windings make up phase a and the other four windings make up 
phase 6. The four windings of phase a are each separated by a winding of 
phase b and vice versa. 
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FIGURE 9.33. Stator windings of a PM stepper motor. Four of the windings 
make up phase a and the other four windings make up phase b. Courtesy of Prof. 
J. Douglas Birdwell of The University of Tennessee. 

Figure 9.34 shows a cross-sectional view of both the left and right sides 
of a simplified PM stepper motor with only 5 rotor teeth on each side and a 
stator with four windings. Here the left side of the PM rotor is magnetized 
as a south pole and the right side of the PM rotor is magnetized as a north 
pole. The rotor is made of a cylindrical permanent magnet core with the 
sets of teeth made of soft iron pressed onto either end. 




FIGURE 9.34. Cross-sectional views of the left and right sides of a PM stepper 
motor. Adapted from Deltoro [29] and drawn by Sharon Katz. From Section 9.7 
of Ref. [120] and reproduced with permision of Marcel Dekker. 

The permanent magnet magnetizes the soft iron of the rotor teeth, mak- 
ing one set a south pole and the other a north pole. The motor is operated 
as a two-phase machine by connecting windings (coils) a\ and a 2 in series 
to make phase a and windings &i and b 2 in series to make phase b . This 
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connection as a two- phase machine is now assumed is all that follows. 

9.4-1 Open- Loop Operation of the Stepper Motor 

Stepper motors were originally designed to be used in open- loop [113] [114] [29] 
Their inherent stepping ability allows for accurate positioning to a set of 
discrete positions without feedback. To explain this, consider Figure 9.35(a) 
with the motor at 0 = 0. The direction for positive current for phase a is as 
shown in the figure. As indicated there, when positive current is in phase 
a, winding a\ of the stator is magnetized as a north pole and winding a 2 Is 
magnetized as a south pole. Conversely, when negative current is in phase 
a, winding a\ of the stator is magnetized as a south pole and winding «2 
is magnetized as a north pole. Similar remarks hold for phase b. Following 
the development in Ref. [29], the stepping motion is illustrated in Figures 
9.35(a) — (e), which are adapted from Figure 9-23 of Deltoro [29]. Figure 
9.35(a) illustrates the starting point with phase a having positive current 
for a north— south (NS) orientation for windings a\— a<i and phase b hav- 
ing no current. In steady-state with us a = wo? it follows that is a — io 
(uo = Rsio, where Rs is the resistance of phase a) and the motor is held 
by magnetic attraction at this location. For the first step, is a is set to zero 
and isb = ^0 so that rotor tooth N2 of (the right side) Figure 9.35(a) is 
attracted to stator winding 62 [see the right side of Figure 9.35(b)]. Simi- 
larly, the rotor tooth S 2 on the left side of Figure 9.35(a) is attracted to 
stator winding b\ [see the left side of Figure 9.35(b)]. 



FIGURE 9.35. (a) Starting point with 0 — 0 where us a — uo, u$b — 0, isa — io, 
and isb = 0. Adapted from Deltoro [29] and drawn by Sharon Katz. From Section 
9.7 of Ref. [120] and reproduced with permision of Marcel Dekker. 

There are 360° /5 = 72° between each rotor tooth and, by the geometry of 
the right side of Figure 9.35(a), N 2 is 18° from being aligned with winding 
62 . The rotor then rotates counterclockwise 18° and, after a short transient 




636 


9. PM Synchronous Motor Control 


period, ends up in the position shown in Figure 9.35(b). 



USa = 0, USb = Uq, isa = 0, %Sb = &0- 


For the second step, one sets = — uoi = 0, ^Sa = — ^ 0 i an< ^ = 0 
so that winding a\ is now a south pole and winding a 2 is a north pole 
[Figure 9.35(c)]. Rotor tooth N3 is then attracted to stator winding a\ and 
rotor tooth S3 is attracted to stator winding a 2 . The rotor then rotates 
another 18°; after a transient period, 9 is 36°, ending up in the position 
shown in 9.35(c). 



Figure 9.35(c) Second step where 0 = 36° with 
U Sa = -«0i USb = 0, isa = “*0, i Sb = 0. 


For the third step, one sets us a = 0, u$b = — u o, isa = 0, and isb — — so 
that winding &i is now a south pole and winding & 2 is a north pole [Figure 
9.35(d)]. Rotor tooth NA is then attracted to stator winding bi and rotor 
tooth S4 is attracted to stator winding 6 2 . The rotor then rotates another 
18°; after a transient period, 6 is 54° as shown in 9.35(d). 
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USa = 0, USb = “Wo, ^Sa = 0, lSb = “ *0- 

For the fourth step, one sets = uo, usb = 0, isa — and 255 — 0 so 
that winding a\ is now a north pole and winding a 2 is a south pole [Figure 
9.35(e)]. Rotor tooth 55 is then attracted to stator winding a\ and rotor 
tooth iV5 is attracted to stator winding 0 , 2 . The rotor then rotates another 
18°; and after a transient period, 0 is 72° as shown in 9.35(e). 




Figure 9.35(e) Fourth step where 6 = 72° with 
V>Sa = Uo, Usb = 0 , isa = ^56 = 0 . 

Note that Figure 9.35(e) is identical to Figure 9.35(a) except for the labeling 
of the rotor teeth. That is, after four steps, the rotor has moved by an 
angular distance equal to the angle between two successive rotor teeth. In 
general, the step size is given by 360°/(4n p ). In this particular example, 
rip = 5 so that the step size is 360°/20 = 18° and, with n p = 50, it follows 
that the step size is 1 . 8 °. 

A typical step response of a PM stepper motor with n v = 50 is shown 
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in Figure 9.36, in which the motor rotates 1.8°. For example, starting with 
the motor as shown in Figure 9.35(a), set ug a = 0 and usb — an d the 
response shown in Figure 9.36 results. This oscillatory behavior is due to 
the fact that the rotor motion (for small steps) is approximately the same 
as that of a pendulum with the only damping due to the viscous friction 
of the bearings (see below). To run the motor open loop at constant speed 
requires the stepping motion illustrated in Figures 9.35(a) through 9.35(e). 
If a step is initiated before the transient from the previous step have settled 
out sufficiently, the motor can lose synchronism, resulting in the position 
being off by a step or more, from which it cannot recover [114]. In fact, 
the motor can even reverse its direction [121]. As a result, the open- loop 
operation is traded off with a relatively long settling time and low-speed 
performance. Fast and precise positioning requires closed-loop control. 



FIGURE 9.36. Step response showing rotor position going from the position in 
Figure 9.35(a) to the position in Figure 9.35(b). (6 in degrees versus time in 
seconds.) 
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9.f.2 Mathematical Model of a PM Stepper Motor 

Following the developments in Refs. [1 13] [1 14] [1 15] , the mathematical model 
is now derived using conservation of energy. With L$ the self inductance 
of each phase winding, the total flux linkage in the windings of the stator 
phases is given by 

Asa — L s isa + <t>a(6) 

A 56 = L s isb + <t>b{6) 

where 0 a (0) and 0 6 (0 ) are the flux linkages in stator phases a and 6, re- 
spectively, produced by the rotor’s permanent magnet. The surfaces of the 
rotor and stator teeth are shaped so that the flux linkages 0 a (0) and 4> b {9) 
are given by (see Refs. [113] [115] [114]) 

0 a (0) = A M cos(n p 0) 

06 (0) = A M sin(n p 0) 

where Am is a constant and 9 = 0 corresponds to the rotor as shown in 
Figure 9.35. By Faraday’s law, Ohm’s law, and Kirchhoff’s voltage law, 

aSa Psi'Sa ~ 0 

Usb Rsisb ^A Sb — o 


or 


L S 


disa 

dt 


L S 


disb 

dt 


-Rsisa + KmU sm(n p 9) + u Sa 
-Rsisb - KmW cos(n p 0) -f u S b 


where K m = ti p Xm and u = d9/dt is the rotor’s angular speed. The power 
supplied by the source voltages us a and us b is isa^Sa + isb^Sb and thus 

iSaUSa + iSbUSb = Rsisa + Rs^Sh + + L S isb~ ^ 


dt 


dt 


— (iSa^Sa + isb^Sb) 


d 1 


Rs (*L + 4b) + ^2 Ls (*Sa + 4b) - ( isaesa + isbesb ) 


where the back-emf voltages es a and es b are defined by 


esa = —^4>a(8)= K m ujsm(n p 6) 

e S b = --^4> b {d) = -K m ujcos(n p 6). 
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The term Rs (*!« + *sb) represents ohmic losses in the resistance of the 
phases ultimately appearing as heat while the term ~-~Ls (z| a + i| 6 ) 

CLT/ Z 

represents the power stored in the inductance of the phases. The only 
other power in the system is the mechanical power tuj and thus the term 
— (isa^Sa + isb^sb) must be the mechanical power delivered to the rotor. 
That is, 

TLU = - (isa^Sa + isb&$b) 

so that the torque is given by 

T ~ ~ ( is a esa + isb^Sb) /w 

— sin(?2p0) isb-K-m cos(7Zp0) . (9.114) 

With J the rotor’s moment of inertia and tl the load torque, the equations 
of a PM stepper motor are given by 

= - Rsisa + K m uj sin (n p 0) 4- u Sa 

= -Rsisb ~ KmU cos (n p 0) + USb 

= -is a Km sin(n p 0) + isb^m COS (n p 6) - t l 

= UJ. 


Ls 

L S 


d%Sa 

dt 

disb 

dt 

duo 

J ~dt 

d£ 

dt 


Oscillatory Behavior of the Open- Loop PM Stepper Motor 


Figure 9.36 shows the oscillatory behavior of a PM stepper motor about 
it final equilibrium position. To understand the nature of this oscillation, 
consider the torque expression (9.114) around 0 = 0. Specifically, let the 
stepper motor be in the position shown in Figure 9.35(a), where 0 = 0 and 
with u Sa = UQ, USb = o, isa = io, i Sb = 0. Then 


r « —isaRm sin(n p 0) « -ion p K m 6 (9.115) 


for 0 close to zero. The slope of the torque vs. 0 curve at 0 = 0 is —iQTipKm 
which is large for n p large (e.g., n p = 50). That is, a slight disturbance of 
the rotor position 0 from 0 results in a corresponding large increase in the 
restoring torque. Also, with tl — — fuj a viscous friction load torque, the 
equation describing the rotor position for |0| small is given by 

T d 2 e dd 

J -Ta=- (*o n p K m ) 9- f— 


or, with oj 2 = ioripKm/ J,2£u) n = f/J, this may be rewritten as 


d 2 9 _ d9 2/1 „ 

— + 2(u n -+coJ-0. 


This is simply the equation of a pendulum (simple harmonic motion) with 
viscous damping and, as such, the response is oscillatory. 
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9.4-3 High-Performance Control of a PM Stepper Motor 

As the mathematical model of the PM stepper motor is identical to that of 
a standard PM synchronous machine, the control is identical. In fact, the 
experimental motor used in Section 9.1.4 is a PM stepper motor. 


Appendices 

Two- Phase Equivalent Parameters 

In this Appendix, the calculation of the motor parameters from the man- 
ufacturer’s data sheet is given. The manufacturer’s parameters (Aerotech, 
Inc., Pgh PA) for their BM 500 PM synchronous motor are given as follows: 
line-to-line inductance Le-e = 0.028 H, line-to-line resistance Re-e = 0.5 
ohms, line-to-line back-emf constant K^~ e = 23.6 V(peak)/krpm, torque 
constant K x — 0.28 N-m/A(rms). 

From Chapter 7, equation (7.83), the electrical equations of a three-phase 
PM synchronous machine are given by (n p — 1) 

~ \ = Eu;sin(ff) - R s i S i + usi (9.116) 

+ L ^S L ~ f = K “ sin ( 6 ~ 2?r /3) - R s*S 2 + u S 2 (9.117) 

^ = Koj sin(0 - 4 tt/3) - R s i s 3 + u S3 (9.118) 

The line-to-line inductance and resistance measurements are done with the 
rotor held fixed and applying voltage between phase 1 and 2 with phase 
3 open-circuited. Subtracting equation (9.117) from equation (9.116), with 
is 2 = -isuisz = 0,u; = 0 gives 


3 L 


disi 

dt 


— Us 1 — US2 — 2Rsis 1 - 


Consequently, 3 L = 0.028 H and as L = (2/3 )Ls one obtains 



0.028 


H 


- 0.014 H 


while 2 R s = 0.5 ohm gives 


Rs = 0.25 ohm. 

The line-to-line back-emf voltage is measured by externally driving the 
motor shaft at constant speed with the phases open circuited and measuring 
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the voltage between two-phases. In this setup, the voltages are given by 
usi = -Kujsin(Q) 

us 2 — — Koj sin (9 - 2n/3) = -Ku;^-O.5sin(0) - v / 3/2cos(^)j 
U 53 = —Ku)$m(6 — 47 t/3 ) = — Kw(^— O.5sin(0) + \/3/2cos(0)^ 

where 9 ~ out. Then 


v>S2 ~ u S 3 = V3 Kcjcos(0) 

(us2 **53)p e ak y/3K ^ 


rads/sec 


and 


K>-‘ = V3 K W 60 1000 Hgi. (9.119) 

b rpm krpm 

From Chapter 7 (see the remark on page 456), K — yj2j3K rn so that 


Krr 




V(peak) krpm 


rpm 


4= 23 - 6 T7^? = 0.159 
y/2 1000 27 r rads/sec 


krpm 1000 rpm 27 t/ 60 rads/sec 
V (peak) 


(9.120) 


To compute the torque constant (which must equal the back-emf constant), 
consider the steady-state situation in which the currents are given by 


*51 = hph cos (ujt) 

iS 2 = hph cos(o )t - 27t/3) 

iss = hph cos (cut - 47T/3) 

where hph is the peak current. The 3 — 2 phase transformation results in 


^Sa 


\/Z/ 2 l 3 phCos(ujt) 

i Sb 


% /t/2I 3ph sm{ujt) 


so that the torque is given by 


r 


-\j^Ki S a sin (n p 6) + ^Ki Sb cos(n p 6) 
[3 [3 

V 2 K \2 l3ph Sin ^ ~~ Up0 ^ 


3 

V 2 -Khph_rms sin (ut - n p 6) 
Krhph rms sin(wi - n p 0) 
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where h p h_rms is the rms current. The manufacturer’s value for the torque 
constant K t is the torque per unit of rms phase current which this expres- 
sion shows is equal to Kt = \f2\K N-m/A(rms) or 


K = ~\k t . 
^23 


Kt is given in units of N-m/A(rms) while Km is in N-m/A(peak). Finally, 
putting in the numerical values gives 


K„ 


J\k = = N ' m = 0.162 ? N - m . 

V 2 V3 y/3 A(peak) A(peak) 


(9.121) 


Consequently, computing K m using the back-emf constant (9.120) gives the 
same value (within numerical accuracy) as computing K m using the torque 
constant (9.121) as it must be. 


Current Plots 

In this appendix, the procedure used to compute the dq currents given in 
Figures 9.17—9.24 is described in detail. 


Case 1 

Here i* d = 0,z* = ±/ mox and the magnitude of the voltage required to 
achieve the maximum current I m ax must satisfy 

U d — {—n p U)LI max ) T ( Rs^max T - K m uj) 

“ ^s( U )^max + A rn O;/ max + ^ Knax* 

For higher speeds, this constraint cannot be satisfied and the current i* 
must be reduced below 7 max . Setting i * = /, the maximum current available 
for is found by solving 

Z%{u>)1 2 + 2 RsK m uI + K 2 m uj 2 = V^ ax . 


Solving, 


-RsK m uj ± + V m 2 ax - Z*(u) (K m u) 2 

z 2 s H 


I± H = 
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where the -f sign is for motoring and the — sign is for braking. In summary, 
i* d = 0 is the direct current reference and 




uf+uf<V 2 &x 


i 


* 

<7 


j± M , U* d 2 + u* 2 > V 2 . ax and 

(RsK m u ) 2 + V 2 ax - Z 2 (w) (K m u ) 2 > 0 

0 otherwise 


with 4 for motoring and — braking. 


Case 2 

Operating under only the voltage constraint, the optimal field weakening 
current is given by 

.* _ (np^Ls) (J£mu) 
td Z 2 s(") 

and the corresponding quadrature current is 

lq ~ z |( W ) 

This is the overall optimum as long as 


•* 2 


4- f* 2 < / 2 
' L q — '‘max* 


If this constraint is violated for — / max < i d 
current is limited to 



< 0, then the quadrature 


otherwise i* = 0. In summary, with i d = — ( n p cjL ) (Kmu) /Zg((jj) the direct 
current reference, the corresponding quadrature current is 


f dl VrnaxZsibf) Km^Rs .*2 t ‘*2 ^ t 2 

I ^ 


*5 = < 




__ n '*2 

max L d 5 


i* d 2 + if > /Lx and - / max < i* d < 0 
otherwise 


with + for motoring and - braking. 
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Case 3 

This case gives a direct current reference as i* d = -^ ax — i* q 2 and the 
corresponding quadrature current is 


-/? (u) ± f t ¥ (oj) ~ 4a (w) 7 (w) 
2a (a?) 


/3 2 (a;) - 4a (a;) 7 (w) > 0 
otherwise 


with + for motoring and — braking- 


Problems 

Problem 1 Maximum Torque Under the Voltage Constraint 

(a) With the PM synchronous machine at constant speed in steady state 
so that 


Ud — Rsid ripbjL §iq 

Uq — R'S'iq *P TlpUjL S^d "P Km ^ 

Kraiq — T L 

hold , show that the torque is maximized under the constraint u^+Uq < V£ ax 
by choosing the voltages and currents as in (9.14)— (9.16). 

(b) Explain why in steady state the physical constraints j^sal < Unam 
Iwsftl < Vmax are equivalent to u 2 Sa + u 2 Sb < V 2 ax . 

Problem 2 State Feedback 

Show how to choose the state feedback gain (9.40) such that the state 
feedback specified by (9.39) places the poles of the system (9.38) at any 
arbitrary location. 

Problem 3 Observer 

Show how to choose the gains £{,£2 in (0-43) and (9.44) 30 that the error 
state e(t) = [ e\ (t) e2 (t) ] T — > 0 at any given prescribed rate. 

Problem 4 Maximum Torque Reference with V = V ma x,I = Imax 

Show that (a;) — 4a (u;) 7 (a;) > 0 with a (cj), f3 {uf), and 7 (cj) given by 
(9.75), (9.76), and (9.77). 

Problem 5 First Transition Speed 

(a) Show that equation (9.82) has one positive root and one negative root. 

(b) Show that \u)i neg \, where cvineg ^ the real negative root of (9.82), is 
the transition speed for i q — — I max ■ 
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Problem 6 Open- Loop Simulation of a PM Synchronous Machine 
Let a two-phase PM machine have parameter values- n p = 50 rotor teeth, 
Imax — 6.0 A, I max = 6.0 A, V max = 40 V, Rs — 0.55 fl y Ls = 1.5 mH, 
Km = 0.19 N-m/A, J = 4.5 x 10 -5 kg-m 2 , and f ~ 0.0008 N -m/rad/ sec. 
Simulate the machine based on equations (9.1). Can you get it to run open 
loop? 

Problem 7 Closed- Loop Control of a PM Synchronous Machine 

Using the parameter values of problem 6, simulate the complete closed- 
loop controller of Figure 9.1. Do this for two trajectories. 

(a) Do a fast turn of the motor from 0 = 0 to 0 = 0.97T radians using the 
trajectories of Figures 913—9.8. 

(b) Do a high speed move from 0 to 25n radians using the trajectories of 
Figures 9.9—9.13. 

Problem 8 Simulation of a PM Synchronous Machine Producing Maxi- 
mum Torque 

Let a three-phase PM synchronous motor have parameters values given 
by L = 9.3 x 10" 4 H,R = 0.25 ohms , J = 13.9 x U0“ 5 kg-m 2 , K = 0.198 N- 
m/A, n p = 4. The limits are given byi max ( continuous ) = 18 A, i max (peak) 
— 55 A, and Vbus (bus voltage ) = 160 V. The motor bearings are rated for 
10, 000 rpm or about 1000 rads/sec which is taken to be the maximum speed 
of the motor. The corresponding equiv alent two-phase parameters are Ls — 
L+L/2 = 14xl0 -4 H, Km — ( yji/2)K = 0.243 N-m/A, I max (continuous) 
= {y/^fimax (continuous) = 22 A, I max (peak) = y/3/2 i m ax (peak) — 67.4 
A, V max - j^j2(2/n)V bus = 124.8 V. 

Do a simulation that implements the block diagram of Figure 9.25. Run 
the simulation for both the continuous current limit and the peak current 
limit. 

Problem 9 Controlling Two PM Motors with One Amplifier [122] 

Consider a situation in which two identical PM synchronous machines 
are connected in parallel to the same amplifier. This means that the same 
voltages us a , asb are simultaneously applied to both motors. The dq voltages 
of each motor are given by 


Udi 


cos(n p 0i ) sin(n p #i ) 

asa 

aqi 


— sin(n p 0i ) cos(n p #i ) 

u Sb 

Ud2 


cos (n p # 2 ) sin(n p 0 2 ) 

asa 

. U <& 


- sin (n p 0 2 ) cos(n p 0 2 ) 

u Sb 


and note that these dq voltages are not the same as the angle of the two 
motors may not be equal. The model of the two motors in the dq- coordinate 
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system are then 


and 


d'idi 

J ~df 

- diq\ 

J ~dT 

j duii 

dt 

dOi 

dt 


= ~RsU 1 4 n p CUiLl q i 4 Vdl 
— ~ Rs^ql ^1 Keq 4 

= Keqiql ~ LI 
= CJi 


did2 
J ~dt~ 
■ di q 2 
J ~dT 
duJ2 
dt 
dfh 
dt 


— —Rsid2 4 n p U)2Liq2 4 Vd2 

= —Rsiq2 — n p U)2Lid2 — ^2 Keq 4 Vq2 

— Keqiq2 ~ ^L2 

= u; 2 . 


STiow that using the feedback 


" Vql 


— sin(n p #i) 

cos(n p #i) 

USa 



- sin(n p 0 2 ) 

cos(n p # 2 ) 

USb 


and current command control 


Vq 1 


^2 


Kp(iqlref (, ql) 4 Hi / ( iqlref iq\)dt 

JO 

Rp{iq2ref ~~ ^< 72 ) 4 -K/ / ( iq2ref ~~ i'q 2 )dt 

Jo 


that the position and speed of each motor can be forced to track a trajec- 
tory. Is there any singularity in the controller? How should iqiref, iq 2 ref be 
specified? 


Problem 10 Half-Stepping of a PM Stepper Motor 

Assume that the stepper motor starts out in the position shown in Figure 
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9.35 . Fill in the table below to show the stepping of the motor . 


U S a 

y-sb 

9 (degrees) 

Uq 

0 

0 

Uq 

^0 


0 

Uq 


-Uq 

Uq 


~Uq 

0 


-Uq 

-^o 


0 

~Uq 


^0 

-Uq 


Uq 

0 



Problem 11 PM Synchronous Motor with a Salient Rotor [51] 

Some PM synchronous motors are constructed in such a way that the 
rotor exhibits significant saliency due to a nonuniform air gap. In this case, 
the flux linkages in the stator phases due to the stator currents depends on 
the rotor position. Specifically , the stator flux linkages are given by 

A Sa = Lsisa + K m cos (n p 9) + Lg ( i Sa cos(2 n p 0) + isb sin(2 n p 0)) 

A 56 = L s isb + K m sin {n p 6) -f L g ( is a sin(2n p #) - i S b cos(2 n v 6)) 

where the third term in each expression is due to the nonuniform air gap 
(saliency) of the rotor. Notice that these terms have a period ofn/n p while 
the flux linkage due to the permanent magnet rotor has a period of 27 r/n p . 



FIGURE 9.37. PM sychronous motor with a salient rotor ( n p ~ 1). 


(a) Use a conservation of energy (power) argument to show that the 
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motor torque is given by 


r = 2 n p L g ({i 2 Sa - i% b ) sin(2 n p 6) + 2i Sa isb cos(2 n p 9) ) 

~h isa sin(7"ip0) -b isbCOsi^npO')'^ . 

(b) Show that using the dq transformation given by 

id _ cos (n p 6) sin (n p 0) is a 

i q — sin(?ip$) cos(rip^) isb 

Ud _ cos (ripO) sin (n p 0) us a 

u q — sin(n p 0) cos(n p #) usb 

that the equations of the salient PM synchronous motor are given by 


where 


L*d ^ — Ltid UpUjLqiq 4~ Ud 

diq 

L q — Riq n p U)Ldid ripUJ K m 4 " u q 

J — Up {L^mLq 4 “ ( Ld Lq)iqid ) 


L d ± Ls + L g 
Lq ± Ls-L g . 


(c) Consider the change of coordinates 


0 = 0 

D = UJ 
Tt 

& — ~~j~ i.L^m'iq 4 “ ( Ld ' Lq^iqid) 

id ~ id 


and show that the motor model is then of the form 


fl idi iq} 4“ ^LgJlpUd/ Ld “b rip (-K"m ~b 2Lg%d)Uq! L q 
f 2 (u,i d ,iq) + U d /L d . 
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Give the explicit expressions for fi and fa . 
(d) Show that the nonlinear feedback 




2 Lgflp 

rip + 2L g i d ) 

-1 


U d 


U 

L q 


-fl + v d 

Uq 


rip 2L g i d ) 

0 


_ ~h + V q 



[ Lq 





results in a linear system. 

(e) Under what conditions is the nonlinear feedback of part (d) singular? 
Is it a practical problem? Explain . 
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Trapezoidal Back-Emf PM 
Synchronous Motors (BLDC) 

In this chapter a mathematical model of a trapezoidal back-emf synchro- 
nous motor is derived and a control scheme for it is developed- This machine 
is also known as the brushless DC (BLDC) motor, and this terminology will 
be explained in Section 10.8.1. Despite the name “brushless DC motor”, 
this is a PM synchronous machine where the magnetic fields are uniformly 
distributed in the air gap (rather than sinusoidally distributed). With the 
motor running at constant speed, this results in a back emf that has a 
trapezoidal shape in time, and hence the name trapezoidal back emf mo- 
tor. 


10.1 Construction 


Figure 10.1 shows the basic construction of a three-phase BLDC motor 
[25]. Figure 10.2 is a redrawing of Figure 10.1 without the rotor so as to 
show the layout of the three stator phases more clearly. 



FIGURE 10.1. Construction of a PM trapezoidal back-emf machine. Adapted 
from Mohan [25]. 
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Figure 10.2 shows that there are three sets of windings which are uni- 
formly wound 1 on the inside surface of the stator. Phase 1 with current isi 
has its turns uniformly wound between 7t/3 and 27r/3 on one side of the 
stator’s inside surface and between 47t/3 and 57r/3 on the other side of the 
stator. Similarly, phase 2 with current 132 has its turns uniformly wound 
between tv and Atv/3 and between 0 and 7t/3 while phase 3 with current isz 
has its turns uniformly wound between 2n/3 and tv and between 57r/3 and 
2n. 



FIGURE 10.2. Three uniformly wound stator phases in a BLDC machine. 
Figure 10.3 shows the PM rotor of Figure 10.1 by itself [25]. 



FIGURE 10.3. Rotor of a single pole-pair PM magnet rotor for a BLDC motor. 
Adapted from Mohan [25]. 


*By uniformly wound , it is meant that the number of turns between 6 and 0 + dO is 
constant independent of the angle 6. 
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The magnetic axis of the rotor as well as the angle A between the north 
and south poles are indicated. The permanent magnet rotor is constructed 
by bonding permanent magnets on the surface of a cylindrical core of lam- 
inated soft iron. As usual, the rotor position is taken to be along the mag- 
netic axis of the rotor (see Figure 10.3). The permanent magnets on the 
rotor set up a uniformly (in 0) distributed magnetic field in the air gap 
given by 



where the parameter A represents the angular distance between the north 
and south pole magnets on the rotor. Also, the factor r R /r ensures that 
conservation of flux holds in the air gap. The radial magnetic field distrib- 
ution in the air gap due to the rotor’s permanent magnet is illustrated in 
Figure 10.4. 



FIGURE 10.4. The radial magnetic field distribution Bn(r,^ — Or). 
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In Sections 10.2 through 10.7, A will be taken to be zero to simplify the 
analysis with no significant impact on the resulting mathematical model. 
In this case, (10.1) simplifies to 


b*M - 0 *)= < 


Bro — r 
r 


d r R~ 

-Bro — r 
r 


for 


for 


— 7t/2 < 0 — Or < 7r/2 
+tt/2 < 0 - 0 R < 3tt/2. 


( 10 . 2 ) 


10.2 Stator Magnetic Field B# 


The magnetic field B 5 produced stator currents is now derived. As illus- 
trated in Figure 10.1, the stator winding density of a BLDC is uniform 
over inner periphery of the stator. Specifically, stator phase 1 has a wind- 
ing density given by 


Nsi(0)={ 


N s 

7t/3 


f 0r !L<„<^a„dil<9<^ 
3 — ~ 3 3 “ ~ 3 


[ 0 elsewhere. 


The total number of windings (turns or loops) making up phase 1 is then 


Nq 

- 4 - d0 = N s . 

7T/3 

Similarly, iVs 2 (#) = Ngi(0 — 2n/3) and Ns3(0) = Nsi(0 — 47r/3). To de- 
termine the radial magnetic field in the air gap produced by the current 
in stator phase 1, Ampere’s law with H = 0 in the iron is applied to the 
path 1— 2-3-1 of Figure 10.5 to obtain [by symmetry, Hsi(isi,K + 0) = 



2 gHsi(isi,0) 


Nsisu 

/»27r/3 


Je tt/3 J 4v/ 3 tt/3 


- Nsisi , 

c57r/3 


r ,a Nsisi . 0 f e+7r Nsi si 

l — t m+ L / 3 -7jr de - 


— 7t/3 < 0 < 7t/3 


7t/3 < 0 < 271/3 
2tt/3 < 6 < 4tt/3 
47t/3 < 9 < 57t/3 
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FIGURE 10.5. Path 1—2— 3—1 for applying Ampere’s law. Note that for the path 
drawn, 7 t/3 < 6 < 27t/3. 


' Nsisi ~ 
2 9 r 


for 

— 7r/3 < e < tt/3 

Nsisi 6 /7T 
2 g 7r \2 

0)r 

for 

tt/3 < 6 < 2?r/3 

< 

Nsisi ~ 
— r 

25 


for 

27t/3 < 6 < 47r/3 

N s isi 6 / 

. 2 9 7T V 

3 tt\ 
~2/ 

for 

4tt/3 <6 < 5?r/3 


where it was assumed that H 51 is constant across the air gap. Then B 51 = 
// 0 Hsx in the air gap. A factor of tr/v is now included to ensure that B 51 
satisfies conservation of flux in the air gap. Consequently, the magnetic field 
B 51 = Bs\{isu r i 0)r at any point (r, 0) in the air gap due to the current 
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251 in phase 1 is given by 


( VpNsisi r R 


B S \(isi,r, 0 ) r 


2<? 

r 

r 

Mo-Ns*S1 

TR 6 

2g 

r 7 r 

IJ-oNsisi rR 

ig 

r 

HoNsisi 

r R 6 


§(§-*> 


zg 


r 7 r 


37T 

T 


Similarly, 


for — 7 t/3 < 6 < 7t/3 

for 7r/3 < 0 < 2tt/3 

for 27 t/3 < 6 < 47 t /3 

for 47 t /3 < 0 < 57 t/ 3. 

(10.3) 


Bs 2 (■ IS 2 ,r,0) = Bsi (is 2 , r, 6 - 2n/3) 
Bss(is 3 ,r, 0 ) = B sl (i S 3 ,r ,6 - 4?r/3). 


A plot of the normalized radial magnetic field Bsi(isur,6)/ j 

due to the current in stator phase 1 for — 7r/3 < 0 < 2tt is in Figure 10.6. 



FIGURE 10.6. Normalized magnetic field B S i(isi,r,6)/ . 


This is also illustrated in Figure 10.7 which shows the direction of radial 
magnetic field distribution £51(251, r, 0) in the air gap at each angular 
position 6. In particular, the magnetic field due to 251 is radially out to the 
right of the dashed vertical line and radially in to the left of the vertical 
line. 
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WV / Magnetic axis of 
/y / stator phase 1 


FIGURE 10.7. The radial magnetic field distribution Bsi(isi, r, 0) in the air gap 
due to the current isi in stator phase 1. 


10.3 Stator Flux Linkage Produced by Bs 

The flux 0 u (isi,0) in a winding of stator phase 1 at the angle 9 where 
tt/3 < 6 < 27t/ 3, due to the current in stator phase 1, is now computed 
using the flux surface shown in Figure 10.8. 



Magnetic axis 
stator phase 1 


3 e-jz 


FIGURE 10.8. Flux surface for a winding of stator phase 1 to calculate the flux 
produced by the magnetic field of isi- 
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Using the expression (10.3) for B 51 , the flux produced by B51 in a 
winding of stator phase 1 with one side at 0 and the other at 9 — n is given 

by 


rt 1 r0 

4>n(isi,0)= / B S i(isi,rs,0') ■ (r s d9'd£r) 

Jo Je-Tr 


+ r s i 1 


"* /2, Mo-Vs^Sl 
-tt/3 2 9 r s 

’ 57r/3 Vo N sisi r R 


= r s e t £" +rs e, 


f 

J 7r/3 


VpNsisi tr ( 7T 
W 3 r s 




z^OTT/, 
«/ 0 + 7T 


W 3 r s 

VoriitiNsisi ( 27r 1 6 /7r 


(?' - y! 


25 


£Z[ _ 10 (!__n>X 
3 2 7r V 2 U 


e 


1 6 


7r/3 


2 7T 


37T 


+ 0'-^ 


5tt/3> 

0 + 7T 


H 0 rRiiNsisi ( 27r 3 


23 

3 / / 7T \ 2 


t-; (H) -(f)' 


+U(5) -(»-§) 

l*o r RtiN s isi / 6 / 7 t \ 2 5 tt \ 

* r ■ 2 ) + t ■ 


2ff 


As the outward normal was used to compute the flux, —d<f) u /dt > 0 means 
that this induced emf in stator phase 1 will push current in the same 
direction as that chosen for positive current flow in stator phase 1. 

The total flux linkage Asx(*si)0, 0) * n stator phase 1 due to the current 
in phase 1, is then found by adding up the fluxes in each winding of phase 
1. That is, 


Asi(<si,0,0) - 


2?r / 3 TVc 

/3 

MoT-flliAffisi 3 r 2 * /3 ( 6 / _ tt\2 5tt 

2g n Jit / 3 \ n\ 2J 6 

/Lz 0 rflli-/Vfisi / 18 1 / _ 7r\ 3 | 2,r/3 5 27 t _ 7r, 

2 g ( tt 2 3 V 2/ w/3 + 2 { 3 3 ' 

/ jr. 5 7r\ _ MorR£jjdV§i^ / 14 
2g V 18 + 2 3/ 2 g \,18 

Lsis l 


d£ 


where (r« — (. 1 / 2) 

The flux 02i fei?#) i n a winding of stator phase 2 at an angle 6 (it < 6 < 
47 t/ 3), produced by the magnetic field of stator phase 1, is computed using 
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the flux surface shown in Figure 10.9. With 7 r < 6 < 47t/ 3, this flux is 
computed as 


02 i(*si> 0 )= [ f Bsi(isi,rs,0') • [rsdO'div) 

Jo Jo — 7T 

= r sh r /3 M2£ir»^ + rs ,, (*'* (1 _„'W 

Je-n 2 g r s J n/ 3 W3 r s V2 / 


•/27T/3 2 g rs 

l^or^hNsisi /"47r _61/,_ ZO 2 1 

2g 3 7T 2 V 2 / I 

fJ. 0 rn£iN s isi , a s 



FIGURE 10.9. Flux surface for a winding of stator phase 2 to calculate the flux 
produced by the magnetic field of is i- The windings of phase 2 are shown shaded. 
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where (r# — £ 2 / 2) 


M = 


ir s 


The flux (f> 31 (isi^0) in a winding of stator phase 3 at an angle 0 where 
57 t/3 < 6 < 2n produced by the magnetic field of stator phase 1 is computed 
using the flux surface shown in Figure 10.10. 



FIGURE 10.10. Flux surface for a winding of stator phase 3 to calculate the flux 
produced by the magnetic field of isi- The windings of phase 3 are shown shaded. 

Proceeding, with 5n/3 < 6 < 2 tt, 


<p 3 i(isi, 0 ) = I I B S i(isi,rs,0') ■ (r s d6'Mi) 


+ rs( 1 


h-ix 2 g r s 

f ^ N - sls \ r -K d e' 

'5n/3 2 g r s 


Ltx /3 W3 r 






(6 ~ 2n ) . 


The total flux linkage in stator phase 3 produced by the current in stator 


10. Trapezoidal Back-Emf PM Synchronous Motors (BLDC) 661 


phase 1 is then 


/»2tt 7\' r o 

As3(*si,0,0) = / <p 31 (isi,0)—^-d9 = — 

J 5tt/ 3 7r /3 71 


3 Wr^N 2 s . 1 


i sl -(0-2ny 


2 7T 


5tt/3 


= _AV^1 I^S_i sl 
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-Misi 


with 


M 4 !^ohhl N 2 

12 5 S 


The other phases are computed similarly. In summary, the flux linkages in 
the stator phases due to the stator currents are given by 

^si(isuis2yis3) +Lsisi “ Mis2 — Misz 
^S2{isi,is2->isz) = : —Misi 4- Ts^S2 — Mi $ 3 

As3foi^S2?^S3) = -Misi - AU$2 + Lsiss 


where 


r 7 Mo^l^TT Ar2 

is = 3 12g ^ s ’ 


m = <hhhl w j. 


12g 


( 10 . 6 ) 


In matrix form, the flux linkages are given by 


Asi 



= 

As3 



L s -M -M 
-M L s -M 
-M -M L s 



isi 


^S2 


_ is3 


The inverse of the inductance matrix on the right is 
1 


L s - M M M 

M L s - M M 
M M L s -M 


(L s - 2 M) (M 4 L s ) 
where by (10.6), Ls = (7/3 )M results in (Ls — 2 M) (M + Ls) > 0. 


10.4 Stator Flux Linkage Produced by B# 

The flux linkage Asi r(@r) in the windings of phase 1 due to the magnetic 
field of the PM rotor is now computed. The first step is to compute the flux 
4>si r(is i,0) in each of the windings of stator phase 1 produced by the 
rotor’s magnetic field. Recall that the top sides of the windings of phase 1 
are located in the interval tt/ 3 < 0 < 2n/3. 

Case 1. As Figure 10.11 illustrates, in this case the computation of the 
flux in a loop of stator phase 1 produced by the rotor’s magnetic field is 
done with rotor angle in the interval 7 t/6 < Or < 57r/6. 
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stator phase 1 produced by the rotor’s magnetic field when — 7 t/6 < Or < 
7r/6 and 7r/3 < 0 < Or + 7r/2. 



FIGURE 10.13. Computation of the flux in a loop of stator phase 1 produced by 
the rotor’s magnetic field when — 7r/6 < Or < tv/6 and 7r/3 < 0 < Or + tt/2. 


With reference to Figures 10.11, 10.12 and 10.13, and using the expres- 
sion (10.2) for the magnetic field produced by the rotor, it follows that 


<j>si_n(isu0) = f tl [ 8 B R (rs,e'-6 R ) • {r s d6'div) 

JO Jd—n 


= < 


ftl r& ft l f&R-K/Z 

/ / B RD r R d0'de+ / / -B m r R d0 f dt 

Jo Je R -n /2 Jo Je~ 7T 


rti rd rti fV R ^-'K/Z 

/ / ~B RO r R d6’M+ / / B R0 r R d6'dt 

Jo Jo R +ir /2 Jo Jd—Tv 


for 7 t/6 < Or < 57 r/6 

r6 R +7r/2 


for Or + 7t/2 < 9 < 27t/3 
and — 7 r/6 < 0# < 7 t/6 


/^1 /*0 /*«! /*(?/?■ 

/ / B R0 r R d8'de+ / 

Jo J6 r —k/2 Jo Je-n 


rOR-n/Z 


-BRQrRdO'di 


for 7 t/3 < # < + tt/2 

and — 7 t/6 < Or < i r/6. 
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Simplifying, this becomes 




2vr£iB ro (0 - 0 R ) for tt/6 < Or < 57 t /6 

-2r R tiB RQ (0 -0 R - 7 r) for 0 R + 7r/2 < 0 < 2tt/3 

and — 7t/6 < 0 R < 7 t /6 


2 v^Bro (0 - 0 R ) for tt/3 < 0 < Or + tt/ 2 
and — 7r / 6 < Or < tt/6. 


The total flux linkage A si_r(6r) in stator phase 1 produced by the rotor’s 
magnetic field is then 


r 27r / 3 TVc 

Jtt/ 3 7X jo 

Evaluating, this becomes 
\s1_.r(0r) 


r /‘ 2,r / 3 JVc 

/ 2rniiBno {0 - d R ) — jrdO for 4- 7r/6 < 0/j < 57r/6 

Jtt /3 77 j o 

re R + 7I-/2 yy 

/ 2r R e l B R0 (d-e R )-f-de 

J 7 t /3 77 j o 

I p2tv/ 3 pj 

+ / -2r/ ? ^ 1J Bno ~ ?r) — for - 7 t/ 6 < < 7r/6. 

v */ Or+it/2 7 r/3 


Simplifying, this becomes 

f 3 


Asi_tf(#tf) = < 


-r^ATsBfio (0-0 ft ) 2 2 " /3 

7 T 7 T / 3 


for + 7r/6 < <9 h < 5tt/6 


„ / 9 |<2fi-f-7r/2 0 |27r/3 \ 

,, -(0-0R-7T) 2 ) 

^ 7 3 \ \-k/3 \Qr+'k/2J 


t for - 7r/6 < Or < 7 r/6 

which reduces to 


Asi_h(0r) = \ 





for +7r/6 < Or < 57 r/6 




for — 7r/6 < Or < 7 r/6. 
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By symmetry, Xsi_r(@r ±n) = —^si_r(6r) so that the total flux linkage 
in stator phase 1 due to the rotor’s magnetic field may be written as 


A si_r(0r ) = \ 


/ 6 o 5 tt 

+r R £iNsBRo{~—0 R + — 


+r R e,N s B R o(2(| - 0ft) + !) , 


-r^iWsBHol -^(0fl-7r) 2 + y 


[-^^5^0(2 (| - (0* - 7 T) ) + |) 


-- <e R <- 
6 ~ - 6 


6 - ~ 6 
6 6 


6 6 


Define A# (0ft) as 

Ah(^h) — A si_r(&r)/Msr 

where Msr — ^r^iNsBrq is the coefficient of mutual inductance between 
the stator and the rotor. A plot of A R (0 R ) versus 0 R is given in Figure 10.14. 



FIGURE 10.14. Xr(0r) versus 6 r . 


A simple computation shows that 

d \ r(0r) 

d0 R 


1 < 


< 1. 
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The total flux linkage in each stator phase may now be written in terms 
of A r(0r) as 


A s2_r(Qr ) 
Xs3r(9r) 


Msr\r{0r) 
Msr^r(6r - 27t/3) 
Msr\r{0r - 4tt/3). 


10.5 Emf in the Stator Windings Produced by B# 

By Faraday’s law, the back emf induced in the windings of phase 1 by 
rotor’s magnetic field is given by 


esi — --^M S r\r{6r) = <( 


60 r 

+ M S R UJR, 

7T 

—7 r/6 < Or < 7t/6 

+MsrWr , 

7t/6 < Or < 57 r/6 

6{9 r ~'k) 
Msr ur, 

7 T 

57t/6 < 0r < 7ir/6 

- Msrcor , 

77t/6 <0R< 1 17T / 6 


where ujr = d0R/dt. With e p = Msr = ‘ZtrZiNsBrq and 

x a ' esi _ d\ r(0r) 

R Msrujr 86r 

the back emf in each stator phase may now be written succinctly as 


(10.7) 


( 10 . 8 ) 


esi = e p e(0R)ujR 

es2 = e p e(0 R - 2tt/3)ujr 
es2 = e P e(0R - 4tt/3)o jr. 

As — 1 < e(0R) < 1, e p u)R is the peak value of the back emf. A plot of the 
back emfs esi{0R)^ es 2 (&R), and ess (8 r) at constant angular speed u)r are 
given in Figures 10.15, 10.16, and 10.17, respectively. Note that each one 
has a trapezoidal shape and is the reason this machine is referred to as a 
trapezoidal back-emf synchronous motor. 
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FIGURE 10.15. esi{6R) versus Or. 


e S2^R) 



FIGURE 10.16. ss 2 ( 0 r ) versus Or. 


e S3^R) 



FIGURE 10.17. es3(0K) versus Or. 
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10.6 Torque 

The magnetic force exerted by the rotor’s magnetic field B r(ts,0 - Or) 
on the top axial side (i.e., n/3 < 6 < 2 tx/Z) of a winding of phase 1 is (see 
Figure 10.18) 


Fsi(r,0 - Or) 


is\ (6z) xB r{ts, 0 — Or) 
isiZ\B R {r s ,0 - Or ) zxr 

isitiBR(rs,0 - 0 r)O. 


On the bottom side (i.e., 47r/3 < 0 < 57t/ 3) the force is 


~Fsi(r,0 - Or) = isi (— ^iz) xB/j(rs,0 - Or) 
= -i S iCiBR(r s ,0 - 0 R )zxr 
= ~isitiBR(rs, 0 - 0 r)6. 


The total torque on the axial sides of the windings of phase 1 produced by 
the rotor’s magnetic field is then 


TS 1 = 


f Nq - Nq 

/ fxFsi-^dO+ / rxFsi — j^dO 

J tt/3 w /d J 4tt/ 3 7r /' i 

f 2n/3 . Nq 

= / isihBR(rs,0 - 0R)rs—p:dOr x 9 

J tt/3 n /^ 

f 5n/3 Nq 

- / isitiB R (r s , 0 - 0 R )r s —prd0r x 9 

J4ir/3 K/S 

Nq ( f 2%/3 

= isiti-4[ r s BR(rs,O-0 R )dO 

n /3 \Ji r/3 

/•5tt/3 \ 

-/ rsB R (r s ,0 - 0 R )d0 )z 
J 47r/3 J 

Nq f 2n/ 3 

= 2z 51 4— / rs^H(r*5^ - 6>^)d<9z 

./7r/3 


where the fact that Br(ts,0 — Or) = — Bfi(rs,0 — Or ± n) was used to 
obtain the last expression. 
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FIGURE 10.18. The force Fsi(V,# -- Or) = — isihBR(rs, 0 — 0r)6 exerted on 
a winding on the top side of stator phase 1 by the magnetic field of the rotor’s 
permanent magnet. 

Using the expression for the rotor’s magnetic field given in (10.2), the 
integral is broken up as 


/»27r/3 

/ rsB R (rs , 9 — 0 R )d0 

Jtt/3 


l'dn+n/2 p2n/3 ^ ^ 

r R B R0 dO + / -r R B R0 dO for -- < 0 R < - 
ir/3 J0 R +i r/2 0 0 


r R B R0 d9 


for ^ < 0 R < 

6 6 


r&R- ir/2 


-r R B R od9 


/0R--7T/2 


Knr 7 'TC 

r R B R0 de for — < 6 R < — 


-T R B R Qd6 


( 7n ^ a s ll7r 

for — < 0 R < — 

6 6 


which simplifies to 
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r2ir/S 

/ rsBfi(rs , 9 - 9 R )d9 

J 7r/3 


= < 


+rRB R0 (6 r + 7r/6) - trBrq (tt/6 - 9 r), <9r<^ 


+r R BR 0 TT/3, 


— < S R < — 
6 - R ~ 6 


5^ y yj - 

—^rBro (Or - 57t/6) + trB ro (7tt/6 - Or) , — < 0* < — 


-r rBr 0 7t/S , 


Combining terms results in 


/*2tt/3 

/ r 5 B*(rs,0-0*)d0 = 

Jtt/3 


6 _ a _ 6 


f +2r fi 5 ft0 ^R, — tt/6 < 9r < 7 r/6 

+i"rBrott/ 3, n/6 <9 r< 57t/6 

-ItrBrq (9r - 7r) , 57 t/6 <9r< 7-7t/6 


1 - trBrott/3 , 77r/6 <9r< 117t/6. 

Thus, the total torque exerted on the axial windings of phase 1 is then 


Tsi = < 


+2£ i r jR A r l s^H0 — 

7T 


for — 7r/6 < 0* < 7 t/6 

+2£ 1 rRN s B RO isi for tt/6 <0r< 5t r/6 

6(0* - tt) . 




-Z5i for 57r/6 < Or < 77t/6 


-2£ 1 r jR A r 5^*o^si for 77 t/6 < 0* < 11tt/6. 

The torque exerted on the rotor by the magnetic field produced by the 
stator currents of phase 1 is then tri — —rs i, that is, 

for —7 r/6 < 0* < 7 r/6 

-2^ 1 r\ R iVs£*o2s , i for 7 t/6 <0r< 57 r/6 

6 (0* - ?r) . 


T*1 = < 


-2£ir*A^s,B*o — — isi 

7 r 


+2£ 1 ri ? 7V5^o- 


+2^ 1 r jR 7V5 J B^ 0 f5i 


7T 


-isi for 57 r/6 < 0* < 77 t/6 

for 77 r/6 < Or < ll7r/6. 
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With t p = 2£irRNsBfio (note that r p = Msr = e p ), this may be rewritten 
compactly as 


T Rl{0R,isi) = \ 


60 r . 

-Tp *51 

7 T 

for 

— 7 t /6 < &r < 7 r /6 

7 * p Z 5 i 

for 

7 t /6 < < 57 T /6 

6 ( e R - 7 r) . 

+Tp *si 

7 T 

for 

57 t /6 < 0 # < 77 t /6 

^ ~^~ T pisi 

for 

77 t /6 < 0 # < ll 7 r/ 6 . 


However, by (10.7) and (10.8), it follows that 

TRi(d R ,i S i) = -T p e(6 R )i S i 

and similarly 

tri{0r,is 2 ) = ~T p e(0R - 2n/3)is2 
TR3(6 R ,i S 3 ) = -T p e(6 R - 47r/3)is2- 

10.7 Mathematical Model 


The stator flux linkages are given by 

Ai (isi ,is2iiss) = +L s isi - Mi S 2 ~ Mi S3 + e p X R {6 r) 

is2,is3) = —Misi 4- L s is2 — Mi S3 4- e p X r(9r - 27t/3) 

^S2, ^3) = -Misi — Mis 2 4- L s i s 3 4- e p x r(Qr - Att/3) 

and the phase torques are 

TRi(0R,isi) = -T p e(dR)isi 
TR2(0R,is2) — -T p e(9R-27r/3)is2 

T rs{9r, is3) = —t p e(0 R - 47r/3)is 3 . 

With Rs the resistance in each stator phase and Usi,us 2 , and Us 3 the 
voltages applied to each stator phase, the mathematical model is then 


-~^Xi(isuis2,is3) 


-Rsisi 4- us i 


^A 2 (isi^S2^S3) = -RsiS2+US2 


-^Xs(isi,is2,is3) 
r duj 


-RsiS3 4- US3 


J-jj- = T Ri {Or, is l) 4- TR 2 ( Or , i S 2 ) 4- tr 3 ( Or , Zs 3 ) - r L 

dOR 
dt 


UR 
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or 

^ (insist ~ Mi S 2 ~ Mi S 3 + e p X R (0 R ) ^ 

— Misi + Lsis2 — Miss + e p \ r(0r — 27 t / 3 ) ^ 

— - Mis2 + Lsis3 + e P X r(0r - 47 t / 3 ) ^ 

j^a 

dt 

dOR 

dt 

with 


+ us i 


R'S'i / S2 + ^S2 
-Rsiss + tiS3 

T — T L 


Wh 


r = — r p e (0/*) *Si - (0* - 2tt/3) i S 2 ~ r p e (Or - 4tt/ 3) i 53 . 

This system is often written in the form ( e(0R ) = —dX R(0R)/d0R ) 


USl 


US2 

= 

USS 



Ls 

- -M 

-M ' 

d 

isi 


" isi " 

-M 

Ls 

-M 

J+ 

is2 

+ Rs 

is2 

-M 

-M 

Ls 

at 

_ is3 


is3 


G p 


e(0R) 

e (Or - 27r/3) 
e{6 R - 47r/3) 


\UR 


J 


dUR 

dt 


-r p e ( Or ) i S i - r p e (Or - 2tt/ 3) i S2 - r p e (Or - 4tt/3) i S3 - r L 


dd R 

-df =UJR - 


With balanced stator currents, this may be rewritten as (see problem 1) 


USl 


Ls T M 

0 

0 ■ 

d 

isi 


isi 

US2 

= 

0 

Ls M 

0 

dt 

is2 

+ Rs 

is2 

U S 3 


0 

0 

Ls M 

. is 3 


_ is3 


e p 


e(0 R ) 

e (Or - 27r/3) 
e (8 r - 47r/3) 


Ur 


j d^R 

dt 


-T p e (0 R ) isi - T p e (Or - 2n/3) i S 2 ~ r p e ( 0 R - 47r/3) i s 3 - t l 


dOjt 

-df =UjR - 
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In state-space 
disi _ 
dt 

dis2 __ 
dt 

dis3 _ 
dt 

dLOR = 

dt 


form this becomes 


u R e(0 R ) ~ 


Rs 


Ls + M 


;isi + 


1 


Ls + M 


u R e(0 R - 27t/3) — 
-uj R €(6r - 47t/3) - 


L s + M^ ' L s + M 
Rs 


Ls + M 
Rs 


lS2 + 


US 1 

1 


*S3 + ‘ 


Ls + M 
1 


L s + M ^ Ls + M Ls + M 

-( T p /J)e (0 R ) isi - (r p / J)e (0# - 27 t/3) xs 2 
~{r p /J)e (0 R - 4tt/3) 2 53 - r L / J 


US2 

US3 


d0 R _ 
dt 

where e p — r p . 


u R 


Remark 

In this formulation of the mathematical model, e (0 R ) — — d\ R (0 R )/d0 R 
was used [see equation (10.8)] so that the back emfs in each phase esi = 
e p e (0 R ) , es2 = e p e (0 R - 2 tt/3) , and es3 = e p e (0 R - 47t/3) have the same 
sign convention as the corresponding applied stator voltages us\,us2, and 
us 3, respectively. This is consistent with Faraday’s law and with the sign 
conventions chosen for the back emf in the induction and synchronous ma- 
chines. However, in the literature, it is common to use e(0 R ) = dX R (0 R )/d0 R 
for the back emf [15]; that is, the sign convention is opposite to that used 
here. This formulation is explored in problem 4. (In Chapter 1, both sign 
conventions were considered for the back emf of the DC motor.) 


10.8 Operation and Control 

At constant angular speed, Figure 10.19 is a graphical representation of the 
relationships between the back emf voltages (note their trapezoidal shape) 

esi = e p e(0 R )uj R 

es 2 — e p e(0 R - 2 tt/3)uj r (10.9) 

es3 = e p e(0 R - 4 tt/3)uj r , 

the phase currents isi,is 2 , and is 3, the power absorbed in each phase by 
the back emfs psi — £s\isuPS 2 — es2is2,PS3 — es3^S3> and the total 
power absorbed by the back emfs p = esiisi + £S2is2 + ^S3^S3- In order to 
obtain the current profile isi shown in Figure 10.19, the current reference 
isir for the current in phase 1 is chosen as 

{ —I p if esi = +E p = +e p uj R 

+ I p if esi E p e p ui R 

0 otherwise 
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or, from the expressions (10.7) and (10.8) for esi, it is seen that i$i r may 
be written as 

isir{0ii) — Ipis{dR) 

where 


^s(0r) — { 


0 

-1 

0 

1 


for 

for 

for 

for 


— 7t/6 < Or < 7r/6 
7 t/6 < Or < 57t/6 
57t/6 < Or < 7n/6 
7tt/6 < Or < 11? r/6, 


( 10 . 10 ) 


Choosing the gains in the PI current controller 


usi = K P {isir -isi) + Ki / (zsir(r) - isi(r))dr 

Jo 


( 10 . 11 ) 


appropriately results in is i — > isir • Similarly, one chooses is 2 r = I P is(@R — 
27t/3) and isz r — Ipis(&R ~~ 47r/3) and then employs PI current controllers 
of the form (10.11) to force %S 2 — ► is 3 r- 

Figure 10.19 shows that the current is commutated (i.e., is switched 
from one phase to another) every tt/3 radians or 60°. For example, at 
0 R = tt/ 6 the current —I p in phase 3 goes (is commutated) to phase 1. 
After another 7r/3 radians so that 6r = 7r/2, the current I p in phase 2 is 
commutated to phase 3. Note that one need only know the rotor position at 
the discrete locations 30°, 60°, 90°, 150°, 210°, 270°, and 330° to carry out 
the commutation of the phases, i.e., to implement isir,is 2 n iszr- Usually 
these motors are equipped with Hall effect sensors that detect these discrete 
rotor positions for current commutation. 

To determine torque produced using these current references, consider 
the electrical power absorbed by the back emfs which is given by 


esi^si + es 2 ^S 2 + es 3 is 3 = e p e {Or^rIsi + e p e (0 R — 2'K/3)uj R is2 

+ e P e (Or - 4'7t/3)u; j rzs 3 . 

Choosing the current references as just described, it is seen from the plots 
in Figure (10.19) that this last expression reduces to 

esi^si + es2is2 + es 3 is 3 = e p e (0R)cuRisi r + e P e (Or - 27r /3)uiRis2r 

+ e p e (Or - 4tt/3 )u R i S 3r 
= ‘2c p uj R I p 

which is negative for ujr > 0, I p > 0. Where does this power go? It is 
converted into mechanical power as is now shown (see also problem 2). 
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Specifically, with the currents chosen as above, the mechanical power is 
TU1R = -T p e (0 R )u R isi - T p e^0 R - - T p e^8 R - 

= — e p e (0 R )u) R isir - e P e^0 R — —^jw R is 2 r ~ e p e^0 R — g-^Wflis3 r 

= 2 CpUJ ftlp 

= 2t p I p uj r . 

That is, the torque is simply given by 


r = 2 T P I P . 

This suggests a control scheme in which the current references are chosen 
as 


isir = Ipis{8R) 

is2r = Ipis{QR - 27t/3) (10.12) 

is3r = I p is(0 R - An/3) 


and 

usi = Kp(isir-isi) + Ki (isir(r) - isi(r))dr 

Jo 

US2 — Kp(is2r — ^52) + Kl [ (j*S2r ~ is2^ ))dr (10.13) 

Jo 

usx = Kp(issr - ^53) + Ki / (is 3 r (r ) - is 3 {t )) dr . 

Jo 

If the PI current controller performs well enough to assume isi = isir , 
is 2 = is 2 r and is3 — is3r , then 


duj _ r r L _ 2 r p _ tl 

dt~J~J~ J Lp ~ J' 

One then simply chooses 

Ip = l^-Oc r ( 10 . 14 ) 

2r p 

a r = Ki J (o ref (T) - 6 {t) 'jdr + Kp (o r ef(t) - 0(t) ) 

+ K D (u re f(t) -u>(t) ) +a re f- ( 10 . 15 ) 

With e 0 (t) = J„( 0 ref(T ) - 0 (t) )dr,ei(t) = 0 re f(t) - 6 (t), and e 2 (t) = 
cv r ef(t) — uj(t), the closed- loop system for the mechanical variables is 


eo 


0 

1 

0 

" eo " 


0 

ei 

= 

0 

0 

1 

ei 

+ 

0 

e2 


-Ki 

-K P 

-k d 

e2 


i/j _ 
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With ri > 0, r 2 > 0, r 3 > 0, set the gains as 

K d ~ ri + r 2 + r 3 
K P = r x r 2 + r x r 3 + r 2 r 3 
Kj = r x r 2 r 3 


so that the closed-loop characteristic polynomial is 


a(s) 


det 



0 1 0 
0 0 1 
-Kj -K P - K d 


s 3 + Kis 2 + Kps - Kj 

s 3 + (t*i + r 2 + r 3 )s 2 + (r x r 2 + r x r 3 + r 2 r 3 )s + r x r 2 r 3 
(s + r x )(s + r 2 )(s + r 3 ). 


With this choice of gains, the closed-loop poles are p\ — — ri, p 2 = — r 2 , 
and P 3 = — r 3 . As shown in Chapter 2, if the load torque is constant, then 
ei(t) — > 0,c 2 (0 — ► 0 as t — > oo. Of course, this controller assumes that 
isi — > Z 5 i r ,zs 2 ■ 4 ^S 2 r? and ^53 — > iss r fast enough that it can be assumed 
that currents are equal to their reference values. 

Remark 

Note that the set of currents isir = Ipis{^R)^S2r — Ipisi^R ~ 27r/3), 
and iszr — Ipisi^R ~~ 4n/3)isi r are balanced, that is, 

Ipis(0 R ) + I p is(0 R - 2tt/ 3) + J p is(0/i - 4 tt/3) = 0. 

However, the back emf voltages e 5 i(#R), eg 2 (0R) and esz(&R) are not bal- 
anced as 

esi(0tf) 4- cs 2 (^ j r) + -f e (6r - 27r/3) 

+ e (Or - 4tt/3) ) 

is not identically zero (see Figure 10.19). This is in contrast to a three- 
phase PM synchronous machine with sinusoidally distributed windings in 
which the back emf voltages are balanced. 


10.8.1 The Terminology “ Brushless DC Motor ” 

The terminology brushless DC motor or BLDC is used for this machine 
because usually the motor is combined with an optical encoder, current 
measurements, Hall sensors for current commutation, an amplifier and feed- 
back controller so that it behaves like a DC motor. That is, as indicated in 
Figure 10.20, the currents and motor position are fed back to the controller; 
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the controller then uses PI current loops of the form (10.11) to force the 
currents to track the references 

isir(0fl) = Ipis(0R) 

iS 2 r(&R) = Ipis(0R — 27t/3) (10.16) 

iS3r(@R) — Ipisi^R - 47t/3) 

where is(&R,) is given by (10.10). The input to the controller is simply I p so 
that with the inner current control loops working properly, the equations 
of the motor become 

2 Tpl p -r L 

UJ 

which is the same form as current command DC motor with torque constant 

Kt = 2r p . 



d6_ 

dt 



FIGURE 10.20. Block diagram for a brushless DC motor. 

The system of Figure 10.20 is what one refers to as a “brushless DC 
motor” which the user obtains as a complete system from the manufacturer. 
Then, in the same way as for a DC motor, one simply chooses the “DC 
current” I p as in equations (10.14) and (10.15) to use the BLDC as a servo 
(positioning) system. 

Remark Typically, the position sensor for the current commutation, that 
is, for tracking the current references (10.16), is done with Hall effect sensors 
rather than an encoder. This is because to track the current references 
(10.16), the phase current plots in Figure 10.19 show that one only needs 
to determine the position of the rotor at multiples of 7r/3 or 60° as the 
current in any particular phase changes only at some multiple of 60°. Hall 
effect sensors provide a simple inexpensive way to detect the rotor position 
at multiples of 60°. 
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10.9 Microscopic Viewpoint of BLDC Machines* 

The microscopic viewpoint of the Physics of BLDC machine is described 
in this section. In this analysis, the system will be assumed to be in 
steady-state so that Or = urI — S,isi — Is cos(u;st), is 2 = Isco$(uJst — 
2tt/3), is 3 = Is cos (cost - 47t/3), and u) S = wr. 


10.9.1 Axial Electric Field E R 


It is now shown that the rotating radial magnetic field of the PM rotor 
produces an axial electric field in the air gap. Recall that the magnetic 
field produced by the rotor magnet is 


B R {r,0 - Or) 


d r R~ 
Bro — r 
r 


0 r R (0 — Or — 7t/2) , 
-Bro r 


A/2 


D r R~ 
-Bro—t 
r 


Bro 


tr {0 -Or- 3tt/ 2) , 
r A/2 1 


7T A 7T A 

for — — ■ + — < 0 — 6 r < — — — 

2 2 ~ “ 2 2 

„ 7T A 7T A 

for — — — < 0 — < — + — 

2 2 “ 2 2 


for ; + 

2 2 “ “ 2 2 

f 37 r A 37t A 

2 2 “ K “ 2 2 


(10.17) 


where the parameter A > 0 is now taken to be small, but nonzero. Maxwell’s 
equations require that the divergence of the magnetic induction field B# 
be identically zero. In cylindrical coordinates with B = B r r -f BqQ + B z z, 
the divergence is written as 


V-B 


1 d 1 dB e 

- — ( rB r ) + — — 
r or r 80 


+ 


dB z 

dz 


A straightforward calculation (note that Brq — 0, Br z — 0) shows that 
V • B r = 0 . 

The rotor’s magnetic field in the air gap induces an axial electric field 
in the air gap. This electric field can be computed using Faraday’s law in 
differential form, that is, 


V x E r — — 


8B R 
dt ‘ 


In cylindrical coordinates, the curl of Er is given by V x E r = 


1 9E Rz OErq \ ^ / dE Rr ~ 8 Er z \ - ( 1 d(rE R s) _ 1 8E Rr \ ^ 

r 80 dz J \ dz dr ) \r dr r 80 J 
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Then 


<9B r(v,9 - Or) 
dt 


= < 


TR 2 


7T A 7 r A 

for - n + < 0 - 8r < f - 17 

2 2 ~ ~ 2 2 


r R 2 

-Br 0 — for 

r A 


2 2 “ R ~ 2 2 


for I + :| 

2 2 “ K “ 2 2 


37t A 


37t A 


Bnoy^RV for y - j < 9 - 9 R < — + 


Now, 


9Ero 


= 0 and 


dE Rr 


= 0 


dz dz 

as it is assumed there is no dependence in 2 . Thus, 


VvF ldE Rz. 

VxEfl = ;“9T r 


and Faraday’s law in differential form reduces to 


j- dE Rz __ dB R (r,0 - Or) 
r dO dt 


The solution is 


Er z (0 - 0 R ,t) = - f 

J Or+tt/2 


r dB R (r,e-8 R ) de 

dt 


where Or + n/2 was chosen as the reference position for the integration as 
Er z (0 — 0 R ,t) \ q = q r+7T / 2 — 0 ( see Figure 10.21 and problem 7). Evaluating 
the integral gives 


E Rz (0 — 0 Rl t) 
2 trBr 0 


= < 


A 

-TrBrqUJr 
2v r Bro 


UR {0 -Or- 7t/ 2) for 
for 


A 

TrBrqUJr 


ur {0 — Or — 37t/ 2) for 


for 


2 2 ~ R ~ 2 2 

2 2 “ - 2 2 

37 r A 37 t A 

~2 2 ~ “ fl “T + '2 

2 2 ~ R ~ 2 2 
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Letting A — ► 0, this becomes 


E Rz (0-0 R , 



^rBr^RZ, 

—t'rBrqujrz 


for 

for 


-tt/2 <0~0r<tt/2 

tt/2 < 6 -Or < 3tt/2 


(10.18) 


which is illustrated in Figure 10.21. 



FIGURE 10.21. Axial electric field Eh produced by Br. 


10.9.2 Emf Induced in the Stator Phases 

Consider a winding of phase 1 where the axial side 1 is at the location 0 
with 27 t/3 < 0 < 7t/ 3 and the other axial side V of the winding is at 0 + n. 
To compute the emf Csi($) this winding, let 

if _ j d£ z for side 1 

| —dl z for side l f . 

For 7r/3<#<27r/3 and using (10.18), it follows that 
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C s 


■ w =/, 


stator winding whose 
sides are at 6 and 6 + 7r 


E R( 0 )-dt 


+2r R £B R ou) R 
-2 r R £B m u R 

+2t r £B ro uj r 

-2r R £B R oUj R 

~2r R £B R ocu R 

+2r R £B R0 Ld R 


for 

7t/6 < 0 R < 57t/6 

for 

^ + 2?t/3 

— 7t/6 < 0# < 7t/6 

for 

7t/ 3 < # < 0 R + 7r/2 
— 7 t/6 < 0 R < 7t/6 

for 

77t/ 6 <^< ll7r/6 

for 

7t/ 3 < 0 < 0 R — 7t/2 
57t/6 < 0 R < 77t/6 

for 

- tt/2 < 0 < 2tt/3 
5tt/6 < 0/? < 77t/6. 


The total emf f 51 induced in stator phase 1 due to the rotor’s magnetic 
field is then 


^ 51 jk\\ 


windings of 
stator phase 1 


E# ■ d£ 


-L 


Evaluating the integral gives 


2?r / 3 TVc 

(51^)4^. 

/3 n /3 


L 

l 


27r /3 ]\[ 

2r R £B m u R — f-d6 

/3 ^/ 3 


isi — S 


N s 

- 2r R £B R0 uj R — — dO 
e R +tt /2 k/S 

<9 H + 7 t /2 jy - 

2r R £B R0 uj R —-d9 

/3 T ^ 3 


1 

■/ 

J7r/ 


/. 


+ 

2 tt /3 


7r/3 

l'9 R -n/2 

J 7r/3 
+ 


A/c 

- 2r R £B R0 cu R — — d# 
7T/3 


i 


Ns 

- 2r r £B R qlu r — — d# 
7T/3 

W 3 _/Vo 

2r R £B RQ uj R — — d0 

0 r — tt/2 K/'* 


for 7r/6 < < 57 t/6 

for 7T / 6 < 0# < 7 t/6 

for 77r/6 < < ll7r/6 

for 57 t/6 < $# < 77t/6. 



10. Trapezoidal Back-Emf PM Synchronous Motors (BLDC) 683 


This simplifies to 


[ 2r R £NsB R oojR 


€si — s 


N s / 2 tt . 

-2r R £B R QUJR—j- ( — ~ Or - — ) 

+2rRlBmUR ^ {eR+h i) 

-2r R £NsB R ouj R 


-2r R tB m uR^ (e R - f - |) 
+2 r R £B RO u, R ^ (y - e R + 


or, finally 


Ssi 


k 


All windings of 
stator phase 1 


E R -d£ 


for 


<' b — 

6 “ H “ 6 


for 


-\< 0 R < 


I'K lb r 

for -<e R < — 


t 571" . a , 77f 

f° r T <««<- 


+2r R £N s B R0 uj R 

for 

7t/6 <9r< 57t/6 

-\-2r R £NsB R ocj R — — 
7 r 

for 

— 7t/6 < 0 R < -k/Q 

- 2r R £NsB R Q(jj R 

for 

7tt/6 < 0 R < Htt/6 

~2r R lN s B m L0 R Q{ ° R ~ n) 

for 

5tt/6 <0r< 7tt/6 


V 7T 

which is the same expression as (10.7) derived in the macroscopic case. 


ct>| ^ 
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Problems 

Problem 1 BLDC Motor Model 

The electrical equations for the BLDC were derived as 

usi isi d Ls —M — M isi 

us2 ~ Rs i , S2 + — —M Ls —M %S2 
uss is3 _ ~M —M Ls _ _ iss 

[ e{d R ) 1 

+ e p e(9 R - 2tt/3) u) R . 

[ e(d R - 47r/3) _ 

Assuming the stator currents are balanced, show that 

isi ^ Ls + M 0 0 isi 

Rs is2 + -37 G Ls + M 0 is2 

iS3 0 0 Ls + M %S3 

r e(6 R ) 1 

- e p e(0 R - 2tt/3) u r . 

_ e(6 R - 4tt/3) _ 

Problem 2 Conservation of Energy 

The model of the BLDC may be written as 

^ isi z{Qr) isi usi 

-—A is2 - e P e(0 R ~ 27 t / 3 ) wr + Rs is2 = RS2 

_ iss _ _ e(0 R ~ 47t/3) _ is^ _ u S3 

did R 

~T p e(0 R )i S i - T p e{6 R - 27r/3)i S i - T p e(9 R - 4n/S)i S i ~t l = 

Do an energy balance based on these equations to account for the energy 
stored in the magnetic fields in the air gap /iron due to the stator currents , 
the ohmic losses in the stator windings, the energy stored in the rotational 
motion of the rotor and the energy converted to mechanical power. In par- 
ticular, show that e p = r p must hold for energy conservation to hold. 

Problem 3 Power Density in PM Synchronous Machines [15] 

Consider two PM motors, one is a three-phase BLDC motor and the 
second one is a three-phase PM synchronous (sinusoidally wound stator) 
motor. Let both motors have the same stator resistance Rs and the same 
torque /back- emf constants (r p = Kt or, equivalently, e p = K m ), and rotate 
at the same constant speed. Let hide and hynch be the peak current limit 

in the BLDC and the PM synchronous motor, respectively. 

(a) Show that the rms current in each phase of the BLDC is \/2/3hidc 
while in the PM synchronous motor it is I synch /V%- 


USI 

V'S2 = 
. U S 3 
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(b) Let the peak currents in the motors be chosen so they both have the 
same ohmic losses, that is, 


3 R s 



-3 R s 


I synch \ 

~w) 


2 


or 


hide == I synch- 


Choose the current references in the BLDC according to (10.12) in order to 
obtain the maximum torque out of the machine for a given current In this 
case, the steady-state power produced by the BLDC is constant and equal 
to 

‘leplp. 


Assume in the PM synchronous motor that it is possible to have the sta- 
tor currents in phase with their corresponding stator voltages (unity power 
factor) so that the steady-state power produced by the PM motor is 


q Pm I synch 

where K m = Kt is the back emf constant Show that, under these con- 
ditions, the ratio of the output power of the BLDC machine to the PM 
synchronous machine is 1.155. 

Problem 4 Mathematical Model of the BLDC 

In the literature, the normalized back emf is usually taken to be e (Or) = 
9X R (0 R )/d0 R rather than e(0 R ) = —d\ R(0R)/d0R as in equation (10.8). 
That is, the back emfs are then taken to be 


£si = € p £(0r)vr 

£S2 = e p e(0 R - 2tt/3)uj r 

ZS3 = e p e(0 R - 4tt/3)uj r 

(compare with 10.9). This is just a different sign convention for the back 
emfs; that is, these back emfs have a sign convention that is opposite to 
that of the applied phase voltages usi,us 2 , and uss . 

(a) Rewrite the mathematical model of the motor in terms of e (Or). 

(b) How do the waveforms in Figure 10.19 change as a result of using 
S (Or)? 

Problem 5 Simulation of a BLDC 

Simulate an open-loop three-phase trapezoidal back- emf synchronous mo- 
tor. Set the parameters as Rs = 0.7 D, Ls = 2.72 mH , M = 0.15 mH, r p = 
e p = 0.5128 N-m/A, J = 0.0002 kg-m 2 ,f = 0.002 N-m/rad/sec, n p — 
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1, ljs — (27t)10 rad/sec, V = V max ~ 200 V (peak), I max — 10 A , and 
t l = 0 [15]. Apply a three-phase set of trapezoidal voltages to the motor 
with a peak of V max and plot (a) is a and isb, (b) lj, and (c) 6. Does the 
speed lj need to be initialized to a value close to the synchronous speed value 
ljs in order to run open loop? 

Problem 6 Closed-Loop Control of a BLDC 

Add the closed-loop controller (10 AS), (10 .14), and (10A5) to the sim- 
ulation of the BLDC in problem 5. Use only proportional control in the 
current controller. Have the motor do a point-to-point move in which it 
goes from 0 to 240 radians and achieves a maximum speed of 400 rads /sec 
in 0.5 sec. 

Problem 7 Rotor Electric Field 

Show that at 0 = 9r + tv/2 the axial electric field due to motion of the 
rotor magnet is zero, that is, 


Er z (0 - 0 R ,t) \ e= e R +Tx /2 = 

Hint: Consider a half- cylindrical- shaped loop containing the rotor with one 
axial side fixed at the angular position 9 q in the air gap and, consequently , 
the other side fixed at 0o + n (the loop does not rotate). Use Faraday's law 
to show that the emf generated in this loop by the rotor's magnetic field is 
zero when the position of the rotor is such that 9o = 9r -f 7 t/ 2 ± n7r. 

Problem 8 Permeability of a Permanent Magnet 

Explain why, as far as the stator magnetic field B s is concerned, the 
permeability of the permanent magnets on the rotor is p = p 0 yL r = fi 0 . 
Show that this implies that the “effective n air gap (i.e., the value for g) is 
the sum of the actual air-gap length and the thickness of the PM magnets 
on the rotor surface. 



Trigonometric Table and 
Identities 

Trigonometric Table 



f-l/2,V3/2l 


(l/2o/3 
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Trigonometric Identities 


e jd = cos(0) 4 j sin (0) 

acos(0) 4 6sin(0) = \/ a 2 4 b 2 cos ^0 4 tan -1 ( b/a ) ^ 

sin(20) = 2sin(0)cos(0) 

cos(20) = cos 2 (0) - sin 2 (0) = 2cos 2 (0) - 1 


cos 2 (0) 


1 — 2sin 2 (0) 
1 4- cos(20) 
~2 


sin (0) = 

cos(0i ± 0 2 ) = cos(0i) cos(02) 4 sin(0i) sin(0 2 ) 
sin(0i ± 0 2 ) = sin(0i) cos(0 2 ) ± cos(0i) sin(0 2 ) 


cos(0i) cos(0 2 ) = i cos(0i 4- 02) + | cos(0i - 0 2 ) 
sin(0i) sin(0 2 ) = ^ cos(0i - 0 2 ) - ^ cos(0i 4 0 2 ) 
sin(0i)cos(0 2 ) = ^ sin(0i 4 0 2 ) 4 ]- sin(0! - 0 2 ) 

A A 

cos(^i) sin(0 2 ) = I sin(#i + 0 2 ) - ^ sin^x - 0 2 ) 

A A 


3 

- = cos 2 (0) 4 cos 2 (0 — 27t/3) 4 cos 2 (0 — 47t/3) 

3 

- = sin 2 (0) -f sin 2 (0 — 2n/3) 4 sin 2 (0 - 47t/3) 

0 = sin(0) cos(0) 4 sin(0 — 2i r/3) cos(0 — 27t/3) 
4 sin(0 — 47r/3) cos(0 — 4n/3) 

0 = cos(0) 4 cos(0 — 27t/3) 4 cos(0 — 47t/3) 

0 = sin(0) 4 sin(0 — 2n/3 ) 4 sin(0 — 47t/3) 



to | 00 to I CO to I 00 to I 00 to I 00 toloo to 1 CO 
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^ cos(5#i + 0 2 ) = sin(5(0i + 7 t/ 2)) cos(02) 

4- sin (5(i9i 4- 7r/2 — 2n/3)) cos(0 2 — 27 t/3) 

-f sin (5(0i 4- 7 t/2 — 47t/3)) cos(02 — 47t/3) 

cos(70i - 0 2 ) = sin(7(#i + tt/2)) cos (0 2 ) 

4- sin (7(0i 4- 7 t/2 — 27t/ 3)) cos(0 2 — 27 t/3) 

4- sin (7(0i 4- 7 t/2 — 47t/3)) cos(0 2 — 47t/3) 

sin(0i — 02 ) = sin(0i) cos(02) 4- sin(0i — 2n/3) cos(0 2 — 27 t/ 3) 
+ sin(0i — 47 t/ 3) cos(02 — 47 t/3) 

cos(0i — 02) — sin(0i) sin(0 2 ) 4- sin(0i — 27r/3)sin(02 — 27 t/ 3) 
4- sin(0i — 47 t/ 3) sin(02 — 47r/3) 

sin(0i — 02) — cos(0i) sin(0 2 ) + cos(0i — 2n/3) sin(02 — 2ti/3) 
+ cos(0i — 47r/3) sin(02 — 47 t/3) 

cos(0i — 02) = cos(0i) cos (02) 4- cos(0i — 2n/3 ) cos(02 - 27 t/ 3) 
4- cos(0i — 47r/3) cos (02 — 47 t/3) 

sin(0i 4- 02) = sin(0i) cos (02) 4- sin(0i — 47 t/3) cos(02 — 27t/ 3) 
+ sin(0i — 27 t/3) cos(02 — 47r/3) 

cos(0i 4- 02) = sin(0i) sin(02) 4- sin(0i — 47 t/ 3) sin(02 — 27 t/ 3) 
4- sin(0i — 27 t/ 3) sin(02 — 47 t/3) 

sin(0i 4- 0 2 ) — cos(0i) sin(02) 4 - cos(0i — Att/3) sin(0 2 — 27 t/ 3) 
4- cos(0i — 27 t/ 3) sin(0 2 — 47 t/3) 
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